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PREFACE 


OxE of the chief ohjecta of this volume 13 to bring within the 
reach of students of ordinary abilitic'i, and to enable them to 
make practical use of, some portions of what are generally, 
though with little reason, called " higher ” JIathematica Many 
mathematical rules, such as those stuilied under liicnsuration to 
obtain tlio volume and surface of a sphere, may be obtained by 
so-called “ elementary' ” methods, but these arc frequently only 
roundabout and troublesome tricks, and arc after all merely 
CTpedicnts to evade the simple notation of the Calculus and 
usually end by assuming tho idea of a limit, a conception which 
my cipcnenco shows is quite as dilbcult for the student to grasp 
as tho underlying prmciplcs of the Calculus. Or, lake "the 
problem of determining the moment of inertia of a rod ; when 
once the student becomes familiar with the easy language of the 
Calculus, all the scaffolding, which has to be so carefully and 
tediously built up to obtain a result if Algebra alone is employ erl, 
may be at once discarded. 

For these and similar reasons, and to keep the size of the 
hook W'lthin reasonable limits, the rudiments of Mathematics- 
Arithmetic and imiplc Algebra — are taken for granted, though 
summaries of tho mure important elementary’ results are given 
nt the lioginning of each section. The summaries are in every 
case followcil by’ concrete numerical examples fuUj’ worked out 
and a set of escrcHci to en.sble tho student to become pos.«es.«ed 
of tho foil meaning of each of the terms in the algebraic expres- 
sions representing the rules 

The order of treatment mi rely represents what I have found 
to bo most advantageous in my' own clawcs. Other teachers 
may’ find it better to vary the sequence to meet the particular 
requirements of their owti students Readers who arc studying 
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more detailed information should consult Prof. Pcrrj'’8 Calculus 
for Engineers, where they will find complete guidaneo in the 
further study of the subject. 

In the preparation of my MSS. and in the passage of the book 
through the press I have received much assistance from many 
friends, w hose help I am pleased thus to acknos^ ledge. Prof. L. 
Bairstow, F.R S , has looked through the MSS. and mode many 
valuable suggestions ; Mr. H, J, Woodall has read all the proofs 
and usefully altered and corrected my work in many places ; and 
Sir Richard Gregory' and Mr. A. T. Simmons, B.Sc., have again 
given me tlie benefit of their kindly and expcnenced criticism at 
every stage m the preparation of the book. 

FRANK CASTLE. 

On account of the regretted death of Mr. Castle in August, 
1928, the preparation of this new issue of his book had to be 
entrusted to other hands Mr. F. G. W. Brown, Senior Mathe- 
matical Master, ^Vest Ilani Secondary School, veiy kindly under- 
took the necessary revision ; and he has taken advantage of the 
opportunity by bringing many of tlie older methods more up-to- 
date, and also supplementing them by some modem ones. 
Especially has this been done m the case of algebraic, trigono- 
metric and differential equations. For an adequate practical 
treatment of the Second Order Differential equation, space has 
been found for the inclusion of a paragraph on the exponential 
values of the circular functions 

The distinction betu cen the modem meanings attached to the 
terms slope and gradient has also been made more precise, and 
the text rendore<l consistent throughout without disturbing the 
general arrangement. 

Several tj^pograpbical errors, which had previously escaped 
detection, have been corrected, and Fig. GO has been re drawn. 

The original arrangement and pagmation remain, however, as 
THE PUBLISHERS. 

Oclober, 1033. 
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without the help of a teacher are recommended to omit the more 
flifficulfc KcctioHB at the first reading. I should like to direct 
particular attention to several portions of the book, for, so far 
as I am aware, the method of treatment therein is now published 
for the first time. Among these sections are ; 

{n) The identification of the nature of a plotted cur%’’e by the 
use of a strip of celluloid on which a series of standard 
curves is already drawn ; and the method of finding the 
value of w in tile family of curves denoted by etc. 

([;) The method of solution of equations of the form 
(c) The graphical methods of dealing with problems in Simple 
H ar monic Motion expressed by y = a cos { 4* e), or 
y —a sin [hx + c). 

(f/) The problems involving addition and subtraction of sirnplc 
solids. 

(e) 'I1ic theory of the Atnslcr planimeter, of vector notation, 
and of Fourier’s theorem. In this connection I am glad 
to express my grateful indebtedness to Mr. Joseph 
Harrison, of the Royal College of Science, for portions 
of the proofs. 

(/) The grapliical method of obtaining the slope of a curve by 
moans of a set- square and pencil. 

((;) The geometrical proof that 

(lx dz dx 

{h) Tlio use of arithmetical and geomcirical progressions to 
illustrate the Integral Calculus, 

tJreat importance has been attached throughout the book to 
fully, worked concrete examples, and of these a very large number 
is to he found ; it h hoped that the student will be able, by 
means of lhasc examples, to follow intelligently every step of his 
work. 

In order not to overburden the book, I have been compelled 
to ho very brief in some parts, especially in my treatment of the 
Calculus and of Diffcreniial Equations. Students who wish for 
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more detailed information should consult Prof. Perry’s CaJeulua 
far Engineers, where they will find complete guklanco in the 
further study of the subject. 

In the preparation of my MSS and in the paiwage of the book 
through the press I have received much assistance from many 
friend-i, whose help I am pleased thus to acknowledge. Prof. L. 
Bairstow, F.B S , lias looked through the 5ISS- and made man}’ 
valuable suggestions ; Mr. II, J. Woodall has read all the proofs 
and usefully altered and corrected my work in many places ; and 
Sir Richard Gregor}’ and Mr. A, T. Simmons, B Sc., have again 
given me the benefit of their kindly and expenenced criticism at 
every stage m the preparation of the book. 

fb.\xk castle. 

On account of the regretted death of Mr. Castle in August, 
192S, the preparation of this new issue of hw book had to be 
entrusted to other hands Mr. F. O. W Brown, Senior Mathe* 
matical Xfaster, West Ham Secondary’ School, very kindly under- 
took the ncccssar}’ revision , and he lias taken advantage of the 
opportunity by bringing many of the older methods more up-to- 
date, and also supplementing them by some modem ones. 
Especially has this been done in the case of algebraic, tngono- 
metric and different lal equations For an adequate practical 
treatment of the Second Order Differential equation, space has 
been found for the inclusion of a paragraph on the exponential 
values of the circular functions. 

Tile distinction between the modem meanings attached to the 
terms slope and groilient ha-s also been made more precise, and 
the text rendcreil consistent throughout without disturbing the 
general arrangement 

Several t}'pographical errors, which had previously escaped 
detection, have been corrected, and Fig. 60 has been re-drawn. 

Tlie original arrangement and pagination remain, however, as 
THE PUBLISHERS. 

Oc/oi>er, 1033. 
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A IVFAKUAL OF 
PRACTIC^VL MATHEi\rATICS. 


CHAPTEU I. 

SniPLIFICATIOXS AND PARTIAL FRACTIONS. 

Elementary results and formulae.— The following for- 
mulae are probably already familiar to the reader. If not, 
they should, after ^enGcatlon by actu.al multiplication, be 
committed to memory 

(„ -I- ?>)5=a* + 2o5 + , (a - - Z<ib+l\ 

The two formulae may be combined, thus: 

(a ± b)'=a*±2ah-f b*. 

These formulae should bo equally familiar when other letters 
are used, such as x, y, etc 

Ex. 1. (.W - 2ay )* = (3or)’ - 2 x (Sox) x {2ay) + (2ayl* 

= 03’i*- I2a*jy + 'lay. 

Similarly, by multiplication, 

(a ± b)’=a* ± 3a*b-!-3aV + V. 
(a+b)(a-b)=a*-b». 

The last example may be eipressed in words by aiding: 
The product of the earn and difference of two quantities la equal 
to the difference of their squares 

Ex.^ 127*-123’=(127 + 123)(127-123} 

=230x4 = 1000, 

Ex.n 9c»-lC(a-l.)»=(3^)’-l4(3-l')l* 

= (3c + 4a - 4t-) [5c - 4a + 4b). 

e 



2 


A MANUAL OP PBACIICAL MATHEMATICS. 


Square of a polyuoioial.— The square of au expression 
coDsisting of three or more terms can he obtained by arranging 
the terms as in Multiplication, and obtaining the product ; 
but the vrork is much reduced bv noticing the arrangement 
of the terms in 

and applying the result to any expression containing three or 
more terms ; it is then easy to -write doum the square required. 
Thus, (a + 6q-c)“=a--h6-+c“-l-2a64-2ac4-26c. 

On the right-hand side the sum of the squares of the three 
separate terms are followed by twice the products of the first 
and second, the first and third, and finally of the second and 
third terms respectively. Similarly, 

(a -f 6 -f c -f f?)" = a" -f 6 ’ q- c” -p “ d* 2 ab -f 2 ac q- 2 ad q - 2 be 4 - 2 M -f 2 cd. 

Other expressions involving squares and cubes should be 
written down in a similar manner and verified, 

Fractional expressions. — In the simplification of fractionab 
expressions, a factor of the denominator of one fraction maj’ be 
equal to a factor of another denominator with its sign changed. 
In such cases, it is advisable to change the sign of one of the 
fractions by multiplying its numerator and denominator by 
— 1, If any fraction requires two such changes the original 
sign will remain unaltered. 

Ex. 1 . Simplify 

g- ^ ■ c 

(a- 6 )(a-c) (b~c)(b-a) ‘ (c-a){c-&)' 

^ It is convenient in fractions of this type to preserve cvciic order 
w the letters a, b, c ; thus a vriU foUDW c, and a - c changed to - (e - a). 
Similarly 6-0 and c -6 u-ill become ~(a-b) and -( 6 -c) respec- 
tively. Hence the expression becomes 

« b__ c 

(a-b)(c-a}~(a ~b) (b -c)~ (c~a)(b ~c) 

[a-b) ib-c)(c-a) 
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Sx. 2. Simplify 


tia 

x+a ■*■ a*-** '’ar-a' 


By clianging the e/gn of the last fraction, the UCM. of the 
clcnoroioatora becomes a’-*®. The expression may then be nrritten 


(jr-gaHg-^) + gg*-Sgx+3afg+ar) 


3<i*-2fl3:-g® _ 3g4-T 
a + x' 


Wlien it is required to simplify an expression containing the 
algebraic sum of three or more given fractions, it is usually 
convenient to take the L.c .11 of the denominators as a common 
denominator But, if this course be always followed, much 
unnecessary labour will often result. It is sometimes better 
first to arrange the terms in groups of two or more together 
and simplify each group before proceeding further, 

&.3 S,n.pWj, 

Here, following the ordinary rule, the i-c.)r of the denommalora 
would bo fjr'2)(x-3)lx- 4)(x-5), and each numerator would have 
to be niuUipbe<l by three factors Instead, we may simplify the 
first two terms, 

J x-3-x + 2 _ ~1 

x-‘2 (r-3)~(x-2l(r--3) (r-2)(x-3>' 

In a similar manner, the remaining two terms become 

1 i _ - 1 

x-4 {x-5)“(x-4)(r-5)' 

Hence, the given expression is equivalent to 

1 L 

(x-e)(x-3)" fr~4)(x-5) 

-(x®-0x+2O)-(x®-&r->-C) 

(x-2)(x-3H^-4Hx-fiF 

-2(x®-7x+l3) 

“(*-2J(x^37(x-4)(x-5)' 
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Fractions of tire form — are easily simplified by writing down 
the factors of the numerator. Tlius • 


X’^-y x^y 

:=zx^-xy^y\ 


Staitorly, 

(x^y)(x-y) x--y- 


and 4- -h = (.'r- + + y^) (ar -xy^ y-). 

The above examples are simple applications of the follovdng 
general statements : 

Factors. 

x”4-y" is divisible hy x+y ’when n is odd ; 
x" -y’" „ „ x+y „ n is even ; 

2 :” ~ y” It It s — y „ n is either odd or even- 


Surd (luantities. — ^In questions dealing with fi’actions in- 
volving surd quantities, simplification is often effected hy 
using one or both of the forms (a + &)^=a^4-2a54-62 (i) or 
{a^^F-)^{a-^b)ia--b) (ii). 

The former may be used in extracting the root of a binomial 
surd quantity. Some applications are indicated in the following 
examples : 

TT.. t n?.. irr. _#»% 1 /•>» s/ 0 "“2. . , 


Ex, 1. Simplify (i) ; (ii) and express the result in each 

v20 VO 4- 2 


case as a decimal fraction. (Given n^= 2‘2361,) 
(i) Here J_ =^'20 _ n/ 4 x 5 


\^=2-2361 ; 


2x10" 10 
v/5 , 


=0-22561. 


v'5 + 2' 


Multiply numerator and denominator by - 2. 

• *^^0-2 (s^-~2)(s^~2) 

\^ 5 + 2 ~ ( n /5 4 “ 2 ) (\/5 - 2 )* 
Apply the forms given by (i) and (ii) above, 

. (N^-2)(sy5~2) ^ o--4\^4>4 
(V5 4-2)(V5 -2) 5-4 


=9 -4n'^=: 0*0556* 


SURD QUANTITIES 


Ex. 2 Show without extracting roots that is less 

than Cn^. 

Here, if 

then, squaring Loth sides, 

17 + 2n17T^+19<72; ' * 

. SD + VrfxT9<72, 
or 36+2 s^<72. 

Subtracting 3G from each side and dividing hy 2 we obtain 

Squaring both sides 33.3 <32 >, which is obviously true. 

Ejc. 3 Find the value of 

3-\/5 3 + \^ 

As a common denominator take the jirodnct of the two denomi- 
nators Then 

f3 - ~ (3 + Spin's + 

(s^3 + <^)*x(s/3-s/5)* 

or (3 - y/p) f3 + 5 - 2 v^) -f- (3 + (3 -f- 5 + 2vn5) 

(S^Tsp 

= I2 + 5v^=20C6. 

In Ex. 3, and in all similar ca-ses, the numerical values of 
numerator and denominator may be obtained by using a table 
of square roots, then the raliie of each fraction may be obtained 
by logarithms 

Ex 4 In the expression {* - a)* - (y - £)* put =*^-“ + ^+5^^:^]' 
and + and reduce the resulting expression to its 

simplest fonn 

(n-o)*-(y-h)*=(r-a+y-t)(*-o-y+ft) 

Substitute the gi\cn values for x and y, thus, 

/ , (o-t)* o + h, al> 

(r-o+y-h) = (« + l.+^— + — + 5^-9 

(a - t)*+(a+l>)*+4<i4_ (o + ii* 

~4{a^i) 2(a+-t) 
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Ex. 3. Resolve into partial fractions the single fraction 
[x - a){x - b)(x - c)* 

Let .. 

\x-a)(x-b)(x-c) x-a x-o x-c 
Multipl}' throughout by (a:-a)(a’~^>)(a?~c), 

/. Ix- + mx 4 * A {x - h) (a; - c) + J5(a; “ a) (rr - c) + 0{a; - a) (x - b). 

Let the factor x-a=0, x=a; 
then, /a- + 777a + 7i=:A(a-h)(a~c) ; 

(a - h) (a - c)* 

In a similar manner let x-6=:0, /. x=h ; 


then 


B=: 


ib“-rmb-hn 


(b-a){h-c) 
Finally, if x~c~0, we obtain 

fC“+7HC+72 


(7=r 


(c-a][C‘-b} 


If the numerator is of equal, or greater, degree than the 
denominator, it will he necessary to divide the formei’ by the 
latter, so that the fraction to be operated upon shall have 
its nninerator of lower degree than its denominator. Also, 
when the denominator of a fraction contains a factor such 
as it is necessary to take several corresponding partial 

fractions having for their denominators the factors .x-a, 
(.r — a)-, etc. 


Ex. 4. 


Resolve into 


partial fractions 
3x4 5 




Let 

MuUip]}^ both 


Sx + 5 _ A B 
sides by (1 - 2x)-. Then 

3a; + o=:^(l-2a;)4-i?. ... 


Put 1 -2x=:0, 


1+3= S, 



( 1 ) 


giving 
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Substitute this value for £ in (1), 

ac+6-^=A(l-ac); 




Or, put x=0 in (1), then 6=A+^; /. As 


’ 2(1 -2a:)' 

A very useful artiSce whicli may be used in many cases 
(especially in dealing with factors such as (jt — a)" and often 
referred to as repeating factors) may be shown by an example 

Ex. 6. Resolve into partial fractions 

fl) 

(1-x) 

Let l-a:= 2 ; *. a:=l-z Substitute in Eq (1) and sve obtain 
(I-2)»+3(l-g)+l 

^ 1 -3: + 3:»-z^ + .3-3;+l 

= ® ^3 

Then, substituting for z, tins result may be written, 

__5 __C_ 3 ]_ 

n - *)< (1 -*>^'^(1 -ar)*' 1 -* 

Thas. m Ex 4 let l-ilr=r, . 


■2(l-2r)*~2(l--ai)' 
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EXERCISES. I. 

1. Simplify 

and find its numerical value -when XiJ(2+^Z) = l. 

2. Find the value of to three places of decimals. 

3. Find the product of + g and and find the 

value of the product when a=12 and 6 = 18. 

4. Simplify f' ~ ? , and find its value when 

3ar-17a;-6 6a:'+x-l 

3a:=s(2-l. 

5. Reduce to its simplest form : 

5a;- -8a; + 12 


■ ^ ~'!a^ + 7x--'ix + Q 

Find its value when a;=l + A^/3. {\/3 = l‘732.) 

Simplify the following expressions : 

6. ^/(32- 7^/12). 


K l-.y2 + ^./3 
■ l + V2 + s/3 l + .,/2-^/3 


9. If 

show that either 


7-2s^ 

fl ^ 2^ lY_ (a;+2v + sr- 
\x y z) xyh. 
x^z or 


a 4\^-Sv^ 

8. =r- X z=- 

7-2v'^ 


10. Show that (*-2 + i)(;r + 2 + i)(x^+2+l) = (a;^-iy. 

11. Ctiven =2*236, express —L. and 

a^,/20 


>y5+2 


as decimals. 


12. 


X=i 


Find the value of (x (^x - ^x (x when 


O- + b- 


13. P.cduce the following expression to its simplest form; 

(o+l) " ®H>ressed as a decimal, 

when a=2 and 6 = syo=2-236. 

14. Simplify (a+6 + c)3 + Gn(a -6-c)(a + 6 + c) + (a-6-c)* 


EXERCISES 


n 


16 Simplify and find it* value to four places 

of decimals when 3ris 1, having ghcn ,^/3=l ‘TSU- 

Ifi If a*=>7T + n, l>*=n + f, c*«:/+m and 2s=5a + t + c show that 
s[» ~ a)[» - - c):= l[mn + nl+lm), 

17. Simplify -K — - — r^+.Tzrr'E and find its value to 

JC^ oX + Z + ox + a 

four places of decimals, when a:= I +^/3. 

Simplify the expressions: 

Jg rm^+f6-c)T+<fp-[ttj*-Kti + c)a: + </p 
[oar* + (fc + e)a: + dj* - [oar* +{b~e)x+ dj*’ 

19 (a: + y)*+2fa:*-y*) + fa--vl* 

(ar*-.aV+y*) { (a: - y)* "'“a-* (zT /T’ } 

Resolve into factors : 

29 12ar*-2oay+12y». 21. a»+a<i«+h». 

22 z* + xy+y*-2xy-l. 

23. Show that o is a factor of the expression 
(a + 6)*(o*+r*j - (a + r)*(o*+/>*). 

Resolie into factors the following expressions; 

24 2ar*-a'-20 25. 2a^i + 7ar+ Gy+21. 

2C. fix»-{7 + J5o)r+21a, 27, jc*- 1 - 4 (r- 1), 


Simplify the follow ing expressions; 




80. Given N^»sr4U2, and <w^a:l'7321, find (he saliie of 
correct to three places of decimals, using a contracted method of 
multiplication. 

31. Find the value of 

3-s^5 ^ S+s'S 

(3+75)* (TT#* 
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32. If z^‘J[x~ + y^) show that 


.T + 2/4-Z 


-a: + 2/-h2 

~x-\-y~z 

33, Show that 

a= + 67 za"- V a? , (z-x^ 

a- 4- 6“ ci^6” \ 

+ 67 a- V 6 / 

Express in partial fractions; 


34 2a;-5 

35. L_. 

(a’-2)(x-3)' 

1 “ OX + ficc** 

3S ^ 

37. . 

■ (.r-l)(a-+2)- 

a;2-2a:-15 

38 a: - ,5 

39. * + 37 


x2 4-4x-21 

4^) 5.r — 18 

3x2-10x*'4 

.'B--7X + 12’ 

(x - 2) (x - 4)* 

2.r3-lla-2 + 12'e + l 

0 4* 2x — 3x“ 

(a:-l)(a:-2)(a:-3)‘ 

(x--l)(x-l'll* 

Resolve into factors : 

44. x-4-0*4a;-4‘37. 

45. a- (6 — c) -f Ir (c - a) 

46. X- -r 6x - 520. 

47. x=~24. 

48. S4x“ - o25y“. 

49. x^-S'92x4-184. 


Simplify the follo%ving expressions : 


50. 


52. 


: rr - 7 , a;- + 4x - 21 
X- -t- 3a: “ 4 ' 2a: + 8 


51. 


a:3+7a;^ + 4x-12 
a:^ + t)a:2~-2x-12* 




1 + 
two simpler fractions. 

. 2x2-fa:^3 

X 

cant figures when a:= 1 -f 


Express the resulting fraction as the sum of 


~ ^ signifi- 


54. Resolve the fraction - i. into the snm, or difference, 

of two simpler fractions. - llx ~ lo 



CHAPTER XL 

MEASUREMENT OE ANGLES AND THE SIMPLE RATIOS. 


M&tsaremeat of aasles.-^In tie maiaurement of length, a 
certain distance is selected as a unit, and the number of times 
a gieen length contains the unit length is the measure of its 
Jength. In Jike manner, tlie magnitude of an angle is estimated 
by the number of times it contains the unit angle. The two 
angular units adopted are the degree and the radian. ' 

Let be a line free to 


move about a centre .1 Any 
point m tbe line such as D 
(Fig 1) will eventually de- 
scribe a circle If w e assume 
such a circle to be divided 
into 3C0 equal p,irta then the 
lines joining anv tw’o con 



A £ 


aecntive points on the cir- 
cumference to tJie centre A 


will enclose an angle of one 

degree, which is written 1° ' ' 

A degiTe is divided into 

CO minutes and*a minute into 00 Bcconds An angle of thirty 
degrees, twenty minutes, and fifteen seconds would be written 
30* 20' 15". 

Tlie actual distance descrilicil by I? will bo prf>iv>itional to 
the amount of turning from the initial position, al«o for the 
eanio angle the arc described is propoitmnal to the radius, 
hence the measure of an angle is denoted by 



sho^' that 

®®- Show that •'*^■^2 ' +2 «+irr^- 

^“+1 - ' ~~ci^ y _ X- A _ o,\ -. 
34 2 x~.k 




41 . 

43 . . ^+ 2 a;- 3 a^ 

4 r. a- 2 - 24 . 

^=^-S-92a;+is-4 

ons .* 


51Z5-2 9^ --^^siinn 

'’'' “"-o simp ;,“ fr“ ?“”««» ra-l?i!fe 

' QJfierence, 


CHAPTEK II. 

51EASURE5IENT OF ANGLES AND THE SIMFLE RATIOS. 

Measurement of angles.— In the measurement of length, a 
certain distance is selected as a unit, and the number of times 
a given length contains the unit length is the measure of its 
length. In like manner, the magnitude of an angle is estimated 
by the number of times it contains the unit angle. Tlie two 
angular units adopted are the degree and the radian. * 

Let be a line free to 
move about a centre A Any 
point in the line such as D 
(Fig 1) will eventually de- 
scribe a circle If we assume 
such a circle to be divided 
into 3G0 equal parts then the 
lines joining any two con 
secuthe points on the cir- 
cumference to tUc centre A 
Will enclose an angle of one 
degite, which is written I' 

A degree is divided into 
GO minutes and- a minute into CO seconds An angle of thirty 
degrees, twenty minutes, and fifteen seconds would be svritten 
30* 20' 15". 

Tlie actual distance described by Z? will bo proportional to 
the amount of turning from the initial position, also for the 
Same angle the arc described is proportional to tlie radius, 
hence the measure of an angle is denoted by 5 i 



A B 
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in a conHtant wlioflo value (]e])endH on the particular fiyatem 
acloplecl. ThuB ^*=1 in the radian fiystem, and ratio 

of circninferenco to diaineter, in tlje degree syfitem. 

AflBinne AB, 'Fig. 1, a line initially coincident with the lino 
ADy to 1)0 rotated about a centre A into the position AB^ 
through an angle wliicli may be denoted by 0» 

To ascertain the magnitude of the angle, draw with A as 
centre an arc of a circle cutting AD in E and AB in F, Then 

the ratio is called the incasuro of the angle in I'adians, 

radius 

angle in radians (i) 

The measure of the angle will obviously be unity when the 
numerator is equal to tlie denominator, or wlien the length of 
ai‘c DB is equal to the radius AD, 

The unit angle is called a radian, and its value is i , or is 

e(]ual to 57°17'4r/' nearly, or about ^ 

Hence, to convert to radians an angle given in degrees, it is 
nccessarv to divide by 57*Ih Similarly, to convert an angle 
innn radians to degrees, m\iltiply by 57’3, 

From (i) wo have anglo x radius = arc. 

Hence, wlicn any two of 
tlio three terms are given 
llie remaining term may be 
obtained. 

Ratios of angles.— The 
ratios of an angle designated 
as nine, cosino, and tangent, 
abbreviated into sin, cos, and 
tan, are probably already 
familiar to the reader. It 
is only necessary to refer 
briedy to tlie definitions. 

When the rotating line 
(Fig. 2) moving in a direc- 
tion opposite to the liands 
o( a eloclc comes into the position 671, then, if BF bo drawn 
pcrjKmdicuIar to and meeting CA in and the angle NOB 



F 

Via, I’.— UrttloK of asjjIcH. 


RATIO OF AXGLES, 


be represented by 0, we hare for the tnaop^Ie the foDowing 
reIatioa4 : 

Also sin*^ + cO3*0=l, since KIT^ + CIT-^CB*. 

The reciprocals ol each of these ratios are also important and 
are as follows : 

\ €B \ CB 


cotangent 0=^^^. 

Tlio abbreviatioas coscc 0, sec 0, and cot 0, are xrsod for these 
ratios. Also, referring to Fig. 1, it is easily seen that 
8ec*0 = l +tan*0 and co8oc*0=l +cot*0. 

The ration of the sine, cosine, and tangent for 30’, 43* and 
60i* are very important, and are so 
often requircel in calculations that it is . 

necossarj to remember their numerical / \ 

values. / \ 

Bdtios for 60’, 30’.— One of the \. 

best methods is to draw (or better, / (? \ 

mentally to picture) an equilateral / ^ \ 

triangle ASC (Fig 3X with each of /(p \ 

its sides say 2 units length. If from JjL ^ D ^ B 
the Vertex C a perpendicular CD be f,a s-Au»it»ui «.<! 
drawn to the oppiosite side, then, as 
ADC a right-angled tnangle, the length of (V> is 

Hence sin4l=8laSo*='^, cosW^g, tan 60 1 

Tbe angle ACD w an angle of 30* Hence we gi t ili* . ih^ 

.1 1 

sin SO =s cos so = taa SO = 

S 2’ 

Itatios for 45*. — Hraw a nglit-antded tnii „ > 
side ad is equal to the i «irlp /.V’ I' 
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ifjORcclcfl iruiiiglc iviul l/ho ;viigl(iH M< A find C avc in cacli caso 
45°. If in Fig, 4 tlic lengths of the Rides 
A [i and UG bo denoted by 1, tlicn 

AO==J^. 



Hotico 


nin45^ 


COR — 


Jl 

k/ 2' 

1 

72’ 

L 


Complomontary anglcB»‘-'“"J^vo anglcn aro Baid to be comxdo* 
meuiary ^v]u)n Ui(iir Kuni \h 90'’ (a rigid/ a7){/lo). 


JCx, Let then, ub v?o luive found above, 

Bin A eoH Bt and cob >4 = win J5 ; 
ibcHc rclalioitB hold generally, and we have 
hwA coh( 00'"-^), 

(umA «in{00'‘-yl), 

Uinyl - eot(90''-^), 
colyl=^ i'iXn{iW -- A)f 
Hec A - coHce(00'' - A )f 
COHOC A =r, BCC (Dfr A). 


AjigloB greater than W . — 
B 



riti. f»,— UivUm <»{ Oitui l>0\ 


Tlui ratios of the sine, coaino, 
tangent, cte., wldeh are all 
ponitivc for angles not ex- 
ceeding 00'’, may or may 
not bo powitive for angles 
greater tliaii 00'’, 

The eonvcTitionH adopted 
arc as followH : If a circle 
])(*. drawn as in h'^ig. 5 ami 
aiao horizontal and vei-Ucal 
diaincterK, us A A \ IIB\ then 
ail diHianees rnoaaurod to the 
riglit of the line BB are 
Huid to bo poaltlvo, and Ujohc 
to the h'ft aro said to be 
nogaiivo. 


J)ififRiiC(!s ineiliiured upwurdfl from A A' arc jxjsitivc, U) 0 .sp 



GENERAL VALUES.' 


17 


downwards are negative. The revoU'ing line itself is a\\«3}a 
positis'e, but angles are reckoned positive or negative according 
aa the revolving line rotates in the opposite or the same direc- 
tion as the hands of a watch. Thus, if AP be one-ti»elfth of 
the circumference, then, joining P to 0, the angle POA is an 
angle of 30*. If il^P'^ilP the angle AOP’ ls 150', and 
• ' 
am 150 =-^;7r=y75=2- 

'fhe perpendicular J/,P' is measured in a positive direction ; 
OJ/j IS measured in a negative direction ; 

cosloO-^,- 2- 


In a siraibr manner, if A'OV^ ts an angle of 160* +30’ =210% 
both sine and cosine are negative. I’lnally, corresponding 
to the position P'\ the sine of the angle is negative and 
the cosine is positive. 

As the tangent is the, ratio of sine to cosine, it follows 
that when the sine and cosine have the same sign, either 
positive or negative, the tangent is positive, but is negative 
when the sine and cosine have different signs. S«me values 
arc given in the following table , these should be carefully 
verified 

Collecting the results for the points P, f, P\ and we 
find 


Angle 

30* j 150“ j 210* j 330“ 


ill 1 1 1 

2 2 - -2 1 '2 

ros ' 


^/3 

“ 2 ! ~ 2 2 

tan 

s^3 

-J 1 -L ' - J 


General Talaea.— It las been seen that an angle is traced 
Out by the revolution of a line, from coincidence with another 
line into a second position ; and, as tha angle may traced 
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out by any number of revolutions of the line, it foUoAvs that 
for a given value of a trigonometrical ratio there is an indefinite 
number of angles. But corresponding to a given angle there 
is only one value for each ratio. 

If 11 is used to denote any integer, 2ii represents an even 
number, and or 2n-l an odd number; positive and 

‘negative values may be ensured by using the symbol (-1)". 

(-1)" is +1 when n is even including zero, and is —1 when 
n is odd. 

To find a general expression for all tlie angles wMclx have a 
■ given sine or cosecant — 

Let GP^ a line initially coincident with CB^ move into 
a position CP^ so that the angle BOP is 0 ; if, CPi is another 
position of CP so that P^B^—PB^ the two angles BCP and 
B^GP^ are equal, and sin 0=sm(18O'’-^). 



Fio. G. 


These angles may be increased by an}’' number of revolutions 
of the line GP^ that is by any multiple of four right angles, 
or 2«7r. It will then be obvious that all angles ha^dng the 
same sine, or cosecant, are included in the formulae 

In a similar manner, all the angles which have a given cosine, 
or secant, are included in the formulae 

2)17? ±6, 

And ail the angles which have a given tangent, or* cotangent, 
are included in the general formula 

GrapMcal measurement of angles’.— In graphical -work in 
which angles occur, the magnitudes should be set out, or 
measured, as accurately as possible. Tlius, when two sides 
and the included angle of a triangle are given, the two sides 
may he marked off as accurately as a good scale will permit, 
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but the results obtained will be inaccurate if an error w made 
in Betting out the given angle. 

The usual rnethod adopted in setting out a given angle is 
to nao eome form of protractor. These are made both in the 
form of a rectangle and of a semicircle, but are rareljr suffici- 
ently accurate to enable the results obtained by them to bo 
more than a cheeV on calcnlated values. The most accurate 
results are probably obtained by using a good scale, a pair of 
compass«cs, and either a table of chords of angles or a table 
of tangents. Table VI. (pp. BSC-?). 

Table of chords. — To set out a given angle at A (Fig, 7), 
mahe Iho base AB equal, on any convenient scale, to, aay, 
10 units ; with A as centre and AB ns radius, describe an arc, 
and with B as centre and radius equal to ten times (because AB 



Fio. 7 ~Uu o( s Ulila of cbords. 


has been made 10 units long! the length of the cliortl correspond- 
ing to the given angle as shown in Tabic VlII. on p ,'>40, describe 
an arc intersecting the former in C , join A to C. Then BAG 
IS the angle required. 

Kx. 1. Set out at a given point. A, an angle of 35“ W 
Jlcaanre off A// equal to 10 inches, and describe an arc with A as 
centre and A B as radius. Opposite the angle 35* t?0' in Table VllI 
the value 0 C07 is taluiUtM Mnltiplj mg this by in w e«btain CO" 
With ii as centre and a radius O'O', descril>e an arc liC intersecting 
the foriner in <?. Join A to C Then ISAC is an angle of 35“ CO' 
TliC converse of this exercise, i e given an angle to obtain 
Us measure, will not present much difficult \ hither of the 
linex meeting at the vertex of the angle maj he assumed as 
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base and a lengbb of 10 nnitB marked olf. Then, \viUi this 
distance as radius, an arc of a circle may be d^a^vn cutting both 
the lines enclosing the angle. The chord can be measured 
and 'divided by 10, finally by referring to Table VIII. the 
numerical measure of the angle is ascertained. 

Table of tangents.— An angle cun be determined graphically 
when the numerical value of its tangent is known. 



2. Sot out an angle of 35® 20'. Make AB (Fig. 8) equal 
to (say) 30 units and draw BC perpendicular to AB» In Table 
V],, corresponding to 35® 20', the -value 0*7089 is tabulated. 
Multiply this value by 10 aiid make BO equal to 7*089. Join 
A to C. Then BAG is an angle of 35® 20'. 


EXERCISES. II. 

1. Express seven -sixteenths of a right-angle in radians. 

2. What is meant by the radian ineasurc of an angle? How 
many degrees au<l minutes arc there in an angle whose radian 

measure is 

{) 

3. Express in radians an .angle of 210® and express in degrees 
the angle ^ (radians). 

4. The (lifTorcnec of two angles is 10®, the radian measure of 
then* sum is 2 ; find the radian measure of each angle. 

A* distance in miles between two places on the Equator 

which difier in lon-itude by G® IS', assuming the Earth^s equatorial 
ammeter to be 7920 miles. 
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6. What is the noit of radian mraaiire? Find the length of 
that {lart of a circular milHay curie Mliich subtends an angle of 
22^* to a radius of a mile 

7. Write down the values of sin 132*, cos 226% Ua326% 

8 Write doiin the values of sm ICV, cos 132% tanlOS*. 

9 Write in a table the i allies of the sine, cosine, and tangent 
of the following angles, 23% 123% 233% 312", 3S3% 

Find the measure in radians of an angle of 3S1% 

VlO Trace the sanations in sign and magnitude of cosvl -sin.l, 
as A varies from 0° to 1S0% 

^11 Find the two least values of 6 if slnOts-^^ where a=2'12, 

12 Tlie geographical mile ticing a minute of latitude on the 
surface of the Earth, supposed spherical, prove that the circum 
ference of the Earth is 21C(X) gcographiral miles. 

13 Find in degrees and minutes the angle which at the centre of 
a circle of 8 ft. radius subtends an are of 10 ft. length. 

14 A disc revolves 300 times a minute; how many radians is 
tlust per second? !f tho disc is 3 ft. diameter, how fast (in feet per 
second) will a jwint on its nm move? 

15 Tho winding drum of a colliery is 10 feet in diameter and 
revolves ten limes a minute, at what is the cage raised or 
low erwl ? 

16 The earth licing as.sumcd to lie a perfect sphere, and a 

get, graphical mile being dt finis! as the fingtii t)f nn arc of the sea 
winch subtends an angle of Tat the centre of the earth, shtiw that 
tho earth's radius is appmsimstclj equal to geographical 

miles. ' 

17. Express m radian measure the least angle of an isosceles 
triangle, m which the vertical angle is ono half uf each of tlio angles 
at the base. 

18. The roilius of a radwaj* curve is I n milt'. Find the ang'c- 
turncil through in 40 sec , in radians and degre, h, b\ a tram traveb 
ling at 50 miles per hour. 

19. If a railnav tram changes its dtn.*ctitm through m a dis- 
tance of 300 ft. tVhat IS the average radnia of the hac ’ 


M.P.M. 



CHAPTER III. 

RATIOS OF THE SUI^I AND DIFFEREI^CE OF ANGLES. 


Trigonometrical ratios. — In considering trigononietriciil 
ratios, it should be carefully borne in mind that in all except 
the simplest case of the acute angle, it is of the utmost iui- 
portaiice to be quite clear in regard to the direction in which 
the various lines are drawn. When this is made out, there 
will be no difficulty in dealing with angles of any magnitude. 
Any angle such as XAP (Fig 9) traced by a line AP, 

initially coincident with a 
fixed line AA, and rotating 
about a fixed point A in 
p the opposite direction to the 

hands of a clock (or anti- 
clockwise), may, as has been 
seen, be expressed nuincrb 
cally by the number of 
degrees or radians in the 
angle, or simply be iiidi- 

cated bv a letter, such as A. 

^ Such a line as AP carries 
with it a number of asso- 
ciated lines, or ratios, and 
Y although these are probabl\^ 

F.O. o.-pLjeettou of tv H„o. to the reader, it may 

be useful to refer briefly to 
them liore, and especially to indicate how, by means of such 
ratios, angles of any magnitude may be represented. 

If fi'om 7’, a line PM be dmwn perpendicular to AX and 
meeting A A in J/, and similarl}* PX is drawn perpendiculai 
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to tlien AJf it C3llc<! tlie projection of AP on A.V ; and 
AX the projection on AT. Tlie following ratiw arc at onee 
olitained : 






»tan A, 


if AP=r, then the projection AJ/’>^rcr»A ; or, the projection of 
a line of len^rtb r on another to arhlcb It la inclined at an an^Ie 
A U rcoa-1. 

Since A P may denote the edge view of an area, the preceding 
Btatcment may I>e applied to an area. 

The angle APiJ^XAP (Fig D); 

Pil 

sin.l- 

I>iit A'd/' = CM(0O* — *1)— *in,d. 


Hence, the projection of a rector r on an 
it inclined at an angle 
d, ie rco^A ; and on the 
axi"! A J', or atM of y, ix 
fninJ. The two projcc- 
tioiH juKt refened to are 
cdled the rectanenlar com 
ponente oi the rertor A/’ 

In the caie of an olituse 
angle P (Fig 10), the pro 
jection in the negaiire 
dinction, and the cosine is 
negative. TJic sine remains 
jXMitMe. Thus, if Zt is 120", 
coslSO'^-eosCO' , 
sinl20*«gmCO'' ; 

Un 120’ - tan CO*. 

For an angle hetvrcet 
1V»* and 270*, Kiy the 
angle f*, the projections 
giving the sine and cosine 
of C are both negative, while the tangent « positive 



Tio 10 —fleet eowioceotl. 
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Finally, for an angle between 270** and SGO"", it will easily 
bo made out from its projections that the sine is negative, 
the cosine is positive, and the tangent is therefore negative. 

Negative angles. — As already indicated, positive angles ai'e 
angles formed by the rotation of a line in the opposite direction 
to the hands of a clock. It is, l}owever, sometimes convenient 
to deal with angles formed b}” a line rotating in the opposite 
direction, or clockwise. Such angles are called negative angles. 
Thus, an angle of 340° could be obtained by the rotating line 
describing an angle of 340° in a positive direction, or an 
angle of 20° in a negative direction. 

Tlie ratios for such angles (Fig. 11) are found by the same 
rule as for positive angles. 


Thus cos(--A)=^( and is posith^e, 

sin(~A)=^^ and is negative, 

OA 

tan(-A)=-^-A and is negative. 



Sum or Difference of two angles.— 
denote an anirle A, and PEC im angle R 
EF, draw PIT at right angles tcT EF^ 


Let REF (Fig. 12) 
At any point P in 
meeting EG in E, 


SUM on DIFFEnKNCE OF TWO ANOLt-S, 


Draw //iV and /W perpendicular to and EK mraltel to 
Dh\ 

An the angle KI*E i? e^^^al to A, and KPI/ ia complementary 
to A'//'/* ami to tt follow* that the angle A'Zf/’ in equal 
to 


Wc have *<in(A+/J)= 


AV/ AX+/r// JfP+E// 

a 77“ £u “ nr” 


.VP EPA'I/ IIP 
“ZT' Kir up' EU 


»=ain J ca=(/l+co^ A ain /I; 




ea'»(A+2l)= 


EfC" KU KU 
EM EP KP PH 


^ KP' PU' KU 


If the angle FEG i 
A-/? 


= C(w A coHl?-Bsn A ein S. 
equal to /?, tlien the angle PEO ia 

Xir XU 
Eir ' EIP 
MP-iru 

' ■ KU" 

MP EP ^ PIP 
"Kf*'T^ir~ PIP ‘ KIP 


s=ein A COB U-cos A *in /? 


Tlte result map nl^o ’ne obtained bj 'anting ~E for P in 
the prcceihng 

In a Binjilar annnor, 

eosfj -/Ij^cos A (virt/?+*/n A mn P 

So, too, tan {A + «> J 

Bin A <Ms /J + A sin P 
“ooeToH/J-din A sin P 




froftj t2iQ . 

"® similar f,,: 

tiian^Jeg 
£ljr 

01 ' ’ 
. . ^■^^''275 >■ 

"^^ (-<•/ -/.^\ tail 4 ^j. 

"injiaer , 

tany ’ 

^ests of j-j 

student, ,,5: ° fo,.„, , ® ^ ^^'‘n 

%" refei-ej, * rafi ” should i 

_tin 45® . 

tansQo, 

I 





‘'’!j oppo. 

+ tin >1 '»*Tan'3Qrt 

1+ ' 

\'3 

tbii H tl,e Jr 

. nn^Z VI 

*lmpIo HitJ, *01111(1 tllo follni. • * 

«’-Po<.n(I relations connecting 

V-* +//;=8,j,^ 

**'n -/f\ ^+«>i j g,n ^ 



’''''« "-..i.- ...v tr’,'"''”-'"""- •■■'•■■' m 

- *« ‘^nilnnenl llju, w 

».«±b41 

«>»Aco.B:j:rtnA«lnB 

*«(a±b)=, *“A±taaB 

'" 

«> 

2.1 ^P+Q 
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Hence, by the appropriate modification of formulae (1) to (4), 
we obtain ^ ^ n 

. P+Q P-Q 

sin P-f sin Q = 2 sm — - — cos — 

p^Q . P-Q 
sin P-sin Q = 2 cos — ^ sin — - — » 

^ . P^Q P-Q 

cos P-hCOS (2 = 2 cos ^ cos — I — J 

P^Q . P-Q 
cos Q - cos P= 2 sin — ^ sin — - — 


These results may be expressed’ in words: 

snm of two sines = twice the sine of half stun 
X cosine of half difference of the angles^, 

difference of two sines “twice the cosine of half stun 
X sine of half difference of the angles ; 


sum of two cosines =twice the cosine of half sum 
X cosine of half difference of the angles; 

difference of two cosines “minus twice the sine of half sum 
X sine of half difference. 


Pormulae connecting am angle and tbe double angle.— If 

in the preceding formulae A is equal to B, then 

sin 2 A “ 2 sin A cos J , 

cos 2 A = cos- A - sin-A 

= 2cos2A-l = l~2sin-A, 


and 


tan 2A = 


2 tan A 
l-tan^A’ 


We may replace 2 A by A, if also replace A by — ; 

2 


* 1 A 

sm A=2sin ^cos— J 


cos^l=2cos-^-l=l -2EmA 
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• TJi« procttling rcsiiltn mar be obtained in a more 
diiect oiaDDer as follows * 

Let SOP (F»g. 13) be the anj^Ie Ay and SOQ bo tbc angle B. 
Draw tlie line Oil bi- 
secting the angle POQ 
Tlien, angle SOP 

Draw P/IQ perpen- 
dicular to Oil 

From points P, It, Q 
draw' the perpendicolaiw 

PM, Kl„ and qS, 

Then ML^LS. 

Stim of the projections ^ 
of OPafnX OQ on OX^ 

2 (projection of O/l), or 

0/'cosd-t-0(pcos/?=: 

Also 0/i^ OPco-i POP-- G/'cos - B). 

Substituting this value of OP in (I) 

D/'fos A + O0cti‘t B = 2t>/’cos k (d + />) cos - B}. 

An OPP and O/IO are equal and similar tnangles, O/’^OQ. 
Hence, dnidtng both sides bv OP; 

cosA-t-coaB->2cosi (A-f El cos i <A - Bl. 

I]_p projecting on tho axis oy we can obtain the suni of 
two sines 

TIius, tho projections of (fJ* and 0{^ on 01’ is twice the pro- 
jection oi OK on oy, 

OS+OL’SxOr, 

or OPniaA A-Of^nin P^ixOPeitik(A+ B), 

but W/= OPcoi pop-- 0/»tYK! A (.1 - B) , 

U/’sm A^OQ*in t^/’sm A(.t -t-f/leosifA- Zl); 

sin A + sin B •> S sla A (A 4 - B) cos A (A - BX 
From Fig 13 it is seen that . 

‘ IVijection of OQ on (AV * projection of OP on OX together 
with projection of I'Q on OX: 
sf.p.w. 1*2 
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01 - 


oi' WiCTioA, , 


P^^i^ction of Qn ' ' — — ^ 

.. 5 °“ "-'■“'’0'-^ : 

*'“(•< - aj ,„ I ■ obtiin '''"‘’ Ms(../ „ 
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As cos75*iaMnU/ this mult is also tha ^alua oi w15*. 
Or, «e may prcw<Hl to find the value of cos 75’ aa foliowa.* 
c<vj75'’«cos(J5*+30’)«crtf«45* cos.lO* -sia 45*810 30* 

as before, 

cos 15* =» cc«(45* - 30*)*=coa 45* cos 30* 4-sin 45* sin 30* 

1 1 1 


s 15‘ 




Tlic two fractions may bo simplified in the usual way, 

Tims ^/5^l vf2(s^-I) ^ y6-s^ 

' 2>/2 4 4 

Tlie values of and can lie at once obuinwl by logi' 
lithnis or from a table of Bfiiiarc nsns , 


Ueferrins; to Table t\’ , pp, 532-3, opposite sin Id” nc find this 
vnliie tabulated, 

III a simiUr nnnner we have 

Bin»5=-^^'-^ «= — - — =>yi)C5D, 

and Uiii njjrws with the laluo (abulatwl rnxwlin" in this 
wniiner the student can make ciem^s for biiB«eIf, taking 
lariotis niimcriml data from Table IV., thin obuim the sine, 
owene, or tangent of tho sum or difference of any two angles. 
Tims, if ,t«W and fi«.43* 

Thon «in(.4 + /j)*»8int20* + 43') 

-*sm‘2Q*eos41'-fcos£?0*sin 43* 
aO 3 520 X 0 73 1 4 4-0-0307 x 0 
->O-2501+0-ClW-.0FJ)10 
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lleferring to Table IV. we find that tins value corresponds 
to am 63’ ; 

/. Bm(20’ + 43‘’)=Bm 63 , 

From tlio formula 

Bin (/I + /?)=8in A cob jB+cos A sin Ji, 

'SVC liave (when A =7?) 

sin 2/1 =sin A cos /i 4* cos A sin -4 
= 2 sin A cos -4. 


Similarly, cos 24 ~2 con^A -1=1 — 2 sin^yl. 

We can, in like manner, proceed to find the values of sin 3A 
and cos 34. 

Thus, sin 34= sin (24 +4) 

=Bin 24 cos 4 4- cos 24 sin 4 
= (2sin 4 cos4)co34 4-(1 - 28inM)8in A 
= 28in 4(1 “8in24)4-sin 4 -2sin^4 
= 3 sin 4 —4sin^4. 


Similarly, co834 =cos(24 4-4) 

=cos 24 cos 4 - sin 24 sin 4 

=(2 cosM - 1) cos 4 - (2 sin 4 cos 4)sin 4 

= 2 cos^4 - cos 4 - (2 sin24 cos A ) 

= 4 cos^4 -3 cos 4. 

By using the ratios for known angles such as 15°, 30°. 45®, 
tests of the fox’inulae for tlie double angle can be obtained. 

jva;. 1. Given BinSff-,-, ; fiml Bin G0^ tan 60°. 

Bin 00° = 2 Bin .30’ cos 30’ 


=2x 


1 . 

2 ^^ 2 ~T' 


tan GO’ = 


2 ^^ 30 ’ 
1 - tan- 30’ 


\/3 







m’mSK RATIOS. 


ilf. 2 Oircn iinj^asg; Jiml tiniA, cmHA, and Un2.l. 

Taking tlie poaitive sign, tJien, 

, „ 3 4 2* 

coi2A =1 -2«in'.4 


=1-; 


3 7 

•iA C{ 


Tlic prcwding formulae for multiple angles ma/ be used to 
rcnfy v,inou3 tngonometncal identities. 

Ajc. 3 Prove the follfr^ing atatemenls ; 

Bin A +sin 


(Ji ; 
(H) ' 


^=tani(A +/?> 
,n(tf4-^S> + ijn(P+2^) 

^ + 


f» 


coB^ +ro8 U 


- a 


= lani^4 + Z?) 

{ji) Tlic giren eiprwion may be arittea 

+ C<i> 4'»in -fBin f g 4- 
{cost# 4-coa^l' -vcosie ^-^!>> 

_ 2«m fg4-<s )w»<>4-Bi'n(g4-» ) 




- 2 coa -t- <i ) CO* 0 + COB + 0 J 
«m +gorwti) _ 

*'«1b(<'t«)U + -cobO»' 

It will be noticed liiat the aum or difference of any tww 
»ine% or crwjnoa, can be obtained la the form of a product. 
/C I .r 4.4 S 


£r. 4. lU) 0.4 4 Bin 4,4 » 2 

*2».n5.4 
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Ex. 5. sin 5 A - sin 3A =2 cos sin ^ j 

=2 COS 4-4 sin -4. 

Similarly, cos 6.4 + cos 4-4 = 2 cos 5-4 cos -4, 
and cos 3-4 - cos 5-4=2 sin 4>4 sin . 


The preceding direct process must be clearly understood, 
then the converse process (e.ff. given a product to obtain a 
sum or difference) will not present much diflicult 3 % 


Ex. 6. Express 2 sin 5A cos A as the sum of two siues. 
Let 

2 sin 54. cos 4 =sina:-fBin ?/ = 2 sin 4(3? + ?/) cos 4(a; 
then 4 (a; + 2 /) =54 and 4 ( 3 ;-?/) =4. 


or a'+2/=104 ; 

also a;-y= 24 : 


Hence, we obtain 



= 64, 
= 44. 


sin 64 + sin 44 = 2 sin 54 cos 4 . 


Ex. 7 . To show that a^b cos O-hc cos B. 

^ +^+ c=^i80“. 

Hence, a.=^sm4, (I) 

5 =4* sin i?, (2) 

c=4sin ^7. (3) 

Multiplying (2) by cos O and (3) by cos B we have 
5 cos (7=4 sin 5 cos (7 
adding ccosR=;,sinC'cosA 

b COS 6^+c cos i?^4 (sin B cos (7+ cos sin G) 

=4 sin {^+ (7) =4 sin 4. 
because sin (Z? + (7) = sin 4 ; 

• . h cos C + c cos 5 = 4 sin 4 = a. ' 

In like manner we can obtain 

a cos (7 + c cos4 =5 
acos 5 + 5cos4=c. 


“'"'f ''"■' .1,. „',1'.'*'”' 

iVoi l>ein coaS-H^ 

^o^.uU ^ •«<* 

*n-Ur,tc t 

coj 3 ^ ^ 

. f«> 4/^,. 

u, “■ «"><n, "',?' • Wc. o, a, 

of J •neie > C.- 

Shn ’ fi"d th. .f, 

that *' "nf. Unc 

'■™7„r ‘ 

‘^C^?^jj^+£Sl£<L::ro,.T, . 
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Ex, 5, sin 5 A ~ sin 3A =2 cos 




( oA +• SA ^ 

=2 cos 4^ sin J[. 

Similarly, cos 6 A + cos 4 A = 2 cos 5 A cos A , 
and cos 3^ - cos 5i4 =2 sin 4A. sin 

The preceding direct process must be clearlj undei’stoodj 
then the converse process (e.ff. given a product to obtain a 
sum or difference) will not present much difficulty. 

Ex. 6. Expre 3 s 2 sin 5A cos A as the sum of two sines. 

Let 

2 sin oA cos ^ =sin 5? -fsin y =2 sin ^ (x 4-]/) cos (rr - ?/), 
then ^[x ‘Ti/) =5A and ^(x =A. 

or x-hy^lOA ; 

also 2A : 


X 

y 


- BA, 
= 4rA. 


Hence, we obtain 

sin BA + sin 4A = 2 sin 5A cos A. 

Ex, 7. To show that a=b cos(7-f c cos B. 

Hence, a^keinA, 


( 1 ) 

=ksinBy (oj 

...... (3) 


c=/:5in G. 

Multiplying (2) by cos U and (3) by cos 5 ive have 

5 COS C-ksmBcosG 

c cos^=Z*fiin £7cos B 

b cos a + c cos B:^k (sin B cos C-^cosBsmG) 
=/:sin {i?+C7)=Z:sin.4; 
sin (B-f C7)=:sin A ; 

1) cos C-f-ccos.5=:X*sin.4=:a. ‘ 

In like manner we can obtain 

a cos C -^c cos A^h 
a cos B'vh cos A^c. 


adding 


because 


KXEnCISRS. 


M 


EXKnCISES. III. 

1. Given COD .<4 = j, cos /Jss-J 3. Fmti lin +'B) awl cos{^ + BJ 

2. The cosines of two angles of a triangle are j and 'll rc#pcJ> 
tivel}'} find the eine and cosine of the remaining angle. 

3. Pros e that cos CO* cos 40* cos CO* rxw fiO* ss ■j'^. 

4. Pros e thst cos 20* + cos 1 00’ + cos 140* + cos DO* = 0 

8. From the relations osshcosG+ccosB, 6=ocoS Ca-ecos 
Ca^acos B + bcosvl ; show that o'’=f'*+c*- CJccos d. 

6 Write down tlie formulae for sine and c<»sinc of the sum and 
difference of any two angles, and prose any one of them. 

If * = 8in'‘ 0 4813 and y=tan'* 0 3Gt, find the valne of cosfr + y). 
V^. If cosa=g and cos^si^, find the s-aluea of cos^-— and 
cos*^^ the angles a and p being positive acuta angles. 


8. Prove the fonnuta 

SID Id -B) = siiid cosB-cosd sin H, 
and write down the corrc<'poniling formula for coa(d''B), 

If atn d =0 8 and sm/B=0C, find the numerical values of 
sin(d-B) and ccw(d - B) 
s/b Prove the formulae 


(ii) 4(cos*10* + sin*20*) = 3(co8 10* + sin CO*) 


10 A and B arc the angles of a tmngle. Given cos d s-J, shoir 
how to construct the angle A, and find the sine, tangent, and 
cotangent of A, 


11 Fhow tint 

(i) tm (d + B) + tin (d-*B) =2 rind cos B 
(ii) cos{.l + B) + co8{d-B) = Cco«dcoBB 
vfiJi) sm70**^sminr + rin.Wr ’ 

12 If sln(d + B)808, and sin (d - B) = 0'<5, find the value of 
tan 2d. 

13 Prose that 

(1) rin80* = sin40* + sine0* 

cos 2a + cos 12a , cos 7a - cos »in4a ^ 


(il) 


cosCa+coeba cosa-coa.ta 
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(iii) 

(iv) 


sin a + sin p -f sin (a - 


sin a + sin - sin (a + P) 

4tan^(l -tan-g) 


8 ) .§ 


tan 40= 


1-6 tan" e 4* tan^ B 


14, Prove that 

tan^ 0 co\? e _ 1 “ 2 sin^ 0 cos^ 6 
lVtaT^0 ^ 1 -f cot" 6 ~ sin B cos B . 


Show that 

15. cos;3cos(2a + /3) = cos^ (a-f/S) -sin^a, 
cos X sin X 


16 . 

17 . 

18 . 
19 . 




• = Sin X *f cos X. 


1 - tan x ‘ 1 ~ cot X 

2 + 4cot^2i4 = tan-..4 4- cot^u4, 

^ nv sin- .4 - sin^ J? 

' sin A cos A - sin B cos B 

{a) Find the nninerical values of the sine and cosine of angles 
and 75° respectively; (5) given a^/ 2=1'414 and ^^/6 = 2*449, 
calculate the numerical value of 27 4- 32 sin 195°. 


224’ 


20. Show that in a triangle ABQ<i c=aco3.B*f bcos.4, when 
the angles A and B are acute, and when one of them (.4) is obtuse. 
Given a =6, 5=6, c = 10, find cos (7, and from it find (7. 

21. Show that sin (.4 4- J5) = sin A cos B 4- sin B cos 'iising the 

relation c=a cos j 54-?# cos.4, having ^ven ^ 4- 4- <7= 180°. 

22. In the triangle ABC, if M is the middle point of BG^ show 
that 44 3i-=5-4-c24-25ccos^. 

If iJC7 is 6 inches long, find the length of AM, when 
tan (7=5 tan 5=9 cot 

23. Show how the formula for tan (A 4-5) in terms of tan^I, tan B, 
may be deduced from the formulae for sin {A 4-5) and cos (A 4- B). 

24. Prove that cos(135°4-^)-rsin(i35°-^)=0. 

v/3 /3 

If tan A and tan 5 = ^> - prove that tan ~5)=0*375. 

25. Assuming that 

sin {A 4- 5)= sin A cos 5 4- cos A sin 51 
cos(4 4- 5) cos *4 cos 5 - sin A sin 5 j 
find in terms of the ratios of A the values of siu2A, cos 2,4. 

tan 2.4, sin^, cos 4 and tan 4. 

26. If cos0=g, determine the values of cos2^, Ein:2^, cos|. 


CHAPTEU IV. 

TBraoXOMETKlCAl. KQUAt/OXfa 

Solatton of Tneonometrical eqaations,— An equality .>/ 
t»o expressions involving trigonometrical ratic«, vvliich U oiih 
tnic for certain deiinite values of an unVnovin angle, is calletl 
a tiifODometrlcal equation. Tlie process of solving sucJi an 
equation IS in many respects similar to that adopted in an 
algebraical equation Tlie object is to find a value, or values, 
of the unknown angles ulucU w-ill satisfy the given equation. 
Having obtained such an equation in its simjdcst ft»nn, vo 
that a trigonometnaO ratio (such as sine, cosine, or tangent) m 
on the left of the equation and its numerical value on the riirlit, 
the angle can bo ascertained from Tables IV, V, VI, TJie 
process may bo seen from the following examples 
Kx 1. tVhat are the values of legs than 360' winch satisfy 
the equation tJeos A + 1 =0 

Here 2««A=: -1; 

• cos A = - 5 . 

or ,J = J20' ir StV- 

The general value is given by 

or .f^lCa + initriCO* 

£x. 2. Find a series of rsJues of .J which satisfy the equation 
„nA = l=0 3,m 
Frwm Table IV, 0 33*13 « sin lO* 2S 
Ileace one ancle is 19* 2!»' 

All the angles whose aioe is | may be obtained from tie formnls 
Br + {-lJ*A 
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Thus, when ?i=0, 19® 28', * • 

„ 71 = 1, A =160® 32', 

„ 7z=2, a =379® 28', 

„ 71=3, A =520® 32', etc., etc; 

Ex, 3. Solve the equation 4 cos 0 + 3 sin 0 =2*5. 

Let jR and a be two positive constants, such that, - 

4 cos 0 + 3 sin 0 = P cos (0 a) (i) 

Now cos (0 ~ a) =rcos 0 cos a +sin 0 sin a, 

/, 4 cos 0+3 sin 0=7? cos 0 cos a + i? sin’ 0 sin a. 

This wiU only be true if the respective coefficients of cos 0 and 
sin 0 are the same on both sides, 

/. i?costt=4 and J?sina=3 (ii) 

By squaring and adding to eliminate a, 

i?= = 16+9=25, or J?=5. 

Also from (ii), by division, to eliminate B, 
tan a =r0'75, 

so that a = 36® 52' from Table VI, (p. 536), 

Hence (i) becomes 

4 cos 0 + 3 sin 0 = 5 cos (0 - 36® 52'), 
and the given equation reduces to 

cos (0 - 36° 52') =0*5 ; 

/. Smallest positive value of (0 -36° 52') =60® ; 

General value of (0-36® 52') =7i. 360® ±60® ; 

/. 0 = 7^. 360® ±60® +36® 52' 

= 96® 52' or 336® 52', 

if O®<0<3OO®. 

The above is a general method for equations of the form 
a cos 0 + 6 sin 0=c. 

Ex, 4. Solve the equation n/S cot 0=2 cosec 0-1. 

Multiply out by sin 0, then, 

n/ 3 cos 0=2 -sin 0, or ^/3 cos 0 + sin 0=2, 
i,e, cos (0 -30°) = 1, by the method of Ex, 3 ; 

A 0-30®=??. 300®±0° ; 

0 = «. 300®+30®=30°, 390®, . 
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Kx. B. Knt! all the po'iitiro ^aloea of # not cxeecdm^ J80* wfuch 
tatisl; the following cquatWM j 

(a) 8 ainV-7ain ^+vCi roa ; 

(i) Bm3ff + coa 5^ «Coa ff. 

(a) 8 8 jdV - 7 Bin ^ + s/j Cos P=0. 

Since 4 ain’tf =3 Bin ^-sm 3^ (p. 32) ; 

/. the p»en equation l>ecc>nK8 

2 Bin 3^ + (Bin tf~\^coa t)^0, 

Ix-t Bin ^ ~ cos ^ sit Bin (^ -«), then, the method of Tx. 3, 
if«2. andft^^CO’; 

Bin 3? + gm (ff-60*)=0 

after dividing out by 2 

But Bin 3^ + Bin(ff- CO”) Bin l{3# + e-C0=) cos J(3^-# + C0’) 
=2 Bin (2^-30'’) cos (tf+30') 

from p. 28 , 

• sin(2tf-30'’)cos(ff + 30”) = 0, 
so that or cos(^ + 30'’)=0; 

2fl-30® = n lgO° + (~J)'»0”, or +30” = rt. SCO’iM*; 
#^n 00* + 15". or tf = «. 3CO*il»*-30% 

hence fl- 15*. 105". , or tf^GO*. . 

Ifenco the values arc 15*. fX)', JOo* 

(f>) Bin 3ff + COB 5# = cos . 

•. Bin - cos > + COS 5?=0 ; 

Bin 39 - 2 sin 39 ain29=0. 
or Bin 39(1 -2 610 29^=0. 

sin 39 = 0. Or s'm 29 i=J; 

39<r«. 180*+(- »)"0". or 29 = n. ISO' + f-lpiO*; 

9 = 0". CO", 120*. , , or 9 = 15*, 75*. 

Hence, the values arc 0°, 15", CO*. 75", 120*. 
dimmatioQ- — In trigonometrical, as in algebraical <vjna» 
tions, from a suRicielit number of dislinct and independent 
equations one or more unknown terms may be eliminated. For 
this pur (>080 the relations between trigonoroetrical ratios, such 
as Bin*^+cci«<0sl, (iee*^=l + tan*5. etc., are very important. 
The following cxamplca w-ill serve to illustrate Bome of the 
ptwcsscs which may be adopted. 
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Pa:. 1. EHuiinato 0 between the equations 

a sin cos = : (i) 

a cos 0-6 sin (ii) 


First eliminate cos 0 by multiplying (i) by a. (ii) by 6, and sub- 
trading, then, 

(«' +6-) sin O—am -6n, 

Similarly by eliminating sin 0 between (i) and (ii), 

(a- + 6-) cos 0 = 6;a -fan, 

Now, since sin^O + cos^O = 1, 

()-)- ~ (am - bti)^ + (6m 4- 

-:!u 6 ma -h2ahm^ 4 -a^a^ 

= (n"+ 6 ^)(m^ + ;r): 


Ea\ 2. Eliminate between the equations 

;r = 26 cos <fi cos tl<*>-b cos ; 

1/ = 26 cos ^ sin 2^ - 6 sin ip (ii) 


a; =26 cos tp (2 cosV - 1 ) - 6 cos <p 
= 6 (4 oos^^ - H oas ^) = 6 cos 3^^ ; 
?/ =46 sin <p vos-tp - 6 sin 
. =46 sin 0(1 -sin-0) -6 sin 0 

=6 (3 sin 0-4 simV) = 6 sin 30 ; 
By squaring and adding, 

a*- -f y- “ 6 ', 


P.r, 3, Given 

4* cos 0 + ros~0)^ 

(iVcos 0)- ' 

l\i\ ( I * COS 0 )‘(p- - 1 ) -r 4- ($^ 4- COS 0 4 ' COS- 0 )- = 0 , 
]-ot A* = l4'COs0. then 


Show that p' 


.Y_£L_y 

' \l +OOS 0 / 


(/“ 4 -cos 0 -f- COS-0 = sin-0 - p- 4-cos 0 4-cos-O = h .„,,,{i) 

and cos^O = 1 - siu-0 = 1 - - 9 = 

Given expression becomes 

- 1) 4-p-y- 4'(A* from (i) 

= A'-;)- *4*P‘9- - 2il‘p- 4- p* 

-P'{\ from (ii) 

‘ f:.c, 4 . If p = l +sinV and 9=1 ^cos^O, show that 
4-9-^) -f tv = 27 (I +cos* 0 ). 

By addition = l -fsin-O-f I -J-cos-0=3, 
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*Q(I 

Dut 


R=1 +1 -COS»^=:2-COlV. 

R* + ^ (^ + ^) =27 - 0/)>7 

= 27 - 0 (2 - coa’#) {| +coa*tf) 

= ff-OcoaV+f>ros‘tf ; 

2 + j*) + O'?* = 1 8 - 18 co8*0 + 1 8 coa'tf + 0(1+ co#*<?j* 

= 27^J +coa‘6). 


Find raluca Icsa than 180* wlacli will katiafr Mcfj of the 
following tT{uationa • 

•»1, 5tan*x-iec'j: = ll, 

2 2coa -Lit tio A = coa 4 A 

-3 «>a*4 +2iin*,4 -^*in X =0. 

4 tanJ+3cotJ=4 

3 2«in*yl -Ccoa =4 

• 0 *fn7x-8fnar=8iii3jr. 

7 (i) 17Bin»=J5atnC3*18'; (il) cos^ = eoa37’50'eoa IM* 18'; 

(uil wa2^= -ainSS*?. 

8. SaioM *(1 +^^)8in2-4 +2 \^co 8*^=0. 
ain*;r+co«*j:=3co8jr. 

10 coar+'w'Sainx^: I 

11. 4 ti»n3r=\^ecc*x 

12. tinxtAn2x=I 

IS tAn*x -(1 +^^)t«nx+\^=0 

14. cos3.4 + coa5.4 + (coa.4 + Bin jilcoa j4 =0. 

IS What is the talue of 6 less than 3fi(l* which tht 

Mjuationa ; 5 tin ^ + 3 = 0, and 3Co3 9 + 4sO 

• 16 Fjnil A T.aJne of fi which asljahcs the erjnaijon 

sin ^ + 2 cos m tall J = 1 

17 If cos ■11*21''^ j fuul All angle $ winch aatisdca the equation 

4 cos W + 3 := ft 

18 Find the salue or »afuM of 1<m than ISO' which satisfy 
the equations' 

(I) 2coa?+ 1 =0, (n) tan<»- ) -0. (iii)13sn^ = 3 

• 19. Find the rallies of l>etween O' and INJ* which satisfy the 

equation tan'^ - 4 tanV + 3 - 0 

10 Tlie sine of 2i"l' 21'“0 4tlG Write down the ralnes of 
c«i2l3*S<5' and siiiSSrrso'. 
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21. Find the four least positive values of 0 which satisfy the 
equation 2 tan^20 = 4*5. 

^ 22. Calculate the values of Q between O'' and 360"* which satisfy 
the ecpiation 1 ’7 tan^^ 14 '4=0. 

23. It is known that A and B are each less than 90’. If 

A=tan“'f and tan*2R= \/2‘165 

D 

find the values of A and B correct to the nearest minute. 


24. Find the least positive value of B which satisfies the equation 

24 tan- 5 -15=0. 

25. Find a positive value of Q less than 180’ which will satisfy 
the equation 



, h 3121 , 

when -= — — and 
a 4183 


_ 719 
to “1719' 


26. Solve the equation 

5 tan^a;-i-6ec2a?=7- 

'27. Calculate the value of 0 less than 180’ which satisfies the 
equation cos 0 = cos 45° cos 139’ 6'. 

28. Find all the positive values of 6 less than 360’ 'which satisfy 

the equation 4 sin- 0-2 sin 0-1=0. 

29. Show tliat 8 (sin-42°- cos-78’)=\^*f 1. 

30. Find a value of 6 which 'will satisfy eacli of the following 

equations : (a) 2 sin’ 0 = 3 cos 0, (h) 1 -f2 sin- 0=2 cos- 0. 

'31. Determine the least value of ^ which will satisfy the equation 
tan- 0 + 1 = (1 + \/3)tan 

32. Find the tv/o least positive values of A and B such that 
sin A + sin B=^ and 24 tan-2jB -15=0. 


-33. Prove that cos 9’ -sin 39’ -cos 69’ + sin 99° = sin 

20 

34. Find the least positive value of B which satisfies the equation 

24tan2 2i?-14'97 = 0. 

35, If 4 cot 20= cot- 0- tan- 0, prove that all possible values of 0 
are given by 

4 

^-36. Find a value of 0 which satisfies the equation 
5 cos 0 + 7 sin 0 = 5 '915. 

37. Find the values of A which satisfy the equation 
cos SA - cos dA + cos 3A =1, 



CHAPTER V. 

INDICES. MGAKITIIMS 


Indices, — Tlie letter or ccintier> placed near Uie top and to tbs 
Tljrlit of a nuantlty, which expresses the power of a quantity, la 
called the Index, Tlius, in a*, a^, o®, the immlwrs r>, 7, nntl 9, are 
cilled tljc indices of «, and arc read as “a to the jwwer fue,” 
“a to the power swen,** etc. Similarly a* denotes a to the 
power I, Tlierc are three index rules or laws. 

First index rule. — To multiply toerether different powers of the 
same quantity, add the index of one to the index of the other. To 
dlTlde different powers of the same quantity, subtract the index of 
the divisor ftom the Index of the dividend. 

'flins, tdxa*=(<i xa xn) (a xn) =«*♦*= a». 


Tlieso results may he oxpres'>e<l in a more general manner as 
follo'n s : 

«"* = (« xftxfl . to m factors) 
and a" 1 = {<1 X a X a. .to n factors), 

," n’'xn" = (a X n xa,..to m factors) (o xa xa.. to n factors) 
=(oxrtXrt. to ni + n f.ictors) 

This mo«t import. ant rule has l)cen shown to he true when 
M“3 and fl = S. Other a-alucs of ra and « should lie as.samc<l, 
and a further verification ohtainc<l. 



a“ <r X a X n to ri facto rs _ 
n* a xoxfl to n factors” 


Al«o 

Similarly 
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In like manner, the product of any number of positive or 
negative integers w, p,... is given by 

X a” X a ^. . . 

It is often found convenient to use both fractional and 
negative indices in addition to those described. 

The meaning attached to fractional and negative indices is 
such that the previous rule holds for them also. When one 
fractional power of a quantity is multiplied by another 
fractional power, the fractional indices are added; and when 
one fractional power is divided by another the fractional 
index of the latter is subtracted from that of the former. 

a - X = cr, 

Hence, the meaning to attach to is the square root of a ; 
to a? is the cube root of a squared ; and to the cube root of a. 

Thus, s/a can be written as a-, 

^ a can be written as d^. 



SECON’D IXDEX RUI>E. 




Afriin (fy-j • g... to » factore*^. 

If o«l, tl.cn 
Similarir 

Hence, any quantity except zero rai?c<J to the power 0 ia 
equal to I. 

Second index role — To obtain a power of a power, multiply 
Ute two iniUcee 

Sjc. I. To obtain the cube of a* we ha%e 

(a*j> = (nxa)(axa)(axa)=o*''*ca*, 
where tl.e in<le< i« the prodoct of the indices 2 And 3. 

Kjt. 2. Find the aalne of (2 15*;*. 

(21DY=2J5»'* 

=:2 15«=fi<l 72, 

or, eiprc"elng thi» rule u a formuli, 
fa-)- = a-'. 

a iptnnfify a" nioy f>t mufd to a ftoirrr w f.y intny at an tnifr;e 
iA« prodiuct tniu 

To show timt (o"*!' 

(a")" = Ii" X t/’" In n factors, 
but cich n" contains a rejieatcd m time*, therefore 
(a'“)"«*nx« to mn faclnre, 

(a-r = «-« 

If we assume n to lie 4 and n to l>c 2, 

(a-)- = (aV = f-.xaxaxa)(rtxoxaxa) 

Er. 3. Which i» ETwitcr nCj or 

Ra;*e each of the given qaaotittce to the sixth poster > 

. (3>)««3’*27 

{(5})')*»(5})’=(V'r»270«. 

Hence is greater than \'3. 
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Third index rule. — To ral«o a product to any power ralno oacli 
factor to that pov/on 
JUx, 1 , (fihrd “ a”* x //'‘ x x 
]Cx» 2, Let a-J, /y-2, r/:::'!, and m:=2, 

rUm (ahndT (1 x 2 x x d 1 x 2^ x x 

r=2r-::^n70, 

In fractional indio'ca, tho index may 1 )(j written cither in a 
fractional form m* tlnj root Hymljol may he nned. The general 

for/n in 'J'hia may be writto/i in tlie form wliicli in 

read an Me roo/J of a to the 'power m, 

I'lx. '1, li’i'inl tlio valuc'H of S", 4“3, 

Jfero 


V(54 8 


ISx, !). Ji'iiid tlic value of 0')^ •l-4’''*-l-2-''*-i-27^. 

Jlcro (ili = 8, 4»'“-.4^J=^(Mi = 8, 

2J'>=25=r;i2i:=rrfi/5(), 

27?' =8. 

Tfeoce 04? .i-4’'-'-|-22r'-|.27?'^=24-0r)(i, 

Jdx, li, Find, to two placefi of <leoiitialH, the value of x"-!jx^-1-x' 
ivllCfl X-t}. 

1 1 ere - n.-c^ -I- x '"^ 25 -n^, I- 

~ ‘2r, •280 -1- 0 -O'! = 1 8 '80. 


AJx* 7. Solve tluj equations 
27* 


\P 


r=J, 


di> 


81^ 




dii) 


From (i) /. 3a;=;2;/, .....(iii) 

From (ii) x ^ 

A d//-a; } rj .................(iv) 

Con)bining (ili) and (iv) .'tr=il2;/- l/>=:2y ; 


/. 10,y = lfl, j/=| a:=l. 
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EXERCISES. V. 


(D'-d)’ 


l. simplify 

• 2. Show that a:^ + + 4z’ Si one of the factors of 

X* + y’ - -li* I3a:^y^ - 1 fc*). 

3. M ultiply together and x* + 1 + * " 

.4 Divide 

x« + j^+c(x* + ^)+15(x* + ^)+20 hy j4+^+3(x>+^). 

6. Express yfx + Vla^) + s/y with fractional indices and multiply 
it by x"^+x"^y"^+y"^' 

Simplify 

fi. 5o>tc)h 

7. [ei->li{a-*6*(a>fr.Q;)*}^]->. 

8 Solve the equations 

i»y*-y*’=8i! 

9. (a) Assuming that o*‘xB"^a’"+" is true for all values of 
n and «, find the meaning ol the sjTtiljola «-* and a"i. 

(fi) Simplify (x~^y“^)“*. 

{<) Find the prmluet of 

xV^ 

10. Divide x-25Cy* hy 4x”i + y“^ 

. U. Multiply n + +e* - fcM - r*<i* - b> oWfc^ +c^ 

-12. (i) Froie that 

4-aTf tx^^ x + V 

x^-y^ xytx'^-y*S 
fli) Find the lalue of 

x*+2y* + C:* + 6xyt, when T = y + i=*X 
13. Find the \alne of I +2** + 2’* * 6‘* +2‘'' + 2'* 
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Simplify the following expressions : 



16. {a6®{a&®)'(a263)«}^. 


16. (i) (ii) 

17. X 

^18. (a^ -ah^^' + b^)(a^ 'hah^-i-b-)t and find its valne when a=3, 
6=4. 

19. Find the value of ^ - when a;= 0*008. 


Logarithms. — Logarithms of numbers consist of an integral 
part which may be positive, negative, or zero, called the index 
or characteristic, and a decimal part called the mantissa. Re- 
ferring to Table IL the reader will find that opposite each of 
the numbers from 10 to 99 four figures are placed ; these are 
positive numbers and each set of four is called a mantissa* 

The characteHstic has to be supplied when writing down 
the logarithm of any given number. Logainthmic tables have 
been calculated for all numbers from 1 to 100,000 giving seven 
or more figures in the mantissa, but for all practical pui’poses 
the numbers in such a table as that referred to, and known 
as four -figure logarithntSy are very convenient. 

By means of the numbers 10 to 99 in the left hand column 
with (a) those along the top of the table, and (6) those in the 
difference column on the right, the logarithm of any number 
consisting of four significant figures can be written down.*^ 

^ The numerical values of logarithms increase much more rapidly and 
the numbers in the difference columns are greater in the earlier jiart of 
Table II. than elsewhere, and there is more liability to error here tban at 
any other place. Several methods may be devised to make such a table 
uniformly accurate, one is to calculate two or more columns of differences 
for each of the ten horizontal rows (10-20). Another method is as follows * 

Let AT denote a given number, write down log-^, and finally add log 2. 

>. Ex. Find log 1178. 

Using seven-figure logarithms, log 11 *78 =1*0711403. 

hrom Table IL, logj 178= 1*0712, the last figure is in error. 

Using the rule : i5^=5-S9 ; log5-89+]og2=l-0711. 
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In Irtgnrithms, all nti tubers are esj)ressod as the powers 
of some number called the base. 

Tbe los^lhm of a samber to a given base Is tbe index ebowing 
the power to which that base mnst be raised to give the anjnber. 

Irft A’ denote nnjr number, and o the given base, then if 
bjr raising a to oome povier x we can obtain A', 

( 1 ) 

Tl»u% if the base 1)6 2, then 2^a8; or, 3 is the logarithm 
of & to the base 2. This can lie exprc‘we<l as logjB=3. 

Abo, as G1«2«4=4’«8-.. 

Hence C is the log of 04 to the base 2, 

3 „ „ 4 . 

2 „ „ „ 8 . 

Tliese facts may, as just mdicatetl, l*c cxprcs,sed thu«; 
log,G4=C, log 4 Gt = 3, log,C4==2, 
using in each case the abbreviation log for logarithm. 

Characteristic and Mantissa.— A« will be seen from the 
preceiling paragraphs any nunilicrcan lie used as Iwse; but 
the as stem of logarithms in which the bas: is 10 (known as 
common looarithins) is that generally u*>eil It is then only 
necessary to print in a table the decimal part, or mantissa ; 
the characteristic can be written by inspection. 

As the base is 10, Eg- (1) alxive may Iki written 
A’“10'; 

. logjjA'-^j- 

Substituting powers of 10 for A'. 

1=10’. log 1=0 

AK-i lO'-lO'; log 10- 1 

Again 100-10*. log 100 = 2. 

Again as 01, 0-01 . and Ot'Ol can be written m the form 
* «r 10-1. rSc <’«“ 10*’) TbVh iO-* rc^iicctively, 
logo 1 -log 10''=-1, 

logOOl — log 10"*— -2, 
and Ingo-ooi-loglO"*- -3. 
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The mantissa in the tables is ahvays a positive number. 
In order, therefore, to preserve its character, and to indicate 
that the negative sign attaches to the characteristic alone, we 
write tlie negative sign over the characteristic. Thus, logOT 
is not written -1 but as f, and log0‘01=2. In the preceding 
cases only the characteristic has been inserted, for each mantissa 
consists of a series of ciphers. 

log 1=0-0000 
log 10=1-0000 
log 100=2-0000 
log 0*01 =2'0000, etc. 

As the logarithm of 1 is 0, and log 10 is 1, it is clear that 
the logarithms of all numbers betv/een 1 and 10 -svill consist 
only of a series of figures after the decimal point. Thus, 
log 3 = 0*4771 indicates that if we raise 10 to the power 0*4771 
we obtain 3, or W'^^*=3. 

In a similar manner, 300 might be written as lO'^x lO"^ -^^ ; 

300 = 10 --*^^. 

Thus, we write Jog 300=2*4771. 

Similarly, 0*0003=^5^=3 x 10“^ ; 

/. 0*0003 =]0^'-*^S 
or log 0*0003 = 4*4771. 

The most convenient rule by which the characteristic 
may be found is as follows. The characteristic of any number 
greater than unity is positive, and is less by one than the 
number of figures to the left of the decimal point. The charac- 
teristic of a nmnber less than unity is negative, and is greater 
by one than the number of zeros which follow the decimal 
point. 

Ex. Write down log 30 and log 0*00003. 

Here log 30= 1*4771, 

and log 0*00003=5*4771. 

Multiplication. — Add the logarithms of the multiplier and 
multiplicand together ; the sum is the logarithm of their inroduct. 
The number corresponding to this logarithJn, caUed the antilog, 
is the product required. 


DIVISION' BY LOOAniTIIMS 
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IjCt a anil h dennto two numbcni. 

Let logaesjr and 

A a = 10 ", Ir^W, 

a xt=l (>*♦», 

or log,(/ifc*=T+y=5loga + log6. 

Kx 1. MuUirlj OOIOjCxOIIM 

I'rom Table 11., log "(Vi = 4S13 

Di(T, col. for 6 9 

.. logO'Ci3(ViG=ii4S52 


Similarly, logO 4103=^ 1 613.3 

log of prmluct =2 09S3 
1 'rom Table 1 JI., an hlog 0 09S = 1253 

DifT. col for 5, 

.. Diitilog -0935= 1254 

Tlje numerical p-art of tbe product is 1251, and tlic charac- 
teristic » il. 

Hence 0 0.3a">C x 0 4105 = 0-01254 


Division. — Subtract the loffartthm of the lUrtsor from the 
logarithm of the dlrldend and the result Is tbe logarithm of the 
quotient of the two numbers. The number corresponcUng to this 
logarithm is the quotient required. 

Ixt a and It be tbe tuo numbers. 
liCt logfi^j- and logi=y, 

.. 0 = 10 * fc= 10 » 


Hence 


T>""ny~ 


10 *-', 


or log j=x-y = lf>ga-log&. 


Ij. 1. Dirule 30 5S by 4 ia> 

I^t r denote the lalue requirol ; 

logs = log30 5C - Iog4'105 
= 1-4852-06133=0 8719! 
A 5 = 7 - 44 a 
Hence 30 56-5- 4 105 = 7‘44G. 
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Involution. — To 0l3tain the power of a number, multiply the 
logarithm of the number by the index representing the power 
required; the product is the logarithm of the number required. 
Let loga=A\ 

Then a- 10^. 

And 

log a. 

Ex. 1. Find the value of 4-105i^. 

Let z denote the value required. 

log 2 = 1 *23 log 4-105 = 1 -23 X 0*6133 
= 0*7544= log 5*680 ; 

.*. 2=5*680, 

It should be carefully noticed that the logarithm of a 
decimal number consists of a negative characteristic and a 
positive mantissa. 

Evolution. — To obtain the root of a number, divide the 
logarithm of the number by the number which indicates the root. 

Ex. 1, Find the cube root of 3*2*4. 

Let X denote the value ; 

*=(32-4)^ 

loga;=|log32-4=^-x l-5105 = 0-5035=log 3-188 ; 
a;=3-18S. 

No difficulty will be experienced when, as in the preceding 
example, the characteristic and mantissa are both positive. 
But, as already indicated, although the characteristic may be 
negative, the mantissa remains positive, and a little alteration 
in form is necessary, in order to make such a logarithm 
exactly divisible by the number. 

Ex. 2. Find the fifth root of 0*0324, 

Assume (0*0324)'^' j 

log 0*0324 =2 *5 105. 

^ To make this exactly divisible we increase the characteristic to 
5, and make the necessary correction. Thus, 

2:5105=5 + 3*5105. 

log a: = !•( 5 + 3 'SIO^) = 1-7021 = log 0 -5036 ; 
a:= 0-5036. 


Hence 
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The altention may Iw ma<lo 8uggci»t«l ; Lut, after a 
littl* practice, tlie steps indicated arc most esisily carnwl out 
mental}/. To extract tay the root of it is 

advKahJo to make the mantissa of tlio loparithm negitire 
in onler to carry out the dirisinn indicated and iinalir to 
make tlio mantissa jmsjtne hefore referring to the table of 
antiJogs for the result. 

When it is required to raise a numlier less th»»^!nilv 
to a neg.ativo power, it will usually !« found most cotnein'ent 
to niahc the mantts-sa of the Jogarjthni negatirc lx fore pro- 
ccMiing to multiply. 

AV. 3, Calculate the value of O'OtlOS'’*. 

I/'gO'OlIftjsli C1.T.1, m which the cliaractciistic is negative, hat 
the mantissa is positive When Ixith are made negative 
5C13.1= -2 + 0 -I'3<!CT{ 

Let Jr ilrnotc the value fequtfcil 

ir)gy= 3S(57)a3-lS0t = !ogl5-{G; 

a-=154C 

/-'r. 4. Compute the value of (5y* + (3)* + (0042)', w here a = 2 4.3, 
0‘24fi and c=:0 470 

let T denote t]io salue rerjuired Then substitute t)ie given 
values, 

a: = 5»“-r3-»« + 0O12“«. 

Aa the three terms are connectnl hy the sfpns of addition it 
is necessary to evaluate each scparaielj and afterwards to add 

Thus, If.g5''*sr2 4.3 log .-i x 2 43 = 1 02^0=1054506 ; 

5' “ 10 PC 

(.>g3*«= -0-dtClog3 = 04771 xf-O-etO) 

= - 0 n74 = r f!s:w = logo 7032, 

3 = 0 7G.3’ 

Again, log 0012 «50i32 =1 '1 37GS. 

Hence, log 0-012’*^= - 1 3763 * 0 470 « - 0«S54 

=T'3<4C = log0^21J , 

0fM2*«B0-22ll. 

Adding »U the aeparate terms 

jrs40-00 + 0 7632+Oi>2n "Aft#*. 
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Napierian logarithms. — ^Tlie system of logarithms employed 
by Napier, the discoverer of logarithms, and called the Napierian 
or Hyperbolic system, is nsed in ail theoretical investigations 
and very largely in practical calculations. The base of this 
system is the number which is the sura of the series 

this sum to five figures is 27183. Usually the letter e is used 
to denote this miinber, as for example log 2 to base 10 
would be written logio2 or raore simply as log 2, but the 
hyperbolic logarithm of 2 is written as loge2. 

Transformation of logarithms. — A system of logarithms 
c/ilcnlated to a base a may be transformed into another system 
in which tlie base is h. 

Let N be a number. Its logarithms in. the first system *w’e 
may denote by ^ and in the second system by y, 

X 

Then or \ 

-:=loga6 and - = 

^ ^ a; \ogJ> 

Hence, if the logarithm of any number in the sj'stera in 

which the base is a be multiplied by obtain the 

logarithm of the number in the system in which the base is A 
The common logarithms have been calculated from the 
Napierian logarithms. Let I and L be the logarithms of the 
same number in the common and Napierian systems respec- 
tively, then 

log. 10^"’ 

log, 10=2*30258503 = 2*3026 approx., 

=0-43-]3 approx. 

Hence, the common logarithm of a number may be obtained by 
multiplying the Napierian logarithm of the same n imber by 
0*4343.... 

To convert common into Napierian logarithms multiply by 2*3026 
instead of the more accurate number 2*30258509. 
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Ex\ 5. The relation bet eon Q, the quantitj^ of water in cubic 
feet per second passing over a triangular gauge notch, and AT, tho 
height, in feet, of the surface of the water above the bottom of the 
notch, is given b}^ 0 cc //-, 

When //is 1, Q is found to be 2*634. What is tho value of Q 
wlicn IJ is 4? 

If the area of tho reservoir supplying tho notch is SOOOO square 
feet, find tho time in which a volume of water SOOOO square feet 
in area and 3 inches in depth will be draum off when // remains con* 
slant and? equal to 4 ft. 

The relation between Q and 7/ may bo written where h 

is a constant. 

When //is 1, 1 ; ^*=2*634. 

When jy is 4, Q=2'GMx45, 
or logQ = log2-634 + 51og4=l-n25t); 

/. (J = S4*31 cub. ft. 


Volume of water 20000 cub. 


Time required =- 


12 

20000 


ft. 


= 3*053 minulcs. 


S4*31 X GO 

Ex, 6. If jt>i?^is constant; and if ;) = 1 when 7'=:1, find for what 
value of a, 2 ^ is 0*2. Do this for tho following values of ^*, 0*S, 0*9, 
1 0 , 1 * 1 . 

Let c denote the constant, then — 

Substituting the simultaneous values ;>=1, ; 

.*. P=c; .*. c=l. 

Thus when /) = 0*2 we Imvc 

0*2i>^ = l; 


.*. r=5^“=5*^\ 
log r= 1*25 log 5 :=0'S7oS ; 
r=r7*476. 

Similarly, when k has the values 0*9, 1*0, and 1*1, corresponding 
values of r are found to be 5*9S, 5, and 4*3*2 respectively. 

Ex, 7. In steam vessels of the same kind it is found that the 
relation between H, tho horse power ; V, the speed in knots ; and 
D, the displacement in tons, is given by // tr. 

Given //=:35n.l0, i'=23, and /)=:2:klOo/ 

find the probable numerical v»alue of II when I’" is 24. 
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.(iv) 


In a similar manner, from (ii), 



2-51 

Substituting this value for k in (iv), ive have, •when II is 20 
and P is 75, 

=2*51 X (0-3)^*® x(0'75)‘'®; 

/. log jff=0'3997 +I'6078 + 1*9375= 1-9450 ; 

/. i?=0-a8L 


Logaritluns of trigonometrical ratios.— In Table IX. the 
sine, cosine, tangent, etc., for angles of a degrees from 0^ to 
90° are tabulated. In addition, by means of the ' numbers 
arranged in a horizontal direction, and by the columns of 
difference, the value of any of the above ratios can be obtained 
to the nearest minute. These ratios give the magnitude of all 
such angles ndth the conventions referred to in Chap. II. 
Having obtained the Required number from the table, opera- 
tions involving mnltiplication, division, involution, and evolu* 
tion can be carried out in the usual manner. 

Ex. 1. From I able IX. find the values of 

sin 161°, tan 127°, and cos 104°, 

As shown on p. 17, sin -4 = sin (180° ~ -4). 

Hence .sin icr=sin (180° - 161°)=rsin 19°, 

and 'sin 19° =0*3256=: sin 161°. 

tan 127°= -tan (180° ~ 127°)= -tan 53°. 

Hence, from Table IX, tan 127°= - 1 *3270. 

Similarly, cos 104°= ~ cos (180° - 104°) = cos 76° r 

cos 104°= -- 0*2419. 

Ex. 2. Find the value of 

sin 161° tan- 127°-r n/(cosT04^ 

Since cos 104°=- cos 76°, 

this may l>e written ns 


.r= - sin ig°tan-53°4-\^{cos76°). 



^ .'W<o ^7-'3[;j 

/. » '0'*cr*' , 

J«*of *** 5 , *^(^.137 -'"‘Iso. 

JoHm* .. '• 


■ f‘n,i f 


•" »sso ; 
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(а) When t is 0*001, we have, from (ii), 

(0*6 -OaT^oj^oe-o-Ssin (0*4255). 

From Table VIL, or by multiplying 0*4255 by 57® '3, we find 
0*4255 radians to be 24® 23'. 

/. Iogy=log5~0*21ogc*f log6in:24® 23' 

=0*6990- 0*0869 + I*6157=0*227S=logl*69; 

2/ = 1*69. 

(б) When t is 0*01, we have, from (ii), 

y=5e~2sin(6-0-1745)=-5e-2sm26° 12'.' 
log ( - y ) = 0 ‘6990 - 0 *8686 + 1 *6449 =1 *4753 = log 0 *2987 ; 

?/= -0*2987. 

(c) When t is 0*1, 

y=5e'-^sin(60-0*1745)= -5e“20sin T 44'; 

•• log(- 2 /) = 0*6990-8*686-fT*1290=9*1420=logl*387xl0“^ 
2/= -0*1387 X 10-^ or, 0*000000001387. 


Ex» 5. Solve the equations, 

(i) 7"-3y, (ii) 6-=5y. 
Dividing (i) by (ii), we have 



or 

or 


.*. a;(log7-log6) = )og0'6, 

.r{0*8451 -0*7782) = 1*7782, 

0*0669rc=I*7782= -0*2*218 ; 
2218 


669 


-3*31. 


Substituting this value in Eq. (ii), we have 


5 ?/= 6 - 3 *^ ; 

•*' logy = -8*31 fog C -log 5 

= -3*31 x0*7782-0*6990 
=4*7251 ; 


y =0*000531. 

Hence the values are a:=:-3*31, y =0*000531. 
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ISx 2, 1C val naic (i ^ ^ , , 

^vlion «.•=)] *78, 7;c=:5*07, ^^ = 0*47J2 radians. 

In 'I’ablcIX., 0*4712 radiann corrcHpondw to 27° and Bin 27°— 0*4540. 

l^iMin;' tan 0=- = ,y!^I/j==0*4812. 

(I IJ io 

From TablolX., ^ jb found io be 25" 42'. 


Now 


a‘ -V “ a°HC(j"</; = 




fuul coH 25° 4 2' 0 *00 1 1 . 

Iletico, if X (bmotOH \Mo value of the given exprcHsion, we liavc 
a: = {l 1 *78)^ Bin27°(a"-rcoB^</d“^' 


=::(lI-78)^xO'<J54y.; 
a - 


11*78' 

log:c= '^log 1 1 *78 -idog 0*454 -i-log *001 1 - log 3 1*78 
=:0*G427 4*1*0571 4* 1 *0547 - 1 *0712 
=1*1833; 
p; = 0*1525, 


ICXICRCLSER. VI. 

Find Uio value of 

1, 2*025-''* X 0*0025 X 2. 23*07 x 0*1354, 2307 -f 1 *354. 

3, I low many cipliorft are there between the decimal point and 
jthe Ih'Ht Mignilicant figure in (0*0504)'^? 

ICvaluato 
(0'07ll)7)^ 


4. 


V57 


6. (i) Vo- 02:M8 ; (ii) 


0. f'ind witliout mung lahloB the vahic of x for which 
log X = 3 log 18-4 log 12. 

7. Calculaio the numerical value of 

8. Jiviilimto 2';(07?." - 2;{-()7 

0. Ill tlio formula l, = (D \ d)['^^-\-0 + ~ V 

1,2 tan8J 


Rivon 


. . D-\-d 


iiml llin vnluo of L when c=20 ft., /)=:G ft., and rf = 3 ft. 



EXEUClStl^, 


. 10. 'JJje loM of fiKrpj' K tJirongil fiktion of cver7 |ioon<l of 
water flowing \cli>city r (hrouf'K a itraiplit circular pijx; of 
length / ft ami ilkmcter a It. U guen hy OvW^lt^rd 
Ontn fcS.** ft, per tec., ft, (f«0 inclics, ftml /*. 

11. Vinvl the ralue of /T from the formula 

when wain. falS-2.1, <i«3, a=7. 

12. If rt=e^*. lifitl ar when r = 2 7JS, /< = 0-t, ?=.»-3 N.’. 

Also fi]i<l X when /«s:0’7 and 

Kraluatc 


W. Af,-! 

IS. Prom the c<tuatfon 


H IPJxO-tytL* 

I -230 X 


d instead of the more 
preav-d Ly 


notilfto K ( 

"'=~Tr7>' 

find /’ when /*= *1 Jy=,tJ0, 

Al-wi fiMil the 'nluo of I* when f* r 
accurate laltie t'*' 

1C 7 he relation Ictween p ainl r rnaj l»e ej 
(1) pr^r, (uj //!■>*“ ==e. fill) pr* 

If when }i fs l'\ r^rl, find p in cncli case when r = .3 5. 

Also find In each case the aalue of ( whin p is 0 .'i. 

17. If {1 + W, r)-r(pj+ inj; and if p, IPO, /,. = |7, 

fiiiif ic when r la li, ”, 3, 

H. Compiite 2 307*** and 23 W"* 

19 'To uhst luse wonht the nntid>cra giarn in Table 11. hare 
l*)-;aruhiw* double those actuaUv given* 

£0 Piiid the en«are nuft nf 

^UjAi * \’U J') 

21 l.valnate — 

£2, Kvalaate J from the lonnuh 
given /, --|•Gt, If, - Cl, ir, tiK'l. 
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23. Find x and y from the equations 

log,o .-c® + logio 2/- = T '457 1 , , 

logio X - login 2/ = 0 '2.300. 

24. Find the value of one root of the equation 

(4p-S(4)*+12=0. 

25. Find to three decimal places a value of x 'which satisfies the 
equation 

■5- 

26. Find log^||y and log 

Solve the equations 

27. 2^=9. 

OR _ 11‘6 X 0*4785 

0*0278 ’ 

29. Evaluate ^ from the formula given ir=16, ?=20. 

/=~(0’373)'* and o=2*44-r 25*4, 

O'* 

30. Find the value of x correct to three places of decimals that 
satisfies the equation yx_3x+i^2^‘-. 


31. Solve the equation 105^=100. 

32. Find the logarithms of 




125 


'270xYg>;/625. 


33. Find the logarithms to base e of 


(i) 

v2/ 


m- 


(iii) 




16 


V27 


, 34 . Prove that 7 log — + 51og^ + 31og|i=]og2. 
35, Solve the equation 

(§)"^'=(25p+=. 

e=iooo\/^, 

T» //^=0*4, //=:10, Q=z'l4o 
( a set of simultaneous values, Hnd D when 
//=2, i;=5000, ^=465. 
\Yhat is the value of the constant G7 


36. If 
and if 



i;xi:ncLSfi<^ 




riBi? the velne of 


vrhen 3-«0-C2. 

\'(1 +x)~\’{l -a-) 




trtrj' 




v'n* + -«*/<’ co< M,1 + ;i 
when /^=lai, n=5, p=3. ^=~. t = 'l-^ 
89 Fin<l r and r from the eijnations 
^fiS 51 1(5^0 %D 




Jr 


- Jog. 


- 1 G 


oosifs.'TF-O'au 


(J) when J!=$, ffsOir^, 
(lij when y?=2M, tfsfl l-tt 


40 Find to tour efginhcanl figures the value of 


41 f^omc particnlars of iteam ere given AMumiog In 

eaeli cav the relation iJ,r y l'*D^ to hold, where 11 r denoiei 
the hone-power at a epee>l of F hnote and di^j-lacemenl It in 
tone, find in earh ea*e the prolisble « r ficrenaary to gi»e a 
»peed of Cl Lnota for tame diapbcrmrnt 


— r 

j {■) rant, . • f 

In) Teutonte, 

(ill) Cainp.anu, 

(iv) Kaw« r, 

(I ) flcean c. 


II r 


ISlXli) 

aw>r) 

iNWI 


•JI-JJ irAfnt 

!'> r^u* 

i’ in ICitO 

CCfC '.>»»*> 

Jy :o 


CMtH) 


Cs.v»> 
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42, When water pours over a triangular notch Q oc (wliero Q 
ilcuotes the number of cubic feet per see., and // the height of 
the surface in feet), when R is % Q is 14'9, find the xuimber of 
gallons per nunutc when II is 4. 

43, Find the value of 10e“^'”^siu (27r/? + 0*6) when y* is 22o and t 
is 0*003. 


44. Find the value of + when a =5, h=3, c=0’042, 

;) = 2*43, 7=-0*24G, r=0*476. 

45, Evaluate tan 40® when 

a;=50*0, 7/=14’S, ::=29*29. 


46. If p is the pressure and v the volume in cubic feet of 1 lb 
of steam, then from 2ud*^'’^^-=479 find u when p is 150. 




'47. If 


<, 2 + ar , o /o *. 1^’ “1“ 2 


find the values of y which correspond to the following values ot a? 
a;=0, .r=0'4, .r=l. 


Assume that the given angle is acute. 
Solve the equation 


Evaluate 

49. (i) (0*9415x2*304)1'^ (ii) (0*9415 x 2*304)~i-^'-2. 

50. y=ac‘''*^sin (cx+d) 

when n:=C), h=*30, .r=0*5, c=4, C‘=2*71S, -0*1. 

61. y=c~*^sin + 

w'hcn I* =0*1, ^=0*3, g=0*2, 0=2*718. 

(i) whciW = l, (ii) whcn/=5. 

52. If and - c"'^ 

Find c, y and .r, when .<i = 290, yrroO-f-c. 

53. The loss of pressure of water flowing with vclocit v v in a pi])c 
of diameter d and length I is equal to /i ft. of water where 

/i _ ?n r’* 
f ~d> '“ '' (U-4‘ 

j?i and n are constxnnts. 

Given / = 100. (f = 2, if when r^(i, * = M2 and t)=S, /i=109. 
rmd values of >?? .and u. 


•CUAPTER YL 

rQUATIOKS. 

A^mtions. — A Rtatcmcnt that two arithmetical, or alg^* 
liraical, exprcssioiw arc 0*111^1 u called an eqwiUoti. 

Identity. — When an eqwalilj exists l^clwcen two quantities, 
and the two eiprtwloa* ar« equal for all tHum of the quantities 
iniolicd, such a ntatement is called an Identity, thus 
n(l+e)=al+ac, 

(a + x)' = a- + 2(ijr+ a*, 

(.i + hKa-t) = a’-fc*, 
are eiamjiles of Identities 

Equation, —An algchniic exiireauun in which an equality or 
relation cxwts Itclween certain known and unknown quantities, 
which it only true for certain aatues of the quantities involved, 
constitutes an equation. Know'n quantities msT lie indicated 
hy the letters o, V, c, elt, and unknown quantities hy the 
letters T, y, : 

An equation consKts of two equal parts, one on the left, the 
other on the light of the sign of evpialil,!, and the e*juaUon 
will rtill \>c tnie when tK>th sides are 
(l) Equally inerevftl. or diminished wluih is the same in 
effect as taking a quantity from <inp 'nle nf an e«jiiatii«n and 
placing it on the other with altensl sign 
(li) Equally muUip!ie<l, or divided . this in< lude- ihangmg 
the signs of all the terms by tnultipljing both sides of the 
equation by - 1 . 
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Degree of an ecjuation. — When a given equation expressed 
in its simplest form contains only the first pov’er of one, 
or more, unknown quantities, it is called a simple equation. All 
such equations are said to be of the first degree or linear 
equations. 

Similarly, if an equation contains the second power of an 
unknown quantity, it is called a quadratic equation. If it 
contains the third power it is called a cubic equation, etc. 

Solution of an equation. — The symbol /(a*) is used to 
denote any expi^ession which involves a variable quantity .r, 
and is read as a function of x. 

If y stands for the value of such a function, then we may 
write y=/(.r) \ and by giving a sei’ies of numerical values 
to .r, a corresponding series of values can be obtained for y. 

Thus, 2.r-16, 10x^24, 

may be called functions of x. The highest power of x in the 
fii'st is one ; it is two in the second, and three in the third. 
Hence, these may be described as of the first, second, and 
third degree, respectively. 

If a given equation be written in the form f{x)=^0, and 
the substitution of any quantity a satisfies the equation, 
then X'-a is a factor; or, .r=a is a root of the equation. 
Such an equation is said to be solved when all those values 
of X are found which when substituted in the expression 
makes it vanish or makes one side identical with the other. 
Again, if by giving two different values to x, results are 
obtained with different signs, the curve joining the plotted 
points would obviously intersect the axis of x at some inter- 
mediate point, that is to say at least one root of the given 
equation lies between the assigned values of x. 

As a simple example let f (.r) = 2.r ~ 16 ; then, if y denotes 
the value of the function, y=2.r~16. 

Let then, 16 = 18-16 = 2. 

Again, let .r=7 ; then, 2x*-16 = 14-16= -2. 

Hence, the root lies between these values. 

By substituting x=8, it is found that this value satisfies 

the gi\cn equation; and therefoi'e x~S is the root required. 


FOLUTIOK OF AN FQUATION. 


C9 


Ex.!. •^+* + 3=:3 j :-4. 

Kirit mbtruct 3, am! next subtract 3x from eacli side, aix! we 
obtain ^+5-3 x= -7. 

Mnltipl^ini; both tides of tbc equation hy 4, then 
3x + 2x-iar=-28; 

• -7r=-28; 



To prove that this value of x satisfies the given equation, it is 
only necessarj to substitute 4 for x, and each side is seen to be 
e>iual to R 

Instead of suldraction we may remove any term, or terms, 
from one side of an equation to the other; or, in other wortls, 
we ma\ transpose a term, or terms, taking care to alter the 
sign, or signs, as in the case of the terms 3 and 3.r in tho 
preceding example. Hence, for the solution of a given simple 
e^imtion we may dwhicc the following rule* 

Transiiosft all the anknowB quantities to the left and all the 
known quantities to the rlfbt-hasd side of the equation. Simplify 
tf necessary, and Cnallj divide by the coeESdent of the unknown 
quantity. 

Some of the methods w Inch may be use<l in tlic solutions 
of e<iuations may bo seen fmm the following examples 

X lie -4 

Multiply lx)th sides by i?lx, 

2SS + 2 = 29r, 

;9x = 2«). 
x = 10. 

/.>. 3. Sohe . (i) 

^'5^+T -sTx * ' 

This is a typical example m which, li we multiply out and 
aftrrwaoji pnicfTsl to square, troublc«ome expressions result. 

KSS, horn ever, avoid thrw as follows . « 
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Let + and v—sl4tx, then the equation becomes, after 

multiplying out by xi -v, 

XI = -9y, 

or 10^=8?^, i,e, 5v—4xi ; 

By squaring, 25v- = lGw% 

f.c. 100ar = 64a; + I0. 

4 


Fractional equations, — In the solution of equations in- 
volving fractions it is in many cases advisable to commence 
by clearing of fractions. This may be effected by multiplying 
by the l.c.m. of the denominators. 


Ex. 4, 


Solve 


a: +3 
OJ-f 4 


x^l 

2a: -1 “2* 


Multiply out by 2 (a: -f4) {2x - 1 ), then 

2 (a; -f-3) (2a: - 1) - 2 (a: - 1) (x +4) :=(a: +4) (2a: - 1). 
4a:- + 10a: - 6 - 2a:- - Ga: -f- 8 =2a:- + 7a; - 4, 
or - 3a: = - G, 

a: =2. 


In some cases it is more convenient to simplify each side of the 
equation, as in the following example. 


Ex. 5. Solve 


a: ~ 15 a: -4 


X - 
X - 


a: *-* 1 0 a: u 
q'his may be written in the form 


0 a: +5 
x+4 


or 


or 

or 


^ . 

»-16 *-5 x-1 x + i’ 


a:-5-a:+] G _ x + 4- x + 7 
(a:-5)(a;- lG)"('a; + 4)(a;-7)’ 
11 _ 11 
(a:-o){a;-lG) (.c + 4)(x~7)’ 
(x + 4){.r-7) = (x-5){a:-lG), 
- Sr - 28 = a;- - 2ta;+ 80 ; 

]84; = ] 08 , a;=-.(v 


FRACTIOXAL KQUATIONS. 


Er, C. Solve + x « 2s^frV*. 

S^niiro both iulc*, 

4rt + 2jr - i-Jiax+x^ c 4 ( !* + r)i. 

Tfan«po»e *n<l (Itvidc by 2 ; 

. \’7axTx*=- j + 2('t-6) 
fvjBare l>oth shies, 

4ai + **= JT - 4r (™ - + 4 [a - } 

*18<x-4M=4ta-fO\ 
or 4xl2a - b) = 4 (a - (i)' ; 

(o-M* 

2<t - S' 

In the preccilinp, anil in all caaea where the aolution of an 
ri^tution is obtainnl by the jirnccaRes of involution or evolution, 
it is necc«s.iry to tost whether the value ohtainKl satisfies the 
given e<)uation 



ft 3r-l R r <lx^^ 

10. _ J , ‘ = 2 

u. 

x-\ 5\r-l 3' lOij* |i 


lA 




72 


A MANUAL or PEACTICAL MATHEMATICS. 


Solve the equations: 

15. ll(a;-5)-5(a;-ll) = 5|. 


0\3 


17. 


+ c 

X- c'^a-c 


0‘5 

18, 


19. ^^.A = a2 + 62. 
aa; 


20. ^+^ + ^ = 0. 

ab 


ac 


21 (•'g t i ?- 3 (a; .}■ tt)". _ 5^2. 

2a 


83. 


1 1 


a[x-b) 6(^-c) a(x-c) 


be 


22. ^ + ^=a- + h-. 
b a 

24. 4^A^ = x+3. 


v5.r- 3 


^ _ 5 

25/ sj(x+i) + (’Ix + 10) = \^2, 26, ^' Va; + \/a; -r 3 = , — 

\'X'hS 

27. (cr + 3)3-3{a:+2)3 + 3(a: + l)3-a:3=3,^3^ 


Problems producing equations. — When told in words how 
to deal arithmetically with a given quantity, it is of im- 
portance to be able to state the matter algebraicall3\ The 
true meaning of such a question, or problem, must in the 
first place be perfectly understood and its conditions exhibited 
by algebraical symbols in the clearest manner possible. The 
follo^Ying are a few typical examples of problems of this 
kind. 


Ex^ 1. Twice a certain number exceeds four-fifths of its half by 
40. Find the number. 

Let X denote the number ; then, twice the number is 2x. Also 

four-fifths of its half is 1 x 
5 2 


Hence, by the question 


2^-g=<|='i0: 

20a: ~ 4a: = 400, 
or 16a:=r400; 
400 

X = = 25 

IG — 


Substituting this value the equation is satisfied. 
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Ex. 2. The total length of 4 pieces of copper •wire Is 60 feet ; 
the second ii twice, the third threo times, and the fourth is four 
tunes as long as the first. Find the length of each piece. 

If X denotes the number of feet in the first, 
thenfij: ,, I, ,, second, 

3r ,, ,, ,, third, 

and 4x ,, ,, ,, fourth ; 

x+2r + ar+4j:=60, 

J0j: = 60; a ar=6ft. 

Ttic lengths arc 5, 10, 15 and 20 ft rcspcctiicly. 

Ex. 3. In ascending a mountain, a man took half ai long again 
to climb the second third as he did to climb the first third, and 
a quarter as long again for the last third as for the second third; 
he look altogether 5 hours £0 minutca Find the time he spent 
on the first thl^l of the Journey 

If X denotes the time taken for the first third, 
then nx ,, ,, ,, second third, 

sndlxJx „ „ last third. 

Also r> hours 50 tninu*-a = 350 minutes 
Hence i + 3 r + ’^x = 350 ; 

35x=8x350, 
xs60 minutes. 

The time spent on the first thinl = l hour 20 tninules. 

Ft. 4. The sides of a triangle ABC arc together Cl miles long; 
EC II Jth ot AD and 3 miles longer than CA. Find the lengths 
of the sides leTcrally 

Let X denote the length ot AD 
Then fx will denote the length of DC, 
and Sx-3 „ ,, AC 

ic-re*+ gx-SaCl , 
lCT=3>i>, or x = 21 
AU) st= 20, and <x-3=I7 

The three sides are 21, 20 and 17 respectlrely. 
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Ex. 5. The perimeter of a triangle is 22 feet, the base is 3 feet 
longer than one side, and 5 feet longer than the other. Find the 
lengths of the sides. 

Let X denote the length of the base. Then a; -3 and a; — 5 are 
the lengths of the sides. 

a;*f .a;- 3 + a:“5=22, 

3a: =30, a: =10, 

and the sides are 7 and 5. 


EXERCISES. Vin. 

1. A person is walking with uniform speed, and when he has 
completed half his journey he increases his pace in the ratio of 
3 to 2, and arrives at his destination 40 minutes earlier than he 
would otherwise have done. How long was he walking the first 
half ? 

2. A and B distribute £60 each among a certain number of 
persons. A relieves 40 persons more than B does, and B gives to 
each person 5 shillings more than A. How many persons did A 
and B relieve? 

3. -' Two cyclists, A and B, ride a mile race. In the first heat 
A wins hy 6 seconds. In the second heat A gives B a start of 
585 yards and wins by 1 second. Find the rates of and .5 in 
miles per hour. 

4. At present B's age is to A^s in the ratio of 4 to 3 ; but 
fifteen years ago it was in the ratio of 3 to 2. Find their ages. 

5. Divide £490 among A, B and (7, so that B shall have £2 
more than A, and 0 as many times B's share as there are shillings 
in A^s share. 

6. I have thought of a number ; I multiply it by 2^^ and add 
7 to tile product ; I then multiply the result by 8 times the number 
thought of; next I divide by 14 and subtract from the quotient 
4 times the number thougJit of ; I thus obtain 2352- What number 
did I think of? 

^ 7. A distributes .£1S0 in equal sums amongst a certain number 

of people. B distributes tlic same sum in equal portions amongst 
40 persons fewer, but gives to each person £6 more than A does. 
How inucli does A give to each person ? 

8.' A traveller starts from A towards B at 12 o’clock and another 
starts at the same time from B towards A. They meet at 2 o’clock, 
at U mil^ from A J and the one arrives at A while the other is still 
*.U miles from B. What is the distance between A and B ? 
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9 A man wnll.* a certain disUtice in 4 hot'rs. If he were 
to rr»lncc hi* rate I»y one »uteenth he would walk one mile lei** in 
that time. What i» hi* rate! 

10 . If one jvirt of. £-100 i* put out nt 4 per cent, and the other 
p.art at 5 per c»nt., and if the jcarly inwin** be £18. 5a, what 
are the p.afts* 

11 A rum of monca' ntnnunts to £.'>1(1 in three 3 ears at simple 
Interest, and to £72li in 7 \ears Find the anm and the rate per 

12 A sum of £23 14a is diTideil between A, B and C. If B 
ftt CO per cent more than J, and 25 per cent more th.an C, bow 
much doe* each get’ 

15 -'A man gpemls £1000 rf his capital, and then rpends | of the 
remainder ; then after receiving a legsc}' of £ 1 W) he has half hia 
original capital Find its amount. 

14 A person has £1750 invcstcrl so as to l;ring in an annual 
income of £77 , part is lent on a c'crtgace at 4 per cent., the rest 
on K\n at 5 per c-nt. How much i« in the t"')rtgige ? 

15 Show that the square of the enm of any two conseenltre 
noinli'rs i* greater by 1 than four times the p-rxluet of the ncml-e'T!. 

16 <Jlion that tie cul« o^ the jum of any t»o ni ml^rs is eonal 

to the mmol their «ml.ea toj^eaher with lbr»e the,r- pr'>*luct 

multiplied hy their sum. 


Bimnltaneota tquiticnis. — Eq'mtt-ua two or 

riore unknown quantities are callerl ilrraltaaerrts wjtjiti* r ». 
The s>rrple«t case occur* when each of two ^ven isTjuatj-e.." 
contains the power rrlr of the two cnhr.own quaeftt*-* 
ta such AD erp.ation, if value-* of one canaVe are ajv:n.e<J, 
th<n ccrrc-ipondicjj calue* rf the oth*r can lie rah-iUterl 
Wlien there are two tli»tinet and independent equatior*, e.rd/ 
ore jnir of value* -sTni simuluneonslv aa*i*fy V,th erpatiors, 
FeiTLathm* of this kind wh.eh are to l>e f.a::«f«l by tie 
pair cf ralue* of x and y are calW >:mnltas«ms eqnatlcm. 

I 4^ ,q 

This may be written in the V,^ y = -- ' ^ ; ar.d if we 
»»lte« 0, 1,2 . for *, corresf^infiing vahies <1* y can U 
»£d the aj*rmhUge of plotted poinu wiU he 1 a • ..s<» 
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If, in addition to (i), we have the equation, 

3.x' + 4y=44, (ii) 

then the equations (i) and (ii) form a pair of simultaneous equations, 
and the process of solving them simply consists in finding those 
simultaneous values of the variables x and 7/ which will satisfy the 
given equations. 

First meth.od. — ^Three methods may be used, the first, which 
should always be used, being the most important, (a) By 
multiplication, or division, the coefficients of .r, or y, are made 
the same in both equations. Then, by addition, or subtraction, 
an equation involving only one unknown quantity is obtained, 
and this may be soWed in the usual njianner. 

Thus, multiplying Eq. (i) by 4 and Eq. (ii) by 5, 

(iii) 


By subtraction 


15.r-f 20y=220 

S.r-f-20?/=I92 
lx ’ = 28 ; 


Substitute this value of x in (i) and we get 
5?/=48 — 2.^'=40 ; 

40 . 

••• 

Hence, the pair of values ^'=4, ?/=8, satisfies the given 
equations. This result should be verified by substituting the 
values obtained in the given equations. 

Second method. — The values of x and- ?/ may he obtained by 
jubstitution. 

Thus, given 2^ +5?/ =48 (i), 3.x? 4- 4^ =44 (ii). 

... 48--2.r 

Irom (i), y = — 75 — • 

Substituting this value in (ii), 

3j.-+4 ^7^^'^ =44. 



KLTMIN'ATION. 


Multiply Ijoth eide^ by 5 ; 

15x+192-8r«220; 

7x=220-in2r=28, 
or x=«4 

Siilixtitiile tiin value of x in (i) or (ii)i tlicn y ii found to Iw R 

Third method.— Vrom each of the two piren equation'^ a 
iahio for y m tcrmH of x may bo obtained. Tlion, by cqoatinp 
the two aalucs ao obtained, another equation i<* obtained 
involving only X, and this maybe eohwl in the manner ehown 
for f«|uatinns of one variable. 

f.’x 2. Sohe 3x-Ji=5 Oi 

s-j=’ 

From (0 y^OT'IO. . . ■ • (iiO 

FrorndD^^S-'; • y=12'^ M 

VVpiatiRg and (jv), wc ha\c 

Cx- 10=12-^; 

or 22x = CC; 

x=3. 

8iilwtituting thu \*liie for x in (»i) or (iv), wc obtain y=fi. 

mimlnatioit. — Kn>tn two distinct and indejiendent equations 
ountaining two unVnown quantities, one unknown can be 
fliminsted by the proeesj<M ju"! referred to, the resulting 
♦<iu\tinn will then consist of an unknown and a known 
quantity, and its solution ran l»e rfTe<ted in the u«ual manner 
Similarly, three equations containing three unknown quan- 
tities mar mbieeil to two efiuattuns e«.ritaining two 
unknowns. Tlien the twi> can lx? rtslueisl to one equation 
eoatAsa \;\2 tM^ly <u\c unknown , and from tins the value of 
that unknown q’lantily is obtaineil and the remaining two 
found by sulwtitution. 



A’l:. 3, Solve the BimultiincouR equations, 

2xH-4i/= 20, , (i) 

3.r + 2// = lS (ii) 



Tirt. 14,— Solution of HhmiUunoons etjurttiont^ 


F rom (i) j/ = - lx + 5, 

When 

^Vhen 

xrz(\ 

iBy plotting these values 
the line (i) is obttaiued. 

Shnilurly, from (ii), when 
;n=C), y=0; 
and a>'=:0, ?/=9. 

By plotting these values 
the lines can ho drawn 
through the plotted points ; 
/ the point of intersection 
of the two Hues (Fig. 14) is 
a point common to both 
lines and the co-ordinates 
of point y', .t= 4 and J/— 3 
arc the values which satisfy 
the given equations. 


4. Solve the equations, 

2,c + 3j/= 1;1 (i) 

2.rH-8y:=::17 (ii) 


Those form two distinct equations ; hut*, assuming a series of 
values 0, 1, 2, etc., for x, and calculating corres})onding values of t/, 
it will 1)0 found that none of the values obtained from (i) coincide 
with those from (ii). In other ivords, simultaneous values of 
and y satisfying the two equations cauuob he obtained. On 
plotting, it is seen that tlic two lines arc parallel. 

iq _ Oy. 

Thus (i) may bo written 1 /::=-— . 

When and when 
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The lino f>as»ing throngli the points ikS, y=S, and afs=C, ysl, 
or (2, 3) (5, 1) i* shown at n!» (Fig. 1,'!), 

From (h), 


W ben j 

1=1, ysS; 

and when 4 

1=7. y=i- 

The line js indicated ^ 
byttllFig IS). 

Some of the arti- 
fieeH which may he 1 
n»«faUy citiployed in 
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the fcolutinn of equv 0 12345678 

tions iniT be seen from Fia JS. - raralUl line*, 

the follewingexample<j 


/>. 5 * + y=e, . 

5faltiply (i) by t and add to (il) 

r(a + M = hr , 


* From (i). 


a + 6 


^- 6 - ar-*.oy+ 3 ; = i 7 . 

2 x* 3 y+ 5 = 12 . 

tlr+ y + 2==:13 

Multiply (i) by 2 ind rnhtnct Fjj (u) from it ; 
• 2 r + 4 y + G 5 = Jl 
2r + 3y+ ial2 

y+ 55 *J 2 . . 

Multiply (il) by 3 ^nd (iii) by 2 sod sabtract ; 
6 x + 9 y + 35 = S 6 


(•) 

(it) 


( 1 ) 

.. (ti) 

(lii) 


(tTj 
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Multiply (v) by 5 and add to (iv) ; 

35y-52=50 
y+5z—22 
3Gy=72, 
y= 2 . 
22-2 

From (iv), ^“““ 5 — 

and from (i), a; = 17-4- 12=1. 


Ex. 7. Solve 1 — (i) 

6+c-a c+a-6 a+o-c 

X’\-y + z=: 7 i ( 11 ) 

From (i), ^ — ~ — = etc. = - - from (ii) ; 

' ^ 54-c-a a+?) + c a + 6 + c 

?^(Z/ + c -a) 

a + 6+^’ 

7 ? (c + g" 

a+b+c ’ 

^_?i(a + 6-c) 

a + i?-fc 

In many cases it is more convenient to solve for - and 
instead of .r, y. 

Ex. 8. Solve - + -=2, (i) 

X y 

(ij) 

Divide both sides of equation (ii) by xy, 

lO- .••■v 

~ + ~ = l * (ill) 

X y 

!Multiply (ill) by 5 and subtract (i) from it; 



giving y=6. 

Substitute this value in (i). 

2-O^Zrr2- 

X "" 6 6 ’ 

x=6. 

It is better to keep the fractional form. The attempt to clear 
the equations from fractions vrould introduce a new term xy. 


KXEUCIFFL*;. 


nxEncisns. IX. 

.^Ue the equation* : 

1 . lli.lDy. a, 3i-ay=2i + 3y2l!. 

..'.4.2£r=>'.3,. r?“r 

* 3 ,:-3rs=l. 

5 12T+lly=12, 

42r + 22y = 40 5 

y-x=?. y-a: + 20=^^^^^ 

t 7x~4y = l>-a, \ 0 jx- ’y=0s=3y-y. 

to 2r + 3y=lt, J^x-.1y=l 11. x + ey^=3, 2x-% = 3. 


vl^ .3x+2y + rc=l,l '13 3 4T-0<ey=0-OI,l 

.'•x + Sy-th^e, > x + 0-2y=0-a J 

2j:-5y-3: = 7 * 

11 y=~ + am, y-2<im= ryi[x-am>). 

15 nr - f.y =2<i5, Ctr + 2<iy=3W - n* 

1C r + yso + t.l 
fcr + oy=2nh j 

IT, 2+'i = cd,i 

r y 'I fc-a a+L [ 

I + u .V-5 [ 

x“y“ j a-l,~n-ib'} 

W T+y+: = C. ir + y-ssil, 3r-y + :s:4. 

w i + y=- 

o t ’ .Tn 0^ 3 


x-y + -=an, \ 

^ V _ ^ [ 

hve-o f + o- t n +l(-c J 
* y + sssr + t-i, 1 
S + rray + 2o, > 

' + > = *. ) 
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Solve the einiultaneoiis equations : 

(i) y='OTa: + ^; 


24. I’ rom the relation ioa;^l T 

prove that y h never greater than § nor Icks than i, for real values 
of z. 


Problems producing simultaneous eanations. — In pi*c- 
ceding examples the conditions of a given problem have 
been exprcBsed in terms of one unkno\vn quantity x. It is, 
liowever, much easier in many problems, and indeed indis- 
pensablc in others, to use two or more unknown quantities. 

These are usually expressed' by the letters y^ In such 

equations it is necessary to obtain as many independent 
equations as there are unknown quantities involved. From 
these the solution is efrected either by elimination or by 
substitution. 


Ex. 1. If 9 horses and 7 cows sell for £300 and 6 horses and 
13 cows sell for the same amount, what is the price of each? 

(a) Let X denote the price of a horse, then 300 - dx is the price 
i/f 7 cows. 

. 300 -Ox .4., -Cl 
/, ^ IB the price of each cow. 

Also, in the second case, in the price of each cow, 

. 300 -Ox 300 -Or, 

7 "■ 13** ' 


ar=£24, and Hbi?f=£12. 


(Ji) Let X denote the price of a liorae and y the price of a cow. 


Then 9;?: + 7y=.300 (i) 

.AIho 0x+18y=.'i00 (ii) 


Multiply (i) by 2 and (ii) hy 3 and subtract ; 
.-. 18.(; + 30y=f)00 
ISa; ^- ]4y =COO ; 

2.’)i^0O 
.'. y=£12. 

And by substitution in (i), x=£2A. 



‘'TM r I.TA X 1 :0 US KQ UATIOXS. 




/> 2l A numWr f4 tlir« (Jlioso in iJte <pn»' 

in<l hnn>imU’ flscri licins; ii 40 tunes tlie tnm of its 

If tlitf onler of llie iligits !•< rcstrsnl, the niunber *0 formeil Mill 
levs tlisn the oriKnisI Dunilicr hy 207, Fitul Ih' onitinsl nnmlx r. 

Ix't r, y onil z »!enofc the three Jiftiti Then, the nanil>er 
rrvjuircil is rrjirc'ented by lOOLr+lOy + s, Al*o ihe sum of the 


ili,;its Is f 

Hence. 10 ac+ lOv + r = 4 n(jr + y + :) (i) 

The number reverse*! wouhl lie 100: + JOy + j ; 

n0(>r + ll)y + :)-(10On lPy + r) = 207 (ii) 

Also, fti the fjtgils in the tens’ nnil htinilrcils’ I>I/icrS ore etiual, 

x-y (in) 

Substituting from (111) in (1), 

12r-4Si, 'nr (It) 


Also, from (ii), r - : - 3 j 

x^z^ 3. 

Sulistituting this value in (ivi, anil mo find 

I2(;r.t)=4S:; 

3 r,; = 3 fi. or z=*l. 

Hence, from (u), x-4-y, 

sn-l the nomlier require*! is 4tl 

A'/ 3 If 3 tliilcra exceetl 11 franca and fiO franca exceed 10 
thslers, the ciccss in Citch cs«o lieing a Inlffienoy, find the Knjjlisb 
equiislcntsof the thiler and the fr.tnc. 

Ixt X denote the value of a thaler an I y the value of a franc 
Then, from the first condition. 

3 r-lly-5 I') 

Also -ira-fr,ny-i (u) 

Ma'liidying (1) by 1C anil (n) by 3 end adding, 
y - n Ii, 

SuMiiotingln(i), 3 x='+(II .*>51 = 103 , 
e-=35 

Hence, the value of a thvlcr is 3.w/ . and of a franc ts OJ*/ 

4 Tlte receipts of a nilwav company are apportione*! as 
f "o*i. 49 p.. for Morking espenscs, 10 jier cent, for the 

veocrseil fund, a guarantee*! divitlend of 5 per cent on one fifth 
of the captal, an! the remainder, £40,000, for division amongst 
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the holders of the rest of the stock, being a diNddend at the rate 
of 4 per cent, per annum. Find the capital and the receipts. 

Let G denote the capital and i? the receipts ; 41 %, or 0*41i?, 
is available for dividend. Of this i of or O’OIC^, goes to pay 
guaranteed dividend ; 

.. 0'41/?-0'01(7 remains for ordinary dividend; 

/. 0'41^-0'0167=400/)0 (i) 

xVlso 0-8(7=25x40000;' 

(7= £1,250,000. 

Substituting in (i), 

0'41i?- 12500 = 40000; 

. ^^52^00^^^28048. 15s. Id. 


When the data of a problem furnishes only one equation 
involving two unknown quantities, the ratio between the two 
may in some cases be obtained. 


Ex. 5. An alloy of copper, zinc, and tin contains 91 per cent, 
of copper, 6 of zinc, and 3 of tin. A second alloy containing copper 
and tin only is fused with the first, and the resulting alloy is found 
to contain 88 per cent, of copper, 4*875 of zinc, and 7*125 of tin. 
Find the proportion of copper and tin in the second alloy. 

We may assume that in order to form the resulting alloy x parts 
of the second alloy are fused with 100 parts of the first. Then, as 
there is no zinc in the second alloy, we have the relation, 


6 = 


4*875 

lOU 


( 100 -1* .t) ; 


.*. 4*875x=600--487 -5 = 112*5; 


_1 12500 _ 300 
“ 4875 13* 


Thus, in the resulting parts of ne'rt^ allo3^ we have — x 
parts of copper. 

Hence ^88 ^ ^ parts of copper come fi*om second allo}'', and 

in like manner ^7‘12ox — 3^^ parts of tin come from second alloy; 

therefore p'roportioh is 


2 * 2 , 


7-125 Xj|-.3 


2*25 
13 ■ 


Z£ 

13 ' 


3 

'r 



SIMULTAXKOCS KQUATIONR 


Kr C T?JC total incrcavs in tli** nutnlxT of un<l«rgra(luat«ii of a 
wruin urmffi'itj’ in a rwcnt J ear otcr tbe nninbor in the preceJin^ 
jear a per ctnL Jn the nnmijer of rMiJent «nJerpra<lii»te< 
there •<*■« an increase o! 4 per cent,, ami in the number of non 
rrsMent onikrprmiualt'* a decrease of IJ jkt cent. Kind the ratio 
of the nnnil/cr of non resnlcnt to the number of resident ninfer 
jp^adoatea. 

X denote the numl>er of resident undergraduates, and y th* 
tinmlier of non rcsulent in the litter year, then we hare, consider* 
(ng the ratio la the former year, 

100 100 lOO 

or SO- 102Ar + 101xl(l,:5y = fiOxlOtO{i+ji); 

' gO,r=0,'JOy, 


030 


AV. 7* Tlie tHjnincter of a right-angled tHangle ia fir times 
as long as the shortest sitle Kind the ratio of the two perpen- 
dicular sides- 

I-et e ilenote the hypotenuse, a the shortest side, and I the 
wmxJntng side, 

Tlien o-fhfe^&i, or ii + c=io, JJ) 

Al»> = 

ifenre, substituting from (1), 

- bj* 

s2,Vi»- ItVib-ei’; 
a» + h» = e» ^ ?.V»’ - » (Wb -r t» 
et Irtab ; 


6~Jd 


£t. 8. An exanmtr hsa marke«l a set of papers; the highest 
fsuffiter c{ marks is IScS, the loaest -Id He desires to chxegs 
sit his t&aiks acconlmg to a linear taw conrerting the highest 
MBilier of marks into 23*1 aod the lowest into IC«1; show how 
he irsy da this, and slate the concerted tnarks /’'f psfwrs 
already nurkcl CO, tW). ISO 

let ywftjrefc denote tbe linear Uw. where y denotes t.« 
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number of marks on the new system, and x denotes the number 
of marks on the old system. 

Then, substituting the given values, we have 


2o0=185a-fh (i) 

100= 42a + h (ii) 

Subtracting, 150= 143a ; 


and from (ii), 


a= 


150. 

143’ 


5=iocr- 


42 X 150 _ 8000 
143 143 


Hence, if and y^ denote the respective number of mark^ 

then 


y,=^x60+^=118-9. 


inn , icn.o 

y„=j^xlOO+-i^=160-S, 

150 -„,S000 
2/3= i^x 100 + ^-213-3. 


Ex. 9. The electrical resistance of a wire of given material 
varies directly as the length and inversely as the area of the cross 
section of the wire. 

Find the ratio of the electrical resistance of a wire 50 metres 
long and weighing 75 grams to that of a wire, of the same 
material, 100 ft. long and weighing one ounce. 

1 nietre==39'37 inches, and 1 kilog. =2*2 lbs. 

Let i denote the length, d thickness of the \nre. 

Electrical resistance cc {.e. 

a- 7^ 

Weight (w) ^ pjrr-i. 

Electrical resistance of wire 


I I 

r- tr 


77l(^p 

w ’ 


pirf 


where 7n is a constant. 

Electrical resistance of first wire 

_ mprl50 X 39-37) - m/)r(50 x 3937)- 
•r^x2-2 “ 75x22 


where weight and length are reduced to pounds and inches 
respectively. 


K>:Kna«;r:s. 
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{'ImiUrlr, mi*lincr of iire»>nil wJrp 
r.<y]ti]r^) ratio 

_ ^ j m X 1 Si* a 1 -01 ra. 


rXKlJr'lSJH X. 

1. In ft certain frartfon thn iIifTf-rmre l<ri*rf<’n thr mimr’r»U>r 
■n'l iJrnmnSuatfir i« IS, IjhI if racii be incTf-a^nl by Ti Ibr t-xloe of 
th* fr»c((<,n breomri ^ U’fitt (* (fie fract/on f 
'^2. t( ft miitnrr tif ijtfJ I an'l atlrrr in ftbhh O-fiTJ w poI.}. f* 
arortfi £15 H‘hit Hill l*c tlie ralao of a mixture of rr]UftI irei^ht 
In which OfiSTi i% p»M ' Amiminj that tie inlor of poM it 1C 
tiffic* Ihxt of aiNcr 

5 If ft /rftcliiMi li«* »nth ihit ila (trnomlnatnr etcrej* twice jf» 
iiiitnrnit^ir by unity, JifoiB that if ita nunicratnr *ui) <iru<>niij:ator 
Ik? eftch Incteftneil by utmy, the re«ult hUI be j" 

4 When nniiy ti a hir'd NitU to the t)Qmrr>tor ftn<f U» the Jo- 
tiotiiinalor of a ceruin frviiii« the rt-aiili >■ T , lint when unity 
jj aul-tfu-tcd the rf.u!t ii S Fin,! the f«.fi..n 
5. l)i\Mc £l(l/'» ftfiion^’ t /J and f’, t>i liiat I! aJiall rrccue 
£5 Icaa than .f. And (' ft» mmy tinira //a ahare «i th<re ftfe 
ahillinp* In .I'« aharr 

0 Two fuorrpera lure Ir'prihrr .VO lie tif lopi,-apt‘ and arc 
ehari:<-«l f*« anil If^f terprr-t ire!\ fr>r the ftrrui Af.riTe tie 
wripht ftljoaril If Ihr lupcxpe had all lieh>npr>l tn one of them 
he woiiM ha>C liorn cliarpo.1 J,'* M^f Jlnw niach lo/pape la a 
pa»i<-tjpr.r ftltownt free cf charpe’ 

r, A aum of £.T»ntl la to \< dir„!-.I amon? t. {! and C U 
OAcli h*<l roct-noil £jni»I mnrr it an tr a.tnal , the *ama 

nvrticf HcnJI le- fimi.irti.nal to the ounlK-ra d. .1. £L IVtrr 
tiiuie the Actual aharr? 

• Ibxide S7i» into two {«Ma. »>Kh ihut one third of the frxt 
t>art ia loai In 15 than I'ne hfih of the ecrf.nd (url 
*-dl A jwraon |en N £.vir») at a orrtatn rate »f intrmt At tfe 
end of Ore year tl'C firifn-tfol »« rrmi } io,*rilie» «»ih the irtereat 
Ifo then ejirnda £?'>. an I Irruf* lh» rrmaunJer at the aaoie rate 
tf Interest ft* lie/ore. Ai lie erd of erne rear toorc the yrtncifwl 
and inlerert ar.otiBt to (nl the rate of tclerr»i 

JO A #is~i of tnorej amricsta to f.'lfi in ti.rrr yrar# at iiTjJe 
111000*1. A»1 to £7S0'ln aeveii jear* Kind the am anl rate 
per oral. 
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11. A body in made up partly of braKS and partly of iron ; if 
the brazen parts liad been iron, and tiio iron parts brass, its weight 
would have been -]•'?} tbs of what it actually is. Given that the 
weights of equal' volumes of brass and iron arc os 9 to 7, find 
how jnuch of the volume is of iron, and how much of brass. 

•^2. Divide the number dOO into two parts such that the sum 
of -J-th the greater and yth the smaller shall he less than the 
difrei'cncc of the parts by GO. 

13. The volumes of two right cylinders arc as 11 : 8, the height 

of tlie first is to that of tlie second as 3 : If the base of the 

first has an area lG*o sq. ft., what is the area of the base of llic 
second ? 

14. Between one census and the next, the native population of 
a town increased by B per cent., wlnlc the foreigners decreased 
from 200 to 150. Tlic increase in tlie total population was 7 per 
cent. ; what was the total population of the second census? 

Quadratic equatioUB. — An already indicated (p. G8), wlien 
a given equation expressed in its simplest form involves the 
Bfjnare of the unknown quantity it is called a quadratic equa- 
tion. Such an equation may contain only the square of the 
unknown quantity, or it may include both the square and 
the first power. 

Ex, 1. Solve the equation 0. 

It is ncoessary to insert the double .sign befoi'e the value obtained 
for X, as both and -4 when squared give IG. 

TIjo solution of a given fpjadratic equation containing both 
X- and X can be cfFccted by one of the three following 
methods. 

First method. — The method most widely known, and 
generally used, may be stated as follows : 

Bring all ibo terms containing j?" and .r to the left-hand 
side of tlm etjuaiion, and the remaining terms to the riglit- 
hand side. 

Simplify, if iicceBssiry, and divide all tlirough by the co- 
cfilcient of 

finally, add the square of one -half tlio coefficient of x to 
both Kidos of tlie equation, take the Hqnaro root of both sides 
and the required roots can be readily obtained 
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11. A body IB made uy) partly of brass and partly of iron j if 
the bra/en parts had been iron, and the iron parts bi’uss, its weight 
would liavc been y-otbs of what it actually is. Given that the 
weights of cquab volumes of brafis and iron arc as 9 to 7> find 
how much of the volume is of iron, and how much of brass. 

Divide tlio number 500 into two parts such that the sum 
of *J;th the greater and yth the smaller shall be less than the 
difTcrence of the parts by GO. 

13. I'ho volumes of two right cylinders arc as 11:8, the height 
of tiio first is to that of the second as 3:4. If the base of the 
first hafi an area IG'5 sq. ft., what is the area of the base of the 
second ? 

14. Between one census and the next, the native population of 
a town increased ])y 8 per cent,, wlule the foreigners decreased 
from 200 to 150. The increase in the total population was 7 per 
ccut. ; what was the total population of the second census? 

Quadratic equatiouB, — As already indicated (p. 08), when 
a given equation expressed in its simplest form involves the 
nquarc of the unknown quantity it is called a quadratic equa- 
tion. iSuch an erpiation may contain only the square of the 
unknown quantity, or it may include both the square and 
the first power. 

Kx. 1. Solve the equation a;-- 10 = 0. 

It IS necessary to insert the double sign before the value obtained 
for Xf as both -1-4 and -4 when squared give 15. 

The solution of a given cpuidvatic equation containing both 
.r- and x can be efrcelecl by one of the three following 
methods. 

First method. — The method most widely known, and 
generally used, may bo stated as follows : 

^ Bring all the terms containing x" and to the Icftdiand 
side of the equation, and tlic remaining tenns to the right- 
hand side, 

bitnplify, if necessary, and divide all through by the co- 
cflioient of xi 

linaliy, add the square of one-half the coellieient of x to 
both Bifles of the etiuuUon, take the square root of hotli Bides, 
and the required roots can he readily obtained. 
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Adding to each side the square of half the coefficient of x, or 


— j , ^ve have 

2aJ ^ 

^ b fhY 6- c h-^4ac 

^ \2a/ 4a“ a 

b . \/6--‘4ac 

2a 2a 


(0 


The following important cases occur. 

If 6- is greater than 4ac, i.e. b-> 4ac, there are two values 
of .r, or roots, satisfying the given equation and the curve 
cuts the axis in two points. 

If 6- = 4ao the two roots are equal and the curve touches 
the axis ; each is - 

2a 

If 6- < 4ac, there are no real values which satisfy the given 
equation, and the roots are said to he imaginary, and the 
curve does not meet the axis. 


Ex. 4. 2x‘2-8.t + 6=0. 

Solving this equation in the usual manner, the roots of the 
equation arc found to be 1 or 3. 

Or, by substitution in the formula, 

h - 4ac 

a=2, c=6: 

_S s/GI — 4 X 2 X G 

.. j 

=2il = l or 3. 

Ex. 5. 2ar ~4a:4'2 = 0. 

4 s^lC -4x2x2 
- = 4 ’ 

In this equation 6- = 4ac. 

Ex. G. 2a- -4a: + 3 = 0. 

Here a=2, b=-4, c = 3. 

_ 4 X 2 iTS 

4= 4 

Here 6- <400, and the roots are imaginary. 

All these results are readily understood by using squared paper 
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obiriin the viiIuch of x, or rootn Avhieh eatinfy the equation. 
ThcfiO arc found to 1)0 1^5 and 8*n4 rcHpcctivcly. If required to 
find tlic mimcncal valueH of tlio tooIh to a liighor order of 



accuracy than three fignrea, then tlie curve near to E and F may 
he plotted to a larger ftcale, and the valncB of a: determined 
to any ncccHMary degree of nccnracy. 

Ex, 8, Solve the equation 3:- -4*79a:-f-r)*7nG()2r) = 0. 

Ao before, valucH of i/ coriCHponding to V’^ariouH valuea of x 
fihotild !>e calculated and tiihnlnted as follou'a i 


X 

0 

1 ‘O'lG j 

2 

• « 

" 

V 

rr730 

0-150 1 

0-300 i 

1 

2-070 
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Ex» 10. Solve the equation ar-4*79 

Setting off AB equal to 0=5*736, the semicircle, on DB as 
diameter, touches OA approximately, or, in other words, the two 
points of intersection are coincident, an'd the quadratic has two 
equal roots. If c be increased, 6 remaining constant, the semicircle 
moves away from the line 0.4, and the roots become imaginary. 

A proof of the preceding construction maj* be obtained as 
follows : 

Let D' denote the point of intersection of the semicircle 
with the vertical through B. Then because the centre of 
the semicircle bisects DB^ OE^FA^ and AD'— 00= unity. 

By property of chords of a circle AF * AE=AD\AB \ 

/. 0D.DJ=AD=c,but0D-fDA=6; 

/, OE and EA are the i*oots required. 

If c is negative AB must be di*awn in the direction opposito 
to OD. 

If c is positive, the roots vxay he either real or imaginary. 

If c is negative, the roots irimt be real. 

Equations which may be solved as quadratics. — ^Much un- 
necessary labour will result if the attempt is made to obtain 
unity as the coefficient of in all equations. It may be 
found better to use another letter, such as y or r, and then 
to proceed to solve the equation in the oi'dinary manner, finally 
solving the equation for .r. The following examples will 
illustrate some of the methods which may be adopted: 


Ex, 11. Solve 



4o(x + iy-2S6f 

.r + j) +.493 = 0. 


(jj 

Put 

V^x 

I 

"» . 

x’ 



(ii) 

The equation becomes 






40r-2S6t/=: 

-493; 





. o 143 

493 





•• y'- 20*'- 

“ 40 ’ 





. . 143 /143V 

■■ 

493 , 
40 


729 . 
ICOO’ 



143 27 

17 

29 




40 ■^40 

= 4. or 

10' 




' Or 3. 



96 A MANUAL OF PRACTICAL JIATHEMATICS. 


Ex, 13. Solve + 


Let 

then 




y=zX+-, 


c=o. 




9 

+ 6 H a. 


X 

or 


^ ^ n 


Hence the equation becomes 

t/2-6-4^-6=0. 


or 

i.e. 


giving 

When y=6. 


2 /“- 42 /- 12 = 0 , 

{j/-6)(2/+2)=0, 

^=6 or -2. 


a;+-=6, 

X 


i.c, ar^-G^j-rS^O ; 

or (ti;-3)2 = 6, 

x^^±s/Q, 

Similarly when y — -2, 

x- + 2z-i-3=0y or (a; + 3)”=^ -2, 
hence the roots are imaginary, since s/ -2 is unreal. 
The values satisfying the given equation are 
IT “ 3 i ~ 5*4y, 0*00. 


Equations reducible to quadratics. — Equations of the 
fourth degree can in some cases be solved as tw^o quadratic 
equations. 

Ex, 14. Solve (i) - 17:r- +16=0, 

(ii) (a;-4)(x+5)(a;-C)(a:+7)=504. 

(i) factorisation, llie equation becomes 

16)=0; 

/, a:- = l or IG, 

so that ar= or +4. 

(ii) Noting that -4+o = - G+7, the equation becomes • 

{a:= + a: -- 20) (:r= + :i: ~ 42) = 504, 


or 

(*= + 1)= - 02 + X) + 840 = 504 


(a:=+a:)=-G2(a:=+a:)+33G = 0 , 

hence 

(a:=+ 3 :-G)(a:=+a:- 5 G)= 0 , 

or 

(a;-2)(a:+3)(x-7)(z + 8 )= 0 ; 


• • •*" 7 or — S, 




98 


A MANUAL OF PRACTICAL ^MATHEMATICS, 


Ex. 17, Form the quadratic equation Eaving roots a and 
Here ’ 


/. requited equation is x- 


a"+l 


x+l=0. 


EXERCISES. XL 

Solve the equations: 

1. x“-5x‘f4=0. 

3, x--}-7x4- 12=0. 

5. x^-6'09x+9'179=0. 


2, x-~6x + 8=0. 

4. X-- 7 -OSx-f 11*875=0. 


6 5 + 

2^a- + 4 3' 


7 

a* x' 9 ' 


9, a:^+Ga;-35=0. 


o Sa:2-27 , 90 + 4a:^_„ 

■ a:2^3 a:- + 9 

10. 2 +.^+9=0. 

X X - J 


11. ?nf + 7i(x + i^=0. 12. — i 

\ z/ \ xj x-fax + oa-xo-x 

13. Prove that the roots of x* + ;?x-^q = 0 are equal when 

also that one is half the other, if 97=2;>^. 

14. If a and /3 arc the roots of the equation x"*f 2?x*f q=0, 
express a--f and + in terms of p and q» 

15. Solve the quadratic equation 

16^1 
ll> X 

Solve the equations ; 

16. + + •-»^ + y^ + 4:r-6y-13=0, 

dV x) .32;-2y-I=0. 

18. Find the roots of the equation a;-+ 7arv'^=60, first in a 
surd form and then in a decimal form. 

19. Form the quadratic equation whose roots are 3 + V2 and 

t - \''2, 

Solve the cejuations : 

20. x + a = \'{a- + XN^(2a;= - a*)}. 

21 . 2x- - 3* - V (43?* - Gx- 1) = 2. 


22. ar<-4x- + 3 = 0. 
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Simultaneous Quadratics. — Equations involving the squares 
of two unknown, or variable, quantities, sucli as .r- and 
may be solved by methods similar hi many respects to tliose 
adopted in the case of equations of the fii’st degree. That is 
to say, we win, by multiplication, division, or substitution, 
obtain an equation involving only one unknown quantity. 
From this equation the value of the unknown quantity can 
be determined, and b}’ substitution the value of the remaining 
unknown can be found,. 

If a given equation contains a factor of the form .r-h?/, we 
may proceed to obtain .r—y, and finally the separate values 
of X and ^ may be obtained by addition or subtraction. 


Ex, 1. 


.r-f 

n:^ = 30. 


From (i), + P21,. 

Multiply (ii) by 4, 4xy =120,, 

Subtract (iv) from (in): 1, 


Hence, 


or 

.r+y=ll,- 


With the upper sign 

1 Igives ;r=6, y= 

With the lower sign 


11,1 . . ^ 
a;-j;=-i,|s‘'-esa-=o, y = 6. 


..(i) 

.(ii) 

(iii) 

(iv) 


Ex. 2. Solve the equations 

a." + a-(/ = S4, (i) 

xi/ + ;r=:eo fjn 

Adding (i) and (ii), ' ' 

aP + 2x1/ + ir= 144; 
a:+j/=il2. 

Also from (i), .T(a- + y)=S4. 

and from (ii), y(.v4.y) = 6o ; 

Suhstitirte, ±12jr=S4 and il2v=:60; 

^'=3:7 and y=±5. 

The values required are x=7, y-5, x--"!, y= - 5 , 
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- 22"^ =0. J 

14, x-\-yA z=yz^ 12,*) 
Xrs^lf-\'ZK f 

16. = 1 


13. + 

cc 4*2/ + 2=0, V 

15. xyA’X^y^l, 
a;2+a;+2 = 8, h 

2/2 + y+2:=:17J 
17. 27/2=2i?;2^*l=a;2/ + 2. 


ProblemB leading to quadratic equations.— One of tbo 
greatest difiiculticH experienced by a beginner in Algebra is 
to exprcHS the conditions of a given problem by means of 
algebraic symbols. The equations themselves may be obtained 
more or less readily, since the conditions at'c generally similar 
to t]) 09 e already explained, but some difficulty may be ex* 
j)erjenced in the interpretation of the results derived from 
rjuadratic erpiations. Since a quadratic equation which involves 
one unknown quantity has two solutions, and simultaneous 
quadratics involving two unknown quantitie.s may liave four 
solutions, it is clear tliat ambiguity may arise. It %viJl be 
found, however, that altliough tlic equations may have four 
solutions, only one solution is as a rule applicable to the 
particular problem. The fact that several solutions can bo 
fo\ind and only one applies to the problem is due to the 
circuujstancc tliat algebraic language is far more general 
tlian ordinary, methods of expression. Usually no difficulty 
will be experienced in deciding wliich of the solutions is 
ap[)licablc to the problem in liand. 

Ex. I. A person bouglit a number of articles for £80; if he 
had received four more for tlie same price, they would have cost 
him £1 each less than lie paid. Wlmt number did he buy? 

Let X denote the given ii urn her, 

1 so 

Then the price of each is 

X 

If four more could be obtained for the same price, the price of 

on 

each would be — 
x^4 


a.„ ; '''‘'-CL'r>»»/, 






„ ^'^'n i-a 


h «0. 

Uea lie /east 2’ ^ 


fie *«e p 

*o/a 


'’Dnite^ *fCaJo 


^^eate, 
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Rv, 4 . If in the equation the relations between 

a, b and c are such that a*ffH-o= 0 , and 2 a~c + l= 0 , what must 
bo the value of a in order that one of the roots may be 5, and what 


is then the \*nluc of the other root? 

In the given equation c=0. 

On substituting the given values, 

25n + 06 + 0 = 0 , (i) 

a. + 6 + o=0, (ii) 

2a“C + l=0 (iii) 

^Multiply (ii) by o and subtract from (i), 

we obtain 20 rt + r - 1 o = 0 , (iv) 

2<7-c+ 1=0 


Add (iii) and (iv), * 


And by substitution, 



22a -14=0; 




40 , 25 

n-'"+n 


0. 


This is the form of the equation corresponding to the conditions 
of the problem; /. - 40.r + 25 = 0 , 

or (7;r-5)(.r-5)=0; 

/. .r=o, or ^ 

Ex. 5 . If i = o,v-f.iAvi 
If c=l*!12 when a'=l and f/=2, 

and if ::=S*5S when .r=4 and y = l, 

find a and 6 . Then find - wlicn rr=2 and y=0. 


Substitnte the given values 

1‘52= n-S 6 (i) 

S*5S = 4n - 26 {ii) 


l^IuUiply (i) by 4 and subtract from (ii), 
n‘3=306, 

6 = 0 * 11 , and from (i) n= 2 * 2 . 

Or, use the positive sign, 

^S*5S=4n+ 26 
5*2S = 4a + o26 


3*5= -506; .*. 6 = -0*11, a=2*2. 

Hence, the given relation becomes 

r=2”2x-*0-ll.vSxi 

lYhcn .r= 2 , y-O, then c=:2-2 \ 2 =: 4 ’ 4 . 
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Adding (iii) to (ii), 23^=36^ 

x-±Ss/2; 

and from (i), y=:6i3v/2. 

The value of x is inadmissible, since both numbers are 

positive. Hence, the two numbers are 3s^2 and 6 -3^/2. 

Ex. 8. A person lends £1500 in two separate sums, at the 
same rate of interest. The first sum is repaid, with interest, at 
the end of eight months, and amounts to £936; the second sum 
is repaid, with interest, at the end of 10 months and amounts to 
£630. Find the separate sums lent and the rate of interest. 

Let X and i/ denote the two sums lent, and r denote the rate 
per £ per annum; ,,.+^ = 1500 , (i) 

a; + |ra;=936, (ii) 

and y + ~ry = 630 ; (iii) 

From (ii), x(3 + 2r)=2808 ; 

From (iii), 7/(6 + 5r) =3780 ; /. 

O “r 07 

Substituting in (i), /. |^^ 1500 , 

or 1 2507-2 +1575r- 99 = 0; /. {50/-- 3)(25r + 33)=0. 

3 G 

The only admissible value is 
This gives, a:= £900, y=£000. ^ 

Ex. 9. Twice tlie area of the square on the diagonal of a 
rectangle equals five times the area of the rectangle ; find the 
ratio of the sides. 

Let a; and y denote the two sides of the rectangle. 

Area of rectangle ~ ary. 

Twice the area of the square on the diagonal is 
Then 5a:y =2(x- + y-) ; 

2a:“ + 2y--5a:y = 0, 

(*-§2')(^“2y)=0- 

H’ence, a::7/=l:2 or 2:1. 

Hence, the sides are as 2 : I. 



QUADRATIC KQUATIOXS. 


Kx. 10 When two eci«al rectongics «.re plawl »»<!« hy »5<I« 
it IS foun<l that the diagonal of the rectangle thos formed » 
three hah'cs of the diagonal of one of the giren rectanglt*. 
Find the ratio of the sides of one of the guen rectangles. 

Let the two rectangles Iw placed so as to form ooe rectancle 
.IfiUFfFig IS) 

Let the side BC^^x ond the side BAs=y. 


S<|OariJig, 

w 16-c3+4y=0x> + 0j/», 
5 

■■ 

Giving x.y^-Jz \^T 



EXKRCI'^ES XIII 

1. Kight more articles can be obtained for tl when the price 
13 St Je^s per dozen Find the price 

2 Tlie area of a rectangle is ei^uaj to the area of a ri^uare whose 
ddo is three inches longer than one of the sides of the rectangle. 
If the breadth of the rectangle be dimitiisHed by one inch and its 
length increased by t«o inches, the area is unaltered Find the 
lengths of the aides, 

3 The proiliict of t«o numbers is 4S and the difference of their 
•snares is to the sum of tbeir cubes os 13 to dJ7 Find the 
numbers 

t The diagonal of & rectangutir field is to its length as J3 to 
i~i and Its area is 48C0 square janls Kind its leneth and breadth 

5 A certain sum of money hs<I to be divided eqnallv ainong 
R'O persons If the sum had liccn inerease-i by £3, each f>cr»»n 
•■onid have received 5 per cent more What was Ihe sum* 

6. Tlie area of a square, witli the aildition of 31 square feet, 
« MQsI to the area of a rectangle the sides of which are * 

5 feel respectively greater than the aides of the aqoste, 
the length of a eidc of the square. 
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Adding (iii) to (ii), 

cc ~ i 3\^ 5 

and from (i), y=6±3Ny2. 

The value of x is inadmissible, since both numbers are 

positive. Hence, the two numbers are 3v/2 and 6“-3\^2. 

Ex. 8. A person lends £1500 in two separate sums, at the 
same rate of interest. The first sum is repaid, with interest, at 
the end of eight months, and amounts to £936 ; the second sum 
is repaid, with interest, at the end of 10 months and amounts to 
£G30. Find the separate sums lent and the rate of interest. 

Let X and y denote the two sums lent, and r denote the rate 


per £ per annum; :c+y=\am, (i) 

a;+gm:=:936, (ii) 

and 2/+|ry=630; (iii) 


From (ii), a;(3-f 2r)=£;S08 ; ^ 

From (iii), y(6 + 5r)=3780; 

Substituting in (i), “^+1^=1500, 

or 12o0r2+1575r-99 = 0; (50r-3)(25r+33)=0, 

3 6 

The only admissible value is 
This gives, a? =£900, y=£600. ^ 

Ex. 9. Twice tlie area of the square on the diagonal of a 
rectangle equals five times the area of the rectangle; find the 
ratio of the sides. 

Let X and y denote the two sides of the rectangle. 

Area of rectangles ary. 

Twice the area of the square on the diagonal is 
Then 52:y=2(.r2+y-) ; 

.*. 5xy=0, 

(^-gy)(--^-2y)=0. 

IJence, a.-:y = l;2 or 2:1. 

Hence, the sides arc as 2 ; 1. 
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' 7. If a certain room were lialf as broad again as it is, it M'ould 
be square; and if it were 3 ft. longer and 2 ft. wider its area 
would be 6 square yards greater than it is. Find its length and 
breadth. 

8. Find two numbers such that their prodiict is 91, and the 
difference of tlieir squares is to the difference of their cubes as 
20 to 309. 

9. The area of a certain rectangle is equal to the area of a 
square whose side is 6 inches longer than the breadth of the 
rectangle. The rectangle is such that if its breadth w^ere decreased 
by 3 indies and its length increased by 9 inches, its area would 
be unaltered. Find the lengths of its sides. 

10. The sum of two numbers is 5, and the ratio of the square 
of the first to the square of the second is as 1 : 3. Find the 
numbers. 

11. Tliree numbers are as 1, 2, 3 : the sum of their squares is 
63 times the sum of the numbers. Find them. 

Cubic equations. — ^When a given cubic equation can be 
resolved into its three factoi's, each of these factors will, when 
equated to zero, give a value of x which will satisfy the given 
equation. Each such value is therefore one of the roots re- 
quired. 

Ex. 1. Find the roots of the equation - 3a;- - 10a* -f 24 = 0 

a;3 „ 82:2 - lOa 4-24 = (a; - 2)(a; + 3) (a - 4). 

Put each of the factors equal to zero, then 
a; “2 = 0; x=2; 

a:-}-3=0, ora;=-3; a; -4=0; a; = 4. 

Hence, the roots of the given equation are 2, -3, 4. 

One method, which may often be used with a given cubic 
equation, is to bring all the terms of the equation to the left- 
hand side and simplify if necessary. Then, if by inspection, 
or by trial, one root can be obtained, the remaining roots may 
be obtained by solving the resulting quadratic equation. 

Ex. 2. Solve the equation x^+3ar-6a;=S. 

Bring all the terms to the left-hand side, and the equation be- 
comes 3a;^-6a:-8 = 0. 

By trial a;=2 satisfies the equation; hence, x — 2 is a factor. 
Dividing the given equation by x-2, we obtain 5a; + 4=0, 

the factors of which are (a;4-l)(a;4-4). Hence, the roots of the 
equation are .r=2, -I and -4. 
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The meUiOiU just incltcat«i becojue veiy J,i?>orious trhpn 
the roots of an equation are not wliola numbers; in such 
caH'B, as well as in those referred to, the values ran 1^ 
obtained by usin^ squared iM|>er. 

Tho«, Ex. J may l>e wiitten in the fom 
IOJ-+24. 

Tut x=I, 2, etc. The following values of y can be 
ohtaincil 


'^T^l -gj -1 1 0 I ' ! - I H 

y I 0 I 24 I 50 I 24 j J2 I & | | ® | 



I’lct these values on squared pap^'f and draw a fair < 
through the plotted points as in Tig. 10- Tlita the «•* 
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seen to intersect the axis of x at the three points -3, 2 
and 4j and these are the roots required It should be 
noticed that on one side of each of these points the value of 
X gives a positive value for y and on the other a negative 
value ; hence, Ave know that if for two assumed values of x 
the corresponding values of y are different in sign, then the 
root required lies somewhere between these values. If neces- 
sary, that portion of the curve lying betw^een these assumed 
values may be plotted to a larger scale and the value of 
X obtained to any desired degree of accuracy. 



Fig. 20.— Graph of 

Ex. 3. Solve the equation ar- ir)x*~4=r0. 

Let = ~ Substituting the values 0, I, 2, ... etc., for 

values of 7/ can be calculated and tabulated as follows : 






CUBIC EQUATION& 


in 



Plot these vAhtes ; then the curve passing through the plotted 
points (Fig, £0) is found to cross the axis of x between x= -3 and 
*=-4; algo betiveen 0 and -J, and at a;=4 Tlie values of x 
corresponding to ^=*0 cun thus be obtained. 

The roots of the given tipiation ate found to be 

3 := -3 752, - 0 -eca, 4 . 

Ex. 4. Solve the oqiutioii *®-0'25jr- 15=0 
nV maf Hnt^ iUjr- ^£5 


where y=x*, (•) 

“J P, = 0 'e 52 :+J 5 . (11) 



The iolmion is given when y - yi=0 or the value of x detemiined 
by the point of intersection of the ettrvo denoted by (i> «nd the line 
denoted by («). Thus, for valoes of x and corrcspondiiie « due* of 
y, the former will give a carve p.wing through the plotted |<oinii , 
the latter, a straight Iioc. The points of mttrscction of the 
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and curve v/ill give values of x which u'ill satisfy the given 
equation. 

Thus, from (i), when 

a:=rO, 2 /= 0 ; a; = l, 3 / = ! ; 2 / = 8 ; a^=3, 2/=27. 

From (ii), ar=:0, 3 /i = 15; when a;=4, 2 /i = 16. 

Plotting the former values we obtain the graph of the 

ititcrscction of which with the graph of the latter values gives a 
point of intersection at / (Fig. 21), where the value of a:=2*5, and 
this is one of the roots required. Other examples may be treated 
in like manner. 

If the given equation contains not only but also a;-, instead of 
a straight line we should have a second curve to be plotted ; the 
iutcrBcctiou would give the value, or values, required. 

Ex, 5. Find a value of x which satisfies the equation 
a;- - 5 logiQa? - 2 '531 = 0. 

As in the preceding cases, assuming values 1, 1*5, 2*0, 2*1 for a?, 
we find the corresponding values of y change sign as x increases 
from 2*0 to 2T. Hence, to obtain the value required, we may take 
X equal to 1*99, 2*00, 2*01 etc., and calculate values of y as in 
the following table : 



1*99 

2-00 

2*01 

2*02 

2*03 

1 If 

~0'0G5 

-0*03G 

-0-007 

0-023 i 

1 

0*052 


Plot tlicse values and draw a curve through tlic plotted points. 
The curve is found to intersect tlic axis of x at a point a; =2 *01 2. 
This is the value required. 

Imaginary Quantities.— The quadratic leads to 

; as no number is known which by itself will give a 
negative value when inultiplied, this value of a; may be supposed 
to consist of a real part ±a and an imaginary part V — 1, 

fJrapktcally , — The real part -f-ff is measured in the direction 
OA (Fig. 5, p. 1C), and the part -a in the direction Oyl'; the 
multiplication by n/— 1 may bo tiiken to denote tlie rotation of 
a lineal through 90" into the position OB, and multiplication 
by (V-l)2 as tbo rotation of OA through 180’ into the position 
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OA'. Similarly, (v^- ly* correspond? to a rotation through 270* 
to Off’iod through 3C0“ to the initial position OA. 

It i? usual to write V — I =t, so that t* = — 1, P = — 1 x i= — t, 
,■«=(- js = lxt = tetc. Thus in the quadratic 
ar*+fcj:-hc=0, 

when I? less than 4ac (p. 00) the imaginary roots may be 
written in the form x= - 

EXERCISES. XIV. 

Solre the equations 
1. 00:: + 512=0 

2 z»-2x’-3i; + 4=0 3. 8i*-6ar®-3a:+I=0. 

Find tuo roots of the equation • 

4. aJ-3a»a:+2a*=0 

Solro the equation? 

5 a*-l9X'30=0 G a:»-15r-4=0. 

7. *>-91x-330=0 8 a:»-12x=‘+3ex=7. 

8 Find to two places of decimals the real positi\e root of 
a:* + 2j.’-4=0 

Find one root of each of the following equations: 

W. x* + 6x=20, 11 zs-2x=5, 

12. a:»~6j:»+18x=2'3 13 x5 + 9x'IG=:0 

14 Show by plotting y=x*-4x’-4a:®+lCr+l l»ctweenx=-2 
and *=4 that the equation ad -4r*- ljr* + 16i-rl=0 has four real 
roots. 

Find to two decimal places the \altie of the root which is 
rrntnericaily the greatest of the four 

15. Find two roots of the equation ar* - lies 1C. 

16 Show by plotting that the equation ad -2‘4x* - 3x + 7’2=0 
. , roots, sod find the least positne ?alue of x which 

satMnes the ^len equation 

17. Solve the equation ad-3jd+*2'<J=0 

16. iind s Value of x which satisfies the equation 

a^-5Iog„r-2'o31sO. 
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Graplis. — Anj expression involving a variable, such as 
as well as kno^Yn or unknown constants, may be briefly 
expressed bj*- /(.r) [read as— function .r]. 

Thus, we may write T.r-f 12. 

The value of such a function may be denoted by i/. Or 
— which is read as '*?/ is a function of .r.” 

Taking, for example, the former case 

then, hy substituting \7irious values for .r, the corresponding 
values of y can be calculated. The various \'alues of ^ thus 
depend on those given to .r, and is called the independent 
variable and y the dependent variable. 

The line, straight or curved, which passes through the plotted 
points is Ciilled the graph of the function. 

In many cases a few points are all that ax'e necessary to 
enable such a curve to be drawn udth sufiicient accuracy. 
In the ciise of a straight line, two points are sufficient. It 
may be assumed that the reader is already familiar, from his 
previous work, with the linear equation 

y = &.r, (1) 

in which, when .r has the value 0, and the line makes 

the intei'cept on the axis of y equal to o. 

If a is zero, the equation becomes y~6.r, and denotes a line 
passing tlu'ough the origin. 

Use of squared paper, — AVhen two variable quantities are 
connected by a relation such as y=/C'r), then, for assumed 
values of one, corresponding values of the other mn be calcu- 
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ns 

latfd. Uatng a sheet of squared paper, two convenient lines 
at right angles are assumed as arcs, the simulUneous values 
may bo rcpresentwl by dots, or small croesea, and finally a 
curve paswing through the plotted points may be drawn free- 
hand or by means of a flexible strip of metal or wood. In n 
similar wanner, a series of exptnvxental rttulu may be plotted 
and a ciii'C drawn so ns to jiass os evenly as possible among 
the points. In otlier words, about an equal number of the 
results should lie on each side of any small portion of tlie 
curve Such a curve may be assumed to give the moat trost- 
wortliy average for the constants in a general formula, the 
amount of deviation of any observation from this curve may 
in the majority of cases, be assumed to be due to errors of 
obsenation. 

In all cases, except the equation of the first degree, in which 
the curve connecting the plotted point becomes a straight 
line, it is difficult to obUin the relation, or law, connecting 
X and y 

By means of various artifices — some of which may be seen 
from tlie following examples — it is possible by plotting the 
logantbms x and y, or their reciprocals, etc , instead of their 
numerical values, to replace the curse by a straight line. 
From such a line the best average values for the two con- 
stants a anti i m the equation y=a + l>x can be obtained 

Tims, if two variables r and y are connected b^ the relation 
ir=a.r“, where a and n are knowm constants, then when « is 
known or assumed, the curves corresponding to sanous s’alues 
of n can be drawn 

Thus, the equation y=ax*' becomes, when « = 1, yc^x". 
Oiling various values 1, 2, 3, etc,, lo the index n, then 
functions of the fonu y^x^, y=x\ etc., are obtained. 
.\ssuming values 0, l, 2 for r, corresponding values of y 
can be found The curves can be plotted, and are shown in 
Fig 2i It will bo fcen that the curv'es y=Jr\ y—x^, and 
the straight line all intersect at the same point (1, IX 
It will also lie noticed that, as the value of n is increased, the 
^rve approaches closer and closer to the axis of x. Dimin- 
i-'hing the value of n produces a similar efi'ect with regard to 
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not reach the axis at any finite distance from the origin. This is 
expressed by the symbols y=oo when a:=0. 


9 

As Eq. (ii) can be written it follows as before that when 

i/=0, x==co. ^ 

Tile two lines, or axes, ox and oy are called asymptotes, and are 
said to meet (or touch) the curve at an infinite distance. 

Arranging in two columns a series of values of a; and correspond- 
ing values of y obtained from Eq. (ii), we obtain, 


Values of Xf 

0 

1 

2 

3 

4 

5 

G 

B 

8 

0 

Corresponding 
values of y, 

CO 

9 

4‘& 

i 

3 

2 ’25 

I’S ! 

1*6 

1-3 

1*13 1 

i 

1 


Plot these values of a; and y on squared paper ; the curve or 
graph passing through the plotted points is a hyperbola, as in 
Fig. 23. 

The above example illustrates a special case of the equation 
yx^=^a for n = l and a=9. For any other given values of the 
constants n and a, the corresponding curves may be plotted in a 
similar manner. 

One of the most important curves with which an engineer 
is concerned is given by the equation pv^=^c, where p denotes 
the pressure and v the volume of a given quantity of gas. 

The constant c and index n depend upon the substance used ; 
i.e, whether it is steam, air, etc. 

In some cases, corresponding pairs of values of x and y arc 
given, usually from experimental data, and the values of 7 i and a 
liavc to be determined. The equation yz^=^a is then written in 
the logarithmic form 

log y + 71 log a: = log a, 

or, putting P =log y, A =log x and A =log a, 

r+7iA = A. 

This^ being a linear equation represents a straight line. 

From the given values of a: and y, the corresponding values of 
X and } are readily found and then plotted. The points are joined 
by a straight line and from two convenient pairs of simultaneous 
values of X and 7 the constants n, A may be found by algebra, 
iinally, from A the value of a is easily obtained. 
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It is not of course essential that tlio letters x and y should 
denote the two ranables. Other letters, such as p and v (the 
inittil letters of i»rrssuro and volume ) ; Q and // ; etc., may U* 
usctl with advantage to suggest at once the quantities to %<hich 
reference n made. 

It has already been mentioned that one of the moat important 
practical equations is pv” =c, where n and c are constants. Tin’s 
equation Is of the typo yj" ~a and expresses the relation Iietwcen 
the pressure p and the volume r of a pas as, for instance, in the 
cylinder of a steam or gas engine. For n = 1, the equation repre- 
sents Boyle’s Law. If, in this case, p,, r, ; p., t'j, are corre- 
sponding values of p, V, then when pj, e,, are known, since 
Pjr,=p,Ci, fj may bo calculated for a given value of P|, or p, for 
a given value of e, The values required may also be found from 
a graph. From Tables, the pressure corresponding to any given 
volume can be obtained, but unless the entries m such a tabl*- 
are very numerous it often happens that the volume corre- 
sponding to a given pressure, or the pressure corresponding to 
a given volume, is not stated One method by which the re- 
quired data can lie arrived at is a process of intciqiolation 
When values of p and r arc plotted on squared paper and 
the curve lying among the plottwl {xunts is drawm, inter- 
iiieiliate suluca can be .it onto abtaincs] from the curve The 
process of interpilation simply ctmsista in rt-ading from a 
gisen s,alu(; of p, or r, the corresponding value of the 
remaining quantity. 

One objection to such a method is that errors may occui 
in plotting such a curve , another difficulty is cxi>encncc<l in 
n'wling the results with sufficient accuracy When the con- 
stants fi and c in the general formula are found, values 
intcniiwlute l>etw<en those gnen bs olisirvation and, in 
some cases, C'cn Iieyond them nwy lie obtained by calculation 
Borne of the artifices winch nni be adoptesl to replace a 
curve by a straight line may l»e seen from the following 
examples ; 

Ex. 2. Ilia keeper of a reauurut find* when be hM (7 guest* 
ia a (lay, hi* toUl daily expenditure (for rent, taxes, wages, wear 
and tear, f(xxl anil drink) li /.* pounds and the total of hia daily 
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jiot reach the axis at any finite disUnce from the origin. This is 
expressed by the symbols y=:oo when a;=0. 

9 

As Eq. (ii) can be written cc=:~^ it follows as before that when 
y=:0, a;^c?o. ^ 

The two lines, or axes, ox and oy ate called asymptotes, and are 
said to meet (or touch) the curve at an infinite distance. 

Arianging in two columns a series of values of x and correspond- 
ing values of y obtained from Eq. (ii)) we obtain, 


VaIuos of .r, 

0 

1 

n 

3 

4 

5 

G 

7 

s 


Corresponding 
values of v, 

oo 

( 

D 

1 

3 

e-25 

m 

m 

m 

1 

HgH 


Plot these values of x and y on squared paper ; the curve or 
graph passing through the plotted points is a hyperbola, as in 
Fig. 23. 

The above example illustrates a special case of the equation 
for and a=:D. For any other given values of the 
constants n and a, the corresponding curves may bo plotted in a 
similar manner. 

One of the most important curves with which an engineer 
is concerned is given by the equation wlicre p denotes 

the pressure and v the volume of a given quantitj^ of gas. 

The constant c and index n depend upon the substance used ; 
f.e, whether it is steam, air, etc. 

In some cases, corresponding pairs of values of x and y are 
given, usually from experimental data, and the values of 7i and a 
have to be determined. The equation yx^:=a is then written in 
the logarithmic form 

log i/-f u log a; = log a, 

or, putting Y = log y, X = log z and A ~ log a, 

Y-hnX^A. 

Tim being a linear equation represents a straight line. 

From the given values of z and the corresponding values of 
X and I’are readily found and then plotted. The points are joined 
by a straight line and from two convenient pairs of simultaneous 
values of A and F the constants ti, A may be found by algebra. 
Finally, from A the value of a is easUy obtained. 
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It 15 not of course essential that the letters z and y should 
denote the tuo variables. Other letters, such as p and v (the 
initial letters of pressure and volume) ; Q and II ; etc., may be 
uscil vith advantage to suggest at once tho quantities to ubich 
reference is made. 

It has nlre.ady been mentioned that one of the most important 
practical cqu.ations is pe" c, where n and c are constants. This 
equation is of tho t^qw yr” =a and expresses tho relation between 
the pressure p and the volume v of a gas as, for instance, m the 
cylinder of a steam or gas engine. For n =; 1 , the equation repre- 
sents Hoyle's Law. If, in this case, pj, Vj ; Pj, ^2, are corre- 
Bponding values of p, r, then when p,, v,, are known, ainec 
p,r2=p,f,. e, maj' be calculated for a given value of p,, or j), for 
a given value of e. The values required may also be found from 
a graph. From Tables, the pressure corresponding to any given 
volume can be obtained, but unless the entries in such a tabic 
are very numerous it often happens that the volume corre- 
spending to a given pressure, or the pressure corresponding to 
a given volume, is not stated One method by which the re- 
quired data can be amied at is by a process of interpolation. 
When values of p and i> arc plotted on squared papet and 
the curie lying among the plotted points is drawn, intcr- 
mwliate values can be at once obtained from tho curve The 
pi-ocess of interpolation simply consists in reading from a 
giien value of p, or r, the corresponding value of the 
rem.iiniiig quantity. 

One objection to such a method is that errors may occui 
in plotting such a curve; another difficulty is experienced in 
re.admg the results with sufficient accuracy When the con- 
stants 11 and c in tho general formula are found, values 
interraetliite lietwcen those given by ol»ervation and, in 
some ca-ses, even Wyond them m.ay l>e obtained by calculation 
S<uno of tlio artifices which may be adopted to replace a 
curve by a straight lino may be seen from the following 
examples ’ 

€r. 2 . The beeper of a resUuraat CmU when he has O guests 
lu aiUy, bis total daily expenditure (for rent, taxes, wages, wear 
and tear, food and drink) is II pounds and the toUl of hii daily 
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receipts is i? pounds. TJie following numbers are averages 
obtained by examination of his books on many da3’^s : 


G 

Iggi 

270 • 

320 

360 

E 

16'7 

19*4 

21*6 

23-4 

R 

15 '8 

21*2 

2G-4 

29-8 


Find E and i? and the day’s profits, if he has 340 guests. What 
number of guests per day gives him just no profit? What simple 
algebraic law seems to connect E, i?, P the profit, and 



Fig. 24, 

On plotting the given values of G and E^ and G and 7?, it is seen 
that the cur\’e joining the points is in each case a straight line ; 
hence, the relation between E and G may be expressed bj’ 

G:=.a^hE, 

and between R and G by G=:c-hdR 


.(i) 

(ii) 
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Sttbstitalo in (i) the values at / and n (Fig. 24), 



giOga + 17-3!> 

Py subtraction, 110= 


“53~ 


,. (hi) 


5 36; 


Substitute this for h in (iii) and obtain a= - 129. Hence, the 
relation bct'aecn E and O may be written, 

0=20 75F-120. 


Again, VIC may, in like manner, find the values of the constants 
C and d in E<| (h), by substituting the values at tj and n ; 
340=c + 2S d 
23Q=c + 17 3d 
110= 10 7d; 

Py substituting thb value, we find c=52'2. 

Hence, the required relation is 0=52-2+ 10 ^S/?. 

It n ill be obvious that the profit will be At the point n 

in the diagram E is equal to A'; hence, 2.30 guests gives just no 
profit 

In this manner wo may find P=0 03O-ll'5. 

Hence, tlie day’s profits when the restaurant keeper has 340 guests 
is given by P=0-O.'> x 3t0- 11 5=£5-5. 


Ex, 3. Plot the curve 

Calculate the average value of y from *=0 to * = 8. 

When r»2. y=jr|^=^ = 1.9SC 

When X is 0, 1, „ , Values of y can bo calculated and tabulated 
as foKowv ; 


-r 0 

> 

-= 1 = 


■ 5 I'O 1 7 


y 1 0 

1-75 1 

lirtcj 2-09 j 

2 13 ! 

2IC2l2183|2199| 

2211 


To obtain the average value we may use Simpson's Rule (p. 199). 
Thus, sum of end ordinates 2211, 

M •'vn 8 191, 
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Area from a;:=0 to is 


i(2*211 + ST91 x44*0*2P9x2):=47 ‘573 *^3 = 15*86. 

But average valvic of y multiplied by length of base— area j 

average value of y=^^^ = l*9S2. 


In some cases, vrben tlie expression f{x) consists of several 
terms it may be advisable to arrange the various parts in a 
table and aheTO\ai'ds to add these to obtain the value of y. 
The method may be illustrated by a simple example as 
follovrs : 



Ex 4. Drau* the graph of the function 

The separate parts of the equation may bo arranged in vertical 
columns. For various values of x the results should be obtained 


X 



- 

D 

■ 

ar 


3 

c 

9 

12 

o 






2“ 11 

'2 1| 

i; 

0 

B 

- 

4-5 

S 

»i 

ii 

0 

3-3 

s 

13-3 

20 










USE OF SQUARED PAPER. 


123 


and tabnUted, ami finally, bj* adding tbe nombcre together {n 
tlie vertical columns, the values of y aro obtained. I'lotting the 
tabulated values of x and a curve, as in Fig 23| is obtained. 


Ex. 5. Experiments made to determine the (viater) skin resist- 
ance of planks ivhose iretted surface is JOQ square feet, yield the 
following results : 


P= Speed per 
minute 

200 

400 

i 

600 

/.'=Total resistance 
in lbs 

3-2.S 

j 11 7 

j 24 6 ^ 

41-7 


Test whether tlic 
relation betw een II 
and V can bo ex- 
pressed by a law of 
the type ifoc 1'“, and 
if so, find the values 
t and H in the for- 
innU /’=lSr", m 
wliicli S denotes 
wetted surface of 
plank. Find the 
prolMkblo value of ll 
when P Is 1000 

Plot log r and 
logP on aquareil 
paper as in Fig 2fi, 
it will be found that 
a straight lino can 
bo drawn to lie evenly 
among the points, 
lliui proving that the 
Sttggestevl formulv is 
trostworthy. Now 
lake a strip of eellu. 
lelA on which « 
straight line is 
marked and draw a 
line such as isl, the 
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determine the numerical values of the constants, or they may he 
obtained by calculation. The equation may be written : 

log i?=:log h + log iS n log F. 

At point a, log ^ is 0*7 and log V is 2 '4, and at h the values 
are 1*6 and 2*9 respectively. 

Hence, substituting these values, we have 


l*6=logZ:'flogiS^-f’«x2*9 (i) 

0*7=log/.; + log>S'+7i x2*4 (ii) 


Subtracting, 0*9= nxO'o; 

.*. 7Z = 1*S. 

Substituting this value in (ii), as log 5 is 2*0, we get 
0*7 =log it + 2*0 + 1 ‘8x2*4; 

A log;j = 6*3S, or I*=0*000002399. 

To find R when V is 1000, we have 

logi?=logI* + log<S+7ilog V ; 

A logP=6*38+2*0 + 5-4=l*78; 

A i?=60*2Glbs. 

Ex, 6, The following numbers relate to the flow of water ovei 
a triangular notch : 


H 

! 1*2 

I 

1*4 

10 

18 

2-0 

2*4 

Q 

4*2 

6T 

S’5 j 

1 

11 5 

14-9 

23*5 


H denotes the head of ^Yater (in feet), Q the quantity (in cubic 
feet) of water flowing per second. Try if the relation between 
Q and IT can be expressed in the form 

Q-cH^ (i) 

If so, obtain the best average values of the constants c and n. 
Also find Q when H is 2*2 and 2*6. 

The formula (i) may be written in the form 

logQ=logc + nlog^. (ii) 




log.Q 
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pointe snch as a and b,' the values of c and n may be obtained 


{VS follows: 


log<?=logc + 7i- logi7 
l*3=zlogc + nx0*35 
0‘8 = logc + 7? x0*15 


0'd = 0-2n; 


71 = 


5 

o’ 


Substituting this value, we have 

l*3=logc + |x0*35; 

A logc=0’425, or c=2*66. 

Hence, (i) may be written Q=2*S6 
When H is 2*2, then we have 

log Q = log 2 -66 + 1 log 2-2 = 1 -2809 ; 

(? = 19-09 cub. ft. 

Similarly, when II is 2*6, Q is found to be 29 cub. ft. 


Ex, 7. In some experiments in towing a canal boat tlie follow- 
ing observations were made ; P being the pull in pounds and v 
the speed of tlie boat in miles per hour. Find an approximate 
formula connecting P and t\ 


B 

76 

: 

160 

240 

320 

370 

V 

1*68 

2*43 

3*18 

3*00 

4*03 

logp 

j 1-881 ^ 

1 2-204 - 

2 -.380 

1 

2*505 1 

2*568 

log t> 

!i 0-2-25 

0*386 

0-502 

0*556 

0*605 


Plot log P and log r on squared paper and draw a line evenly 
through the plotted points. Tlic equation to such a line ma}' be 
written logP=« Ingr-f logc. 

Substituting simultaneous values, 

2 *56S = 0 *6 7? + log c 
I’O = 0*2*257? log c 


Subtracting, 

or 


0*668=0*375 n, 
r,=^=l-.S. 


Also, by substitution, logr = 2-5GS-0-6x l-78=rl-5=log31-6. 
Hence, the formula required is P=31‘6r'''^. 











USK OF RQUAUKO FAVKU. m 


Kx. 8. For tiie years 19% ItWO, the following everage nnrnbers 
are taken from the accounts of the 31 lUMt importinl electnc 
companies of the United Kingdom. 

V, me.ins miDiona of unit# of electric energy sold to customera. 
<7. nie.ins the total cost in mUiions of ptnee, and tncladea interest 
f7 fwr cent ) on capital, jn.iintrnance, rent, taxes, aalancs, sragw, 
coal, etc 

! V j 0(;7 1 1-00 j I'.3CG I I’-IO j 

t’ <81 I 6^ I 8f,p [ Oil I 14-23 

Is there any approx jmately correct simple law coimeclmg U and 
CJ If an. It bat u itt Aasumc that from the beginning there 
was the idea of, at some time, reaching a maximum output of 
so that f'-nfl IS called /, a certain kind of food factor^ 
Let C~V lio callid c the total cost per unit; is there any law 
connecting c and /’ 

Using the gjic/i raities of 1/ and C wc may procccfl to find the 
values of /sU-lSD and C-f U=c, and arrange as m the follow- 
ing Ub!e . 

U j' 0 07 j 1 -nt) ' 1 3CG I I 46 j 2 49 

C j, 4 8t I b :5 8 66 ) 9 U , 14-25 

/=U-fl3i> I! 0019 ' 0-0:2 ; 0098 j OlOGj 0 }B 

csCt-U i 7-22 C-S5 6-29 f C-Jl ) 5-72 1 



rioUEng the given latucs of U and C. a straight line ina> 
•Irawn among the plotted points. It* eijnation may »ntten 
UsaC+b Sobatitoling simultaneous values of £7 ami C obtained 
from tjie curve, we find 

1 =0*6 4 + 6 
2=0* 12+ h 

Subtracting, 1 e.'l-fifl ! 

A o«0l9. 

And, by substitution. 6= -0 16. 
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Hence, the simple approximate law connecting V ami C may be 
written U=0T8C'-0’1G. ^ ^ 

In a similar manner plotting c and j, the relation c=5‘5G + --^ 
is obtained. 


Ex\ 9. It is known that the rehation connecting the pressure p 
and specific volume u of water-steam can be stated approximately 
as 

Test tlie accuracy of this rule for pressures ranging from 20 lbs. 
to 90 Ihs. per sq. in. 



Find the best average values of the constants n and c for the 
range of values given. 


■ 

p 

20 

30 

40 

50 

CO 

70 

80 

90 

n 

in -To 

13-49 

10-3 

8-35 



5-37 

4-81 

logp 


1-477 1 

1-G02 ; l-69n 

1-778 

1*845 

1-903 

1*954 

log« 

! 1-206 

l 


1-013 

0*922 

0*848 

0-785 

0-730 

0-GS2 

» 
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riotling the \alnM of logp and logn as m Fig. 2S, a straight 
liB^ is obtained ; its equation may be written logp+n log M=log e. 
To find the Constanta it is only necessary to substitute simultaneous 
values o! logK and logp from the curve. Thus at/, logp is 1*5, 
logtial’l, and at a, logp is 1*9, logu is 0 725. Substituting these 
values, Tire have 

1 6 + nx li =loge (i) 

I 9+nxO’72j=logc (ii) 

Vtj subtraction, 0 4=0 3"5n 



Substituting this value for n in (i), we obtain the value of logc; 
l-5 + l-0G7xl-l=2 6737 ; 

.‘. c=t471-8. 

It will bo noticed in the preceding example that the two 
varjing quantities follow a somewhat complex law. In such 



Flo 59 

cases it is often poMible to determine a simpler Law, which 
between certain liraiU will give values closely approximating 
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to the correct ones. And xv’c may plot the reciprocals or 
squares, eta, of one instead of both the given quantities. Thus, 
in the pixsceding case, using the A^aiues of we may calculate 

values of the reciprocals and we obtxain the following : 


p 

20 

30 

40 

50 

GO 

70 

so 

90 

u 

imon 

13*49 

i 

^■0 

17*04 

1 

6*09 

5-S7 

1 

4*81 


0*0506 0*0741 0*0971 0*120 0*142 0*164 


7t 


Plotting p and ^ as in Fig 29, a stmight line may be draAvn 
amongst the plotted points. Its equation may be written 

l = (i) 

At two points /and a in the line the values of p and i are 

60, 0*14, 80 and 0*185. Substituting these values in (i), we 
obtain 

0*185=^4*605 
0*14 =a 4-605 
Subtracting, 0*045= 205 ; 

/. 5 = 0*00225. 

And, by substitution, u is found to be 0*005. Hence, the 
1 ^ 

required I'olution is “ = 0*0054-0*00225/? (i) 

It will be seen that, for a civen value of /?, the A*alne of i 

n 

or r am be obtained to a fair degree of accuiucy. Tlius, (i) 

niav be written - (n) 

The value of r when p is 80 is r?*37. 

From (ii) wc obtain U= = — ? — 

^ ^ 0*0054*0*00225x80 0185 

= 5*405. 

Hence, percentage error x 100 = 0*65. 

4>’40t> 
























USK or SQUAUED rAPEU 


131 


Kx. 10 Given tliat 

y = 6 log,(^ + C ein ~x + 0 •OS-t (sr - 3 '3)*. (i) 

Find a aimpler {unction of * the values of which will have a 
•mall percentage error lictween x«3 and x=C. 

Sinio the angle is in radians, and as the values between 
3 and G are required, vve may use, for ease in calculation, numbers 

3 

such as »•, and -r for x 
Thus, let x=T, then, by substituting in (i), 

y=51ogT + CBin^ + 0‘0Sl (3'141G-3 5)* 

=51og»- + 68inlS*+0 084 (-0 3584)* 

= 5x0 4D72 + Cx0 3u9 + 0 0108 
=2 480 + 1 8,14 + 00108 = 4 351. 

In a sttmUr manner, when x is 1 5s-, 

y = 5(logI 5 + Iogr) + Csm27’ + OOS4 (1-469); 

, y = G-214. 

When x = 2r, 

y = 51og2s- + 6sm3()’+0 034 (7 746)=8 168. 
riot thei<c values and we find that a straight line can be drawn 
very evenly through the plotted points Now, assume this simpler 
or lineiir function to replace the gnen one Its equation may be 
writUn In the usual fonn, 

y=<ix + b . 

Ity snlistituting two pairs of imiultancons values, we can obtain 
the numerical values of the two constants a and b. 

Thus, 4 ‘15 = . In +5 

7 5 =0 75a + 5 

Sublmcting, 3 35 = 2 73« , 



{'ubstituting this value, 

4 15 = 3x 1'22 + i., 

. 5=4 15-3 00 = 049 

Hence, ihe simpler function re«;uired is y=l-22x+0 49. 

It will he found on eul>stttution that the values otitained from 
the iiropter function are, for any value betw een the limits referred 
to, not more tlivn 2 p^r cent, in error 
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Ex. IL At the following draughts in sea water, a particular 
vessel has the following, displacements : 


Draught It (feet) 

15 

12 

9 


Displacement T (tons) 

209S 

1512 

1018 

586 

log/i 




0-7993 

log T 



3-0076 

2-7679 


(i) Plot log T and log on squared paper, and obtain a simple 
relation connecting T and h between the given limits. 

(ii) If one ton of sea water measures 35 cubic feet, find the 
rule connecting V and h if V is the displacement in cubic feet. 

Plotting log P and log A, a straight line may be drawn lying 
evenly among the points. 

The relation may be expressed by 

c/i=y’«, (i) 

wlierc c and n are constants. 

To determine the numerical values of c and n, we may write 
the equation in the form 

nIogT=logc + log;i (ii) 


Prom such a line we find that when log T is 3*0, log h is 0‘95 ; and 


when log 7' is 3*3, log A is 1*153. 

Substituting these values in (ii), 

nK3*3==logc +1*153 (iii) 

n5<3 0 = logc+ 0*95 (iv) 

Subtracting, 0*3// =0*203 ,* 


or 


0*203 

Substituting this value in (iv), 

0*C7G7x3 0-0*95=logc=:l‘0S=log 12; 

c = 12. 

Hence, (i) may be written in the form 
JOCC7^12^^ 

I 

r={12)^'‘*xA^. 


*(v) 
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This la not in a convenient {orm for calculation, hence ne may 
write (v) in the Iprm 

and aa 2t0 C7C7=s2’955 we may obtain a good approximation by 
n*ing the nearest whole number 3 and adjusting the constant. 
Thus, (v) may be 'written as 

r>=t-»A* (Ti) 

or ^log r=log6+logA 

Hence, draw a line ha\ing a slope of ^ and passing as evenly 
as possible through the points. To obtain the constant 6, we have 
from (vi) 

2 

log 6 log T-logh ; 

at e, w here log T is 3 4, log A is 1 -227. 

Substituting, 

logfc=|x34-l-227=l-0405 

3log6=3-120=logl318, 

Hence, the relation is 

7’’=1318A». 

Also. ^■^35=7’s 

... 

or P=1C:50CI0A*. 


12. In the following table some observed valnes of x and y 
are given: 



It Will be noticetl that as x increases, the corresponding tallies 
of y are decreasing. If the given points are plotted, a curte ir 
obtained. To obtain the algebraic law connecting x and y— instead : 

•t y«a + Ajr, try 5 
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Values of a; and calculated values of - are as follo^vs : 

V - ' ^ 


X 

1 

2 

3 

4 

5 

6 

7 

X 

1-336 

3-339 1 

5-343 

7*348 

9-351 

11-36 

13-36 

y 


i 







Values of x and - are plotted in Fig, 30 and a line is drawn 
1 / 

through the plotted points. To obtain the equation of the line, 

or to obtain the values of 
the constants, in (i), we 
may select two points y and 
a, and substitute in (i) the 
values of x and Thus, 

y 

7=ax 13-36 + 6 (i) 

I = a X 1*336 + 6. (ii) 

6=:12*02a; 


Substituting in (ii), 
6=0-33. 

Hence, the relation con- 
necting X and y is given by 

.t=0-5-+0-33, 

V 

or a:7/ = 0*53j + 0*3.Sy. 
Harmonic motion, — simple harmonic motion may he defined 
as the motion of the projection, upon a diameter, of a point moving 
uniformly in a circle. Thus, let P be a point moving uniformly 
in a circle of radius a ; the projections, M and of P on the 
axes move with simple harmonic motion. 

Lot (0 denote the angular velocity of P the angle in 
radians described by CP in one second). Then the angle A CP 
will be ti)t\ if X then denotes the displacement CM of the 

points/, (7#=.r=acosto^ (i) 

The amplitude is the greatest displacement on either side of 
the mean position G ; hence, the amplitude is a, or it is the 
value of X when P is at A, 
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Ex, 2. Find the amplitude, angular velocity, period, and fre- 
quency of a point which has a simple harmonic motion given by the 
equation a:=:0'15cosl'6^. 

Comparing the terms in this u'ith Eq. (i), the amplitude is found 
to be 0’16. The angular velocity is the coefBcient of and is 1’6. 
The period is the time required for 1 revolution, and is therefore 

27r ' 

r6 = 3 - 927 . 

The frequency is the reciprocal of the period ; 

/= frequency 0*2546. 


If s denotes the distance of a mo'vdng point from its mid- 
position, at a time then if the relation between 5 and t is 
expressed by s^^asinqt, or where f is the 

frequency, then the point is moving with s.H.ir. of amplitude a. 

ds 

The velocity (p, 337) v=-^^~2airfQ0^2irft, 

drs 

The acceleration a sin 27rft ; 


but 


5— a sin 27r/2f, 




Thus, the acceleration at any instant varies with and is 
directly proportional to the distance of the mo\nng point 
from its mid-position, but in the opposite direction. 

If if is the mass of a body— W-^Z2% where TF denotes 
the weight, then the force F acting towards the raid-position 


is given by 




47r= X TT 
32*2 ' 


.(iv) 


hx. 3. The relation between the distance s, from the middle 
point of the line of motion, being given by s^A sin(p^-e), where 
A, p and e are all constants. Find the velocity and acceleration 
at any instant. 

^ Hence, os in the preceding case, the acceleration is equal to p* 
times the distance from a fixed point, this is the characteristic 
propert}* of harmonic motion. 


HARMONIC JIOllON. 
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It fliould be can fully BOticed from (iv) that f (tUe 
fre<i«ency) is squarei Ilencc, when the frequency is doubled 
the force required is four 
times its former raluc, xihen 
the frequency is trebled the 
force IS 1 ) times, etc. 

Tlie sinuous curve corre- 
sponding to (i) could be set 
out on a horizontal base, 
equal dintanccs denoting 
equal intcrrals of time and 
the various values of CM, 
or X, as ordinates 
If the moving point starts 
at some point, say (Fig 
32X and t<, is the interval of 
time required from A to /*,, 
then the angle PfiA may Fio 32 

he written wfo or e 

Thus, when the point is at Pthe angle described is 

x=ncos(wt + e) . . . . . (v) 

Tlie expression given by Eq (v) is found not only in 
engineering, but also in mathematical physics, more frequently 
than any other. Every periodic function can be expressed 
in such terms, or a senes of such terms The most general 
form is expressed by Fourier’s Theorem (p 451). 

It U more convenient in graphical work to project the 
vanous jwsitions of point .V (Fig 32) 

For this purpose angles are more conveniently measured 
from the line DK, or 90' behind the initial line AA\ and 
Equation (v), defining the successive pasitions of point iV, 
y«asin(cir + e) . . (vi) 

Other letters may be used instead of x, w, etc Thus 

Eq (vi) may he written y e 0 gin (61 +c}* (vu) 

Thus, wbtu 1 = 0 , from Eq (vn) 

y~a sill c. 

• b«% i< 
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Or, wJien x is 0, the point P is ahead of the initial position 
B' by an angle B'GP (.Fig. 33). 

The angle c when measured in a positive direction is usually 
called the angle of lead or advance ; it is called the lag when 
measured in a negative direction. 

It is of the utmost importance that the meanings attached 
to the constants a, h and c should be clearly made out. 

Ex. 4. A point has a simple harmonic motion in which the 
displacuments x from the mid-position G is given in inches by 

X = 2 sin ( 1 *5^ + 0 '4014) ( viii) 

Plot the curve and find the displacement of M when ^=0 and 
also when I is 2 seconds. 

From (viii), when t=0, x=2 sin (0*4014). 

From Table VIL 0*4014 radians =: 23°, 

Hence, make the angle 
P'(7P=23". 

With G as centre describe a 
circle 2 inches radius, then P 
is the corresponding point in 
tlie auxiliary circle ; and pro- 
jecting on the diameter A A' 
the distance CM is the dis- 
placement required. 

aif=28in23®=2x0'3907; 
/. CM =x=: 0*7814 inches. 

Similarly, when t is 2, wo 
have, from (i), 

x=:28m (3 + 0*4014) 

B' =28in (3*4014) 

no. 33 . =28inl94‘’53'; 

(7J/'=5X=0*5 inches. 

Tlie following important theorem may be shown either 
graphically or analytically : 

A motion in a straight line which Is compounded of two simple 
harmonic motions of equal periods and in the same straight line 
is itself a simple harmonic motion. 

J hus, let two simple harmonic motions be expressed by 
tile equations 

asin((ut + Cj) and i*sin 
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Now let 

A 8in(w< + <)sa +6 sin («/ + «,) (i*) 

Bj' expandinR each side, ttu Riu*»t hare 

/<C09e=:«CO9fj + 6cOsej 

nnd /! sin «=o Bin Ci + t sine, ; 

By squaring and adding 

=n* + 1* + 5(i6 cos (e, - e,\ 

, . j. *•_ osme, +fcBm<, 

and bv division, tan e=- - t— ’ — • 

^ a CO 3 Cj + 6 cos e. 

Hence when a, fc, e,, e, are given, the resultant motion can be 
obtained from (ixb 

//x. 5. Given fl=2 inches, 6 = 3 inches, ei 5=0 25 radians, e, = l-l 
radians Heiermine graphically and measure the amplitude A and 
advance e of the resultant motion 
AUo find and measure the displacement x when 1=0, and also 
when ( =3 seconds. The angular velocity u is } radian per second. 
Substituting, the equation becomes 

x^2 Sin (ut +0 25) + 3 sm (wf + M). 



Fi. u 


With centra C (Fig. Zi) draw two nrdes of rad,, 2 and 3 inches 
tspiectirely. When f = 0 , the first comjwment motion anxuJ-r 
»• 19 Ik, 




uo 
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ft(lv^iT)Cc=rl'l radian = 03® 1', Hence, make the angle BOP o=14® 19', 
and the angle 7iC'Pi = 03® T, giving two pointB, Pq on the smaller 
and Py on the larger circle reBpcetivcIy. 

Complclo the parallelogram of which P^O and PyO arc adjacent 
Bides; then OP, equal to 4*55 inches, is the amplitude and BGP 
j8 the angle of advance equal to 43® *5, Projecting P on to OA 
the diBplacotncnt CM is found to be 3*15 in. 

Again, when I is 3 ccconds. 

Substituting the given angular velocity, the equation bccomcB 
a; =2 sin {0*5^-^0*25)4‘3fiin (0*5i + 1*1), 
and Ihifl, when ^=3, gives for the first component an angle of 
advance of 

0*5x3 + 0*25 = 175 radianB=l00® 10' very nearly, 
and for the Kccond'component 

3 X 0*5 + M =2*0 radians = 148® *08. 

Set ofT the angle BCP,^ equal to 100® 10', aud tlic angle BOP^ 
equal to 148® 58', giving as before the two sides of a parallelogram. 
Completing the parallelogram, CP is the resultant amplitude and 
BGP the angle of advance, giving 4*55 inches for the former and 
131® for the latter. The displacement CM' obtained by projection 
is 3 '4 5 in. Tt will bo noticed that the parallelogram CP^PP^ is 
merely the parallolograni GP^PPy in another position. Or, in 
other words, the resultant motion will he as though the parallclo- 
gram GP^PPy were to rotate as a rigid framework attached to G, 
aud made to move about C as a centre. All positions of P will 
therefore lie on a circle centre C and radius CP, 

When the numerical valtics of the constants a, h, and c arc 
known, the curve, or grapli, corresponding to i/ = aHin (f^x + c) may 
ho set out. Tlicn, for assumed values of x corresponding values 
of y may he calculated, and the curve passing through the plotted 
points obtained. 

As hx'hc denotes the angle in radians it will simplify the 
anthmctical work if h be taken to ho a multiple or sub-multipic 

(»f TT. Hence, let = and let c be ^ = 30’, 

If tlic ani]ditudc a be 2 ‘.5, then we have the necessary data, as 
in the following example : 


ICx, 6. Plot the curve 7 /=s 2 * 5 Bin ( 

\ 57 *3 0 / 

Ynlncfl of y corresponding to various values of x may he found* 
Thun, when x=4, sin (40® + 30®) = sin 70®; 
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y=25ain70*=2-Sx091CC 
a2 319. 

Other values of y may bo tabulated aa follow* : 


i ° r* i - 1 


y |j 1-25 |l-C07jl 015j2-lC:>]2 319|2 462 j 2 S |2 462|2 3<9[2 ISsj 


From these values the cur\e maybe plotted. The sinuous line 
is tnucli more easily obtained by graphical construction, as on 
p 145 

The graph of y = v4e“, or y=Ar^ — «hen the constants A and k 
■re knoMn and e is the base of Napenan 1ogarithm8s2'71S— can 
be obtained by assuming 
various values for x or t 
and calculating correspond 
Ing values of y 

£x. 7 . Plot the cun'c 

y=At^, 

vihen 1=0 3 

Substituting the given 
values, the e«iuation be- 
comes 

y=t®^. 

Assuming values 0, 1, 
for values of y can be 
calculated 

Thus, let * = 4, then 

yft2 7l8«'», 

or logy = l-21og2 718 
= 1-2x04313 
=0 52110; I 

y=3 321 

In a aimilar manner 

Ollier valnes of y can be ascertained as follows ; 



Flo as. — Graph of f- 



1 

2 

3 

4 I 5 1 0 


8 

..n > : 

1 35 1 

1 1-822 

1 2-4C0 

3 321 1 4 481 1 6-CH9 

8-106 1 

11-03 


A portion of the curve is drawn in Fig 35. 
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Damped oscillations. — A simple experimental apparatus 
illustrating what is meant by damped oscillations may consist 
of a comparatively heavy cylindrical disc suspended at one 
end of a wire. The other end of the wire is fixed to a suitable 
support, and the disc may be made to oscillate in a liquid 
such as water, oil, glycerine, etc. 

^Vhen displaced from its position of rest and allowed to 
oscillate freely the amplitude of the oscillation diminishes more 
or less rapidly, due to the viscosity of the liquid. 

If on a base denoting intervals of time, ordinates of the 
curve denote amplitudes, then the maximum amplitude is 
obviously at a time ^==0, and therefore equal to A, and the 
amplitudes in successive swings diminish according to the 
logarithmic law 

Thus, a steel wire may be fastened at one end to a fixed 
support, and at the other to a comparatively heavy disc of 
metal, a pointer fixed to the wire can be displaced through 
any convenient angle as indicated on a graduated disc. 
Then wlien released, the pointer will oscillate backwards 
and forwards, through its position of equilibrium, v’ith 
logarithmic decay mg amplitude. 

If s is the displacement, or amplitude, of point jo at the time i, 
then the law connecting displacements separated by equal times 

of one period is given by 5 = (i) 

Tlie numerical values of the two constants A and Jc are 
re<idily obtained. Thus, let the pointer p be displaced 
through (say) an angle of 180° ; if this denotes the time ^=^0, 
then from (i), when ^ = 0, we have 

180° = /I cO, 

or A = 180°. 

At the instant the pointer is released, let a stop-watch be 
started. Then the time of successive oscillations and the 
amplitudes can be read off; these may be tabulated. Similar 
observations should be made when different fluids, water, oil, 
glycerine, etc., are used. 

Eq. (i) can be written logi? = log /I -/rdogc. 

Plotting t and log s as co-ordinates of points, the points will 
be found to lie on a st might line, and the values of /•, which 
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will Mpms the relatire vttwilia of the liquids, can l>o 
ol it. lined. 

Tlto rchlion hcttt'cen t and t is piven hjr the ditrerential 
equation {»co p. 4S0) 

TliO Roltition n ««fTe'*'jitn 

where a and & arc con'^t.ints to lic detcrmine<l (p. 4 SO). 
Vnlius ohlainctl from an esperiment are given. 





W«‘«r 



Oil 


j filyccrino 

‘ 

I<v» 


* 



I . 

Inyi 

' 

IW 

Q lWi 

0 

ISO* 

2-25,5 

0 

1 180* 

22.5.5 

0 

ICF 

2-215 

39 1 


1-9GI 1 

41-4' 

t 21* 

l-SSd 

14 4 

iir 

2 173 

79 

40' ■ 

1-CC3 ; 

83 0 

1 ^ 

0 477 

2S4 

1.17* 

21.37 

119 1 

22* 

1 312 1 

120-2 

' 0 7* 

0 155 

42 2 

liv 

2007 

150 1 

10' 1 

lO 1 

109 0, 




\15’ 

2-OGl 

lOS ' 


0 GOO ' 

213 0 1 


1 

1 


TliC value<i of the constants ni.ij Iw nhtuned hj plotting, 
and the relations become 

For water, it=ieO(r- ; foroil, « = 180e-®*‘“' , for glycerine, 
f^ieoc*"**. 

Tlicse \alueR ahould be vcrifiecL Thus, in the case of 
glycerine, let t = 1 1 4, and proceed to find the v alue of « 

Iog,f = log,.t - Ixt iog.e, or to base 10, 
log„s =log,o ISO -0 14x144x0 4343 
= 2 2.'*53-0 14 X 14 4 xO 1313 

Tli« product can be obwincd cither by a elide rule or 
bganlhms. Tliuii, if x denote the product, 

}og;c-logO 14 + log 14 4 + logO 4343 = 1-9423 ; 
x^OBTWl, 

. . log * = 2 2.'>5.3 - 0 PT.’-jG = I 3797 

In a similar manner the renuiining two values may be 

teriCed. 




gpaphs. 


The cone passing through the plotted points may be obtained ai 
a Fig 3(1 

To find the slope at ;e=4i we must find ^ (p. 303). 

’VVlienya,4s**8in(?jr + c), 

^ s; >4 / e** Bin (fix + c) + .4 fce** cos (6x + e) 
dr 

=,2 5 X 0 3e>' sm 70* + 2 5 X ~ e'* cos 70* 

=2 8333 

Fx. 9 OhUin the graphs of the following : 

(i)y,=25sin(^H|) (i 

(.1) y=2 5<-«<^-siii^^ + Q 

(i) This graph may be obtained, as m preceding cases, by cal 
caiatiofl; but, more easily, h) graphical constnictioa, as follows 


no. 5«,-Cr»rljot jra! 

iHw a circle 2 5' radius and dinde it* circumference into 12 
i^cU jnrr,, Xow draw a Straight line (Fig 36) to denote the 
pnodie tiq,e, or time taken by the point to move once round 
t-*«irtle. Piride the line into the same number of parts as the 
it, iato 12 equal parts, snei at each point set up ordinate*. 
«i poinu b the curve may be obtained by projection. In this 
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We may denote the three fi»en valae* of e by r,, r** and r,} 
and the «jrre»ponding ealue^ of T by Tj, TV ainl TV mnectfrejy. 
Aa Eij. (f) is not ajtaptcd to logarithms, >t m.ay U written 
r-asir. 

Writing T*, for T, and rj for r, and take logarithms of both 
•ides, 

log(7’i-o) = 1og6 + nlogr, (>i) 

Similarly log(r,-a)=l(>gfr + n)ogry (ui) 

Suiitracting (ui) from (ii), 

log( 7”, - a) - log( 7', - o) = n (log r, - log r,) (ir) 

In a similar rnanner ne obtain 

log( r, - a) - log( Tj - a) c n{log - log r,). fa) 

Hividing (ir) by (t|, 

ing i E| - a) - loj( 7*, - a) log r, -> log r , ^ , j. 

- n) ~ log! - o)'* log rj - log r," 

Thus, we obuin an ei^uitiun invulwng Only the constant a, which 
has to Ixn determinetl 
Kj (^i) may be written 

Tlie solution required being that for which /(a) =0 

Sulistitntlng >«nous values fur a in (en), the value of a, which 
makes the expression aero, and therefore satisfies the gieen equation, 
caa be obtained. Thus, let a^.tSi 

. ... log{4S-£)7 -•-’OJ-logitM') -20) Iog3-|og4 

“ ■^''’’'^log(4s-07-2'h'I5gT5l l4-l>i)'log3-rog6 
log 2'^ ■f>7_~ log2 1 to leg 3-lo g4 
'^lcigti>’U7 ~ log 14 74 log 3 - [Vg C 

ijr,:x) - 1 -iTii 0 4771 - oiv>-M 
“ 1-41L*I> - l-ib-o ■ 1) 4771 - 0'77’<2 

01 W 0 12.V). 

“Oi'iCv'iiaufl * 

/(a)*=0 4124 -0 41K2efK>2T3 

Substitute \aluea 10, and 30, for a. then corrrspondi.ig valors 
•f/(oj may be obtainrsl anti faljulatetl as follows 


Cl ID 

J 

/(a) i o-aifo [ o-ors | 

1 -o<lLV^o j 
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0 Tlif following rsIaM of p*n<! w, tfie prwore of rjiocffic toinme 
of otram, are tal^en frort) taMra, 


p I: 13 

20 

30 



a 

SO 

100 

« f a'i-s; ! 

|1072 

; 13 

lovoj 

S31 j 

0 52 

5 37 

j 4-3C 


Fimf wfi^thiran Cfjuition of tbe form ;>if*»eon*L rtprrarnfa tlie 
ItM ronnocttng p and u; ant] if an, floi} tho limt average raiae cf (lie 
index n for (he range of valuta gi\en. 


7. Values of p anc! u are p»en In tlie fidloning taUe. Find the 
l<e*t aterage valnev of n anil r in the rijuitirin for the range 

<if \B)ur« guen 


/' 

l(*i lU 3 J «1 5 jTMVnJ CS 71 j 

07 Kl ) C3 .31 

.wioj 

« 

3i) ^32 34 i .1-0 j .38 j 

JO 1 4V 

40 { 

Also find the laluc of p arhen net 4, 



8 A arnV* of ralnri of x and y are gieen In the follow Ing tahJe ; 
a««uniing that the relation Iietween x anil y can !« expriweil hy 
y-(i ■» hr’. Find the numerical values of the contlnnta a and K 

r \ 0 

j 1 ' 2 : 1 4 fl 1 

c = -n 

8 

y '• .IV'. 

1 3 n } 3-03 flit fi -V. 8 23 * 

10 J3 120 

ICO 

P A aeries of valuivi of II and V "fe given ii 
Trj' if tlio relation lirtweeri II nml V ran l>e c 
t,*-se//«. If an. ohtain the l>e«l averai.”e valui 

the follow IOC lalile 
»pre**ed In the form 
“S of the conftanta c 


// 1 1-0 15 211 

: 2 .3 ; 



Q ' etJ 7 3 14 0 

2CO i 



10 TJie folloiritic laMe gi>e« the orilmatei of a curve at 
tariotia tjittancra (») rtieamreiJ fnmi one end of the a*»’ Find the 
Itiean ordinate and arra of the cune 


j Of\linviet I M I :r. M OJ 123 iwhst lt« 76 *’> 

I rinrhev ,0 0 | 22 <1 C2 ' TS , t'? lit ISS Mlj 
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17. The following saluea of x oml y aro connecleil by a 
relation of the form y = ar* + f<. PinJ the numerical \ aloes of 
the constants <s ancl /> and the *re?i of the curve from x=0 to 
x = 8. 

X ii 0 1 , 1 2 

3 

4 1 r. 1 a 1 7 

8 


r.-2 

73 1 10 [ 13 3 1 17-2 

21-7 

18 Tlie followin; values of x 

and y are connect dl Ly a relation 

of tho form y = Ae^, t'lml the numerical saluea of the constants 

J and r> 




c ! 0 1 1 03 j 03 , 

„i. 

3 j Ofi 1 07 j 0-8 1 0-9 

to 

/ jj 0 IMS j 0 lCr/3 j 0 3701 ^ 0 

317 0 303 J 'o-OTlljotlVt jo 55l«j 0-3031 

01839 


19. Work the follonin^ three eiercifci kt if in e.ich cajm* one 
«cr« »lone piven, tAhing m euch e»»e the (implest kuitposition 
which jonr informitjon peniiiU : 

(a} The total jearfy eifietiM la keepiop a •rhool o/ 100 hot« 
IS £2100, Hhkt IS the et|>riuc when the numWr of bo}« 

(t) The cipense U £2100 for lOO Ipoys, £30.V> for 200 l>ojk; 
what IS It for IT.’V boys* 

(r) llie expenses for tliree cases are known as follows 
£>100 for 100 Ivvs, 

£2tV>0 for IM loji, 
imOTiO for 2<X) Loi a 

What it the pruhahle expense for 17 j Ixiyit 

If sou use a squxreii paper methotf, show all three sofolions 
t<Vether 

rO A stmm eleetne penerstor is fottnH tn nse the following 
amounts of steam per hour for the follnwltig ainounts of power 


of steam per hour 

4{i2ft 

nf3»i 

iC**^ 

Imlicrtted horse power 

21(1 

4‘>fJ 

7l»0 

Kllowstla proiocdl i 

114 

290 i 

435 


rin»l the tnJieste-l I>«r*e power ami the wricht of stesr* nsetl 
per hoar when KV) kllonatts are protlnenL 
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11. The following values of x and y arc supposed to he related by 
an equation of the lorni Plot on squared paper, and find 

numerical values of a and 5. 



0 

1 

2 

8 

4 

5 

6 

n 

8 

V 

2 

2*05 

2-2 

[ 

2'46 

2‘8 

3'25 

3*8 1 

4'46 



12, I'wo variables x and y are connected by the relation 
y:=:a'hhx^cx^; the following simulianeons values of x and y arc 
given. Find the numerical values of a, b and c. 



0 

II 

2 

3 

4 

6 

6 

B 

8 

V 

2 

1-85 

1-8 

L86 

2’0 

j 2 ’25 

2G 

3-04 

3 '6 


13. Two variable quantities x and y are found to be related to 
one another for certain values of x as shown in the following table : 


X 

2 

3 

4 

* 

6 

y 

6 '9 

11*2 

15-7 

20-7 

25-8 


Try if the quantities are connected by a law of the form y^ax^; 
and if bo, find approximately the values of n and a. 

lA The following quantities arc thought to follow a law like 
constant. Try if they do so; find the most probable value of ?i. 


P 

1 

2 

3 

4 


V 

205 

lU ■ j 

80 

03 

1 


15. Taking x=0, 1, ... 5, find values of y if 

_ 2 * 50 !; 

^“3 + 0-5a;’ 

and draw the curve. 

16. Plot the following observed values of A and B on squared 
paper, and determine the most probable law connecting A and 
B. Then assume this law to bo correct and find the percentage 
error in the observed value of B when A is 160. 



0 

50 

100 

150 

200 

250 

300 

350 

400 

li 

C’2 

7-4 ’ 

8-3 i 

1 

9-5 ! 

( 

10-3 

n-6’ 

j 12 ’4 

I i 

13’6 1 

1 

14-5 
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17. The following value* of ar and 
relation of tbe form y=njr* + 6. Find 
the con*tanU a and h and the area of 
jr = R 

y aro connccletl by a 

the nomerkal salnea of 

the enrve from x*0 to 

r ij 0 

1 




“T 

3 

7 

8 

y 2 5 


3-7 

5-2 

73 1 

0 1 13 3 1 

17-2 

21 7 

18. The following values of r and y are connccteil by a relation 
of the form yss.de**. Find the numerical salues of the conitant* 
.1 and /> 


0 . 1 

as 1 

‘IH- 

or 

os 

j C-9 

to 



^2 ' 0 3 

nij'o-CTU 

OglU 

orriB 

|o-I«3 

oi&ia 


10 Work the follo^>tnK thrrc Mcrciica *i if in each ca*« one 
»cre piicn, uLinf; in e.icli ci»e the sitoplnt luppotition 

which jour infonnation permit* 

(a) The total jrarly eipen»e In keeping a ■diool of 100 Uij* 
IS £'2100, i«hat IS the cx|teiiM! when the number of bojs 
is 175 » 

(t) The etpense fs £2100 b.r lOO liny*, £3050 for 200 l^j*; 
\«hat I* It for 175 bo)** 

(f) Hie c»|ieni<ea for three case* are known a* follows 
£2100 for iOO loji, 
r-hVfo for i:.o i»oji, 

£3rt.Vl for t’tW Uj*. 

What U the proliable esperwe for 175 l»oj*? 

If joii u«e a *<]uare<l pajier me i hod, show all three solatinna 
topf ther 

JO. A steam electric penerator i* found to n»e the following 
amounts of ilcAm per hour for the following simunts of power 


Llrt of steam per hour 

4020 

ce 5 o 

IC'rtO 

lndifwte<l borne power 

‘ 210 

4 <;o 

7 l<C 

Ktlowatta produce*! 

1 114 

220 

f 435 


riixl the indicated borae-power and the weicht of steam used 
per hoar when S30 kilowatts are being producriL 
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11, The following values of x and 1 / are supposed to be related by 
an equation of tlie form Plot on squared paper, and find 

numerical values of a and h. 


X 

0 

1 

2 

3 

4 

5 

6 

B 

8 

y 

2 

i 

205 

2-2 

1 i 

2-45 

2‘8 ! 

3-25 

38 

4-45 

5*2 


12. Two variables x and y are connected by the relation 
the following simultaneous values of x and y are 
given. Find the numerical values of a, h and c. 


X 


B 

2 

3 

BB 

G 

7. 


y 

m 

1-85 

1*8 

1*85 






13. Two variable quantities x and y are found to be related to 
one another for certain values of a; as shown in the following table : 


a; f 2 

3 

4 

0 

6 

^ 1 

6*9 

11*2 

15-7 

20*7 

25*8 


Try if the quantities are connected by a law of the form y=ax^; 
and if so, find approximately the values of n and a. 

14. The follo^vi^g quantities are thought to follow a law like 
2 ?r”=constaut. Try if they do so ; find the most probable value of n. 


B 

m 

■B 

0 

4 

5 

B 

Bl 



63 

52 


15. Taking 1, ... 5, find values of y if 

_ 2'5a: 

O’oa:* 

and draw the curve. 

16. Plot the following observ^ed values of A and B on squared 
paper, and determine the most probable law connecting A and 
B, Then assume this law to be correct and find the percentasre 
error in tlie *ibs^rved value of B when A is 150. 


gg 

50 

100 

150 ! 

i 200 1 

1 

250 1 

300 

350 

400 

B i C-2 1 

> 1! ! 

7*4 

8*3 

9*5 

10*3 

11*6’ j 

12*4 

13*6 

14*5 














































17. Tt>^ follonitig rtilurt of T &|><I y aro oonoocKtl by * 
rrUtion of the form y=rtJr’ + ^ Fin<l the ntimertra.1 ^atQe■ of 
the ronttanLi a and b and the area of the curve from x=0 to 


X '1 0 I I I 2 I 3 4 I 6 j C I : I 8 

y " ‘.‘3 I 2S 37 [ 3-2 73 j 10 1 133 [ 17--’ | 217 


18 The following ralnev of x and y are connectel by a relation 
of the form y = d«‘‘. Find the nunirrieil value* of the conitaala 
and h 

T1 0 1 I 02 I 0-3 , o< I 05 j oe I or | o-a | on j to 
/ i! 0 4.21 j 0 4</13 I 0 r C4 I e ~12J OJttk OTTH |o2tM |o 2245|&2C21 joitw 


19 Work the follow in;; three eierei'ea «• if in each caee on® 
were alone ^ivcn, takin;; in each cue the oimpleit aopjioeitinn 
which your information permit* , 

(o) The total jearly expenio in keepin;; a aehool of 100 Ijoj* 
(i £2100, what it the ci]>eii*c when the nunilier of boy* 
i* 173’ 


(fc) The expense is £2100 for jno le>y*, £30V> for 2rO lioj*; 
wb*t is it for 17' Ixrjs* 

(e) The exiien*e* for three cases are known as follows 

£’100 for ion Uys, 

£2f..*4) for IM U. 3 S. 

£3/VVl for 200 Uja 

\\*hst is the probnhla cxpe^ise for 175 boys? 

If you nse a sqaare^l paper method, show all three solations 
together 


JO A slenni electric penerator i< foond to o«e the fotlowjrip 
amounts of steam per hour for the following stoounfi of power 

blis of itevni per 1 our 4nj«i Cfin IC*^ 

Indiented horse j«*er ' 2I<* 7('C 

j Kilowatts prulucnl ! lit 290 <35 


rirwl the inilicate^I Irfirse-power aoi! the weight of stean cseil 
per hour when 33n kilowatts are ts-ing prulnml 
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21. (i) Given Tj=2S-GS9, !r..=28-249, Ts=27-5-iG, Vi=2150, 
i;.,= 1900, i>3=1600. The relation between T and v may be 
expressed by 'i’=a + 5B'‘. Calculate the numerical values of o, b 
and 71. 

(ii) If the relation is T=a4-by’i, find the values of a and b 
which will make die formula best represent the observations. 

22. Experiments on the loss of head in a lead pipe of 0*4 
inches diameter give, for a length of 3^ feet, the following 
results ; 


I 


Velocity of flow in feet 
per second = v 

8*04 

11-67 

14*43 

17*41 

19-9 

Observed difference of head 
in feet of water =^ 

1 

3*03 

! 

6*11 

9*07 

1 

12*21 

j 15*62 


Test whether the results can be expressed by a formula of the 
type ho: ; and if so, obtain tlie value of 7i. If we assume that 

in which the length I and diameter d of tlie pipe are in feet, 
what is the best value of the coefficient/? Take (7=32*2. 

23. A is the horizontal sectional area of a vessel in square feet 
at the water level, h being tlie vertical draught in feet. 


A 

14850 

14400 

13780 

13150 

k 

23-6 

1 

1 20*35 

17T 

14*6 


Plot; and read off values of A for values of A = 23, 20, 16. 

If the vessel changes in draught from 20*5 to 19*5, what is the 
diminution of its displacement in cubic feet? 

24. A series of values of r and T are given in the following table. 
Assuming the relation between T and v to be gii'en by ^=a4'&r”, 
find the numerical values of the constants a, b and iu 


T 2-867 

2*876 

2*SS4 

2-891 

2*899 

2 *906 

t; 3*0 

3*2 

3*4 

3-6 

3*8 

4*0 


25. Two variables S and v are assumed to be connected by a 
relation of the form iS'=c + ar« Three values of v are 2*8, 3*4 and 
4*0, and the corresponding values of S are 7*S5S, 7*SS and 7*9 
respectively ; find the numerical values of the constants c, a and n. 









KXKP.CISfL'^. 


20 Th« «lii1e vahc of « lionzonUl tl«im>ongino Jurors its 
inollofi from a point /’ in a liiiL whffC 

The liorlzotitAl »li»pl»comr»its of snil Af for sny crsnL posi- 
tion ff nro gitrn by tlie c^uitipits 

r,=2 .Vitni^ + C;*), a-jssS C'sm{^+ 150’) 

'flie rrsultifig iiiotton of the raho btlng ilrfinrsl by tho oqoalion 
3r=a-«ut(<? + o). 

Iiit'l tli« l;a1f travel n* and tho A<lvance a. 


27 A nrrio* of soundinp* ULm irross a ri'rr channel i« gltrn 
bj tho fnllowing tablr, r being tlic ilistanee in feet from one shore 
•ii<l y tlic corresponding depth in fret : 



2S. If r=-a$in/‘t-t-l>cc»p( ahere a, 0 and ;> arc constAnts, 
Show that this is the Mine ns r=^ .1 sinipf + ») if A and t are 
properly etAbiAted. and find the \aluei of A and e. 

29 Tho relation l)ctnren », the spare descriljed by a moving 
Ixvly, and /, tbe time m secoiiiU, is giveri by 



Show that Its s'clocitj at time t is (p 3.77) 



so Cnen y =2 t.V*** catealatc y for each of the following ratoes 
of T. an I plot the curse, 

.1'4 J c 7 s| 

lri_ i ; ' ' ' r ' I 

Find the slojie of the corse at the point x ■<, also the aserage 
saliie of y from x* 0 to t = V 

81 I’l.it the eurre y-3sir»x,»<ro«x and from jour curve tee 
tliAt the Cgtirr nbtaineil is really a line curse with di/Tfrent Con- 
stanta. 

S2, Hot the curve y = 2.V sm (fcx + e), where j, = ^ 
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33. A body ^veigh 3 1610 lbs., the force F in lbs. necessary to 
raise ifc a distance x feet is automatical!}^ recorded, and is as 
follows : 


X 

0 

11 

20 

34 

45 

55 

66 

76 

F 

4010 j 

3915 

1 

3763 1 

3532 

3366 

3*20S 

3100 

3007 


Find the work done on the body when it has risen 70 feet? Wliat 
is then the velocity of the body? 


34, A car weighs 10 tons ; what is its mass in engineers’ units ? 
It is dranm by the pull P lbs., varying in the following n*ay, t 
being seconds from the time of starting: 


F 

1020 

980 

S82 

720 

702 

650 

713 

722 

SOo 

t 

0 

2 

5 

8 

10 

13 

16 

i 

19 

22 


The retarding force of friction is constant and equal to 410 lbs. 
Plot P--410 and the time ^ and find the ihne. artra^^ of this 
excess force. What does this represent when it is multiplied by 
22 seconds? What is the speed of the car at the time 22 seconds 
from rest? 

35. Plot on the same sheet of paper and to tlie same scales, the 

curves = from v-1 to for values of n, O'S, O'Q, 1, 1T3, 

1 *3, 1 *414. Given that p = 100 when v= 1. 

36. Plot the curves = 

o- 0- a- b- 

{i) a = 4, h:=3, (ii) a=:2, 5=2. 

37. On the same axes and to the same scales plot the curves 
.V=sinrr, = Hence, at the points of intersection of the curves 
find the values of ar, between 0 and r, which satisfy the equation 

e^8ina:=l. 


38,^ The coefficient of friction fi, in a certain bearing running at a 
velocity of V feet per minute, was found to be in Beauchamp- 
Towers’ experiments on friction as follows : 


T'" 


167 

209 

262 

314 

366 

419 







0*0033 



If the law connecting p. and F is of the form find the 

values of /; and n. 












CHAPTEU VIII. 
SOLUTIOX or TRIANOLK& 


Solution of triangles — In cicry tnangk- there arc »ii 
almeDto. mz. . the Uuve aaclei «ntl the ttme ildei. To 
foKe a trnnglp, tliroo of tlie»o elements most Ik* known — r^ne 
at Icist of ihejto l>cj/)g a W'ic. The angles are Jenotwl hr 
the letters .{, B, f, (f'lg 37X at each angular point, llie 
angle ACB, for example, m aimpiv rcferrnl to as the angle 
C. 'Hie siile AB opjx>nto the angle C is denote<! hv the 
letter r, and aiuularlj' the other two sides of the trungle hr 
a and i. 


C 



tm j- n. t\ 


When the angle B (Pig 3“^) is a right angle, the iLne 
•ides are cs>niieete«l lir the relation A*-.n* + c* 

It is adrivxhle in the eolution of tningles to liase w>nie 
convenient nietboil of cheeking the results ohtained Tlas 
cheek IS fnmi*hed hr drawing the tnsngle on ♦^x.reo/ 

Using the aides of the »qu.vrM m »uit.shle utnw of length, aral 
aetfmg out ancles hr nienii of (<j) chords of angles (Tahl« 
VIll ), ^f.) a table of tangeiiu (Table VI.), or (c) a protraetor 
« r.v r 2 
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3S. A l)ody Treighs 1610 lbs., the force -F in lbs. necessar 5 ’’ 
raise it a distance x feet is antoniaticall}’ recorded, and is 
follows : 


X 


11 


34 

45 

55 

66 

76 

F 

4010 

3915 i 

1 1 

3763 

3532 

1 I 

3366 i 

S20S 1 

1 3100 

1 

1 300 


Pind the work done on the body when it has risen 70 feet ? Wl 
is tlien the velocit}^ of the body? 


34. A car weighs 10 tons ; what is its mass in engineers’ nnf 
It is dra^m b^’' the pull P lbs., varying in the following W'ay 
being seconds from the time of starting: 


P 

1020 

980 

SS2 

720 



713 

m 

jjj^ 

t 

0 

2 

5 

8 

10 

13 

16 

19 

22 


The retarding force of friction is constant and equal to 410 1 
Plot P-ilO and the time I, and find the finie at^erage of t 
excess force. What does this represent when it is multiplied 
22 seconds? What is the speed of the car at the time 22 secoi 
from rest? 

35. Plot on the same sheet of paper and to the same scales, i 

curves from i’=l to '5=10, for values of n, 0*8, 0*9, 1, 1* 

1*3, 1*414. Given that p — 100 when r=l. 

36. Plot tlic curves + 

a- 6- a- b- 

(i) a=4, h=:S, (ii) a=2, 5=2. 

37. On the same axes and to the same scales plot the cur 

.V=sma', Hence, at the points of intersection of the cur 

find the values of .r, between 0 and r, which satisfy the equation 

e^sina:=: 1. 


38. The coefficient of friction ja, in a certain bearing running a 
velocitj- of V feet per minute, was found to be in Beauohan 
lowers experiments on friction as follows : 


V 

105 

157 

209 

262 

314 

366 

419 


0-0018 , 

0-0021 

1 

0-0025 

0-00*28 i 

1 

1 0*003 i 

i ! 

0-0033 

0*0036 


If the law connecting /x and V is of the form n=}:V\ find 1 
values of K and «. 

























CHAPTER VIIL 

BOI.UTION OV TRIA^JOLIS. 

Solution of triAn^lca — In every triangle there are tlx 
tlraenta, v iz, • the tlir« anglet and the tliree tldei. To 
F<il\e a tningle, tliree of the^o elements must be known — one 
at least of these being a bide. The angles arc denoted by 
the letters .t, /I, C, (Fig 37), at caeh angular point. Tlie 
angle ACIi, for exaniplc, is simjily referred to as tho angle 
C. Tlic hide Ali op[hHitc the angle C is denoted by tho 
letter c, and aiuuUrly the other two tides of the trbingle br 
a and Ik 


C 



Fki. S7 n > 2s. 


When the angle H (Fig SS) is a right angle, the three 
•ides are contiectcti by the relation M = o* + r2. 

It i* adrissble in the eolution of triangles to have some 
wnveiiient methtyl of cheeking the results obtained Tins 
cheek is furnished liy drawing the trunglc on /»r/'er, 

using the aides of the s/^aares as smt.ahle units of length, and 
KUing out angles by means of (<i) chords of angles (Table 
^ III.); (J>) a table of taogenis (Table VI,), or (e) a protractor 
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It may be difficult to measure ^vith sufficient accuracy by 
graphical methods ; hence, the magnitudes of lines, or 
angles, are most conveniently obtained by calculation. 
Various formulae adapted to logarithmic computation, to- 
gether with the tables of ratios of angles (IV., V. and VI.), are 
used for the purpose. 

The remaining elements of a triangle may be obtained 
either by construction or by calculation wffien the data 
include : — 

{a) Two sides and an angle. 

(6) Tlie three sides. 

(c) Two angles and one side. 

The following formulae may be used : 

sin A ^sin (7’ 


or 


a__sinA 
h sinB* 


The sum of the three angles of a triangle is equal to 
180'", so that when A and B are known, 0 is also known. 

(ii) a- = 6“ -f ~ 2hc cos A , 


or, 


cos A = 


b‘-f 

2bc 


The cyclic arrangement of letters on the right-hand side 
of the equation should be carefully noticed ; it wull then be 
an easy matter to write down the corresponding formulae 
for cos 5 and cos (7. Thus, 


cos ^ = 


2ca ^ 


cos (7= 


2ab 


The preceding formulae, except in the case of compara- 
tively simple numbers, involve somewhat tedious and trouble- 
some calculations ; hence, other formulae better adapted for 
the application of logarithms are generally used. 

Sine rule.-; — In a triangle ABCy the sines of the angles are 
proportional to the lengths of the opposite sides. 

, sin A sin B sin G 

* ’ a 


c 



SIKK KULK. 
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Fnnn II, (Fjg. 3'*) dmw n hnc jioriwndicular to and meeting; 
the fulc JC, in />. TliPn 


no III) 


Bin C* c 
Bin A Bin C 



lu a Biiiiilir iinnnt'r, if a line ii drawn from C jierjien* 
dicnlir to A Ilf we cvii proM* 

Bui.l Bin 71 

Bin-1 Bin/l BinC 

llentT, — — I — • 

ft c 

Tlic result bIjow a tliat tlie grentoat aide anlitemla the greatest 
angle, and eoniemh. 



*nic tequila are alv) true when the gnen mangle la ohtuM 
(I'l? <0). 


Tl^u^ 

or Df)' 



AIhs 

- Cj 


HI) -nun (\ 

KUipg 

«»in C-erm A , 




)W A MANIJA/j OK KJ<AO:j7OA0 MA'1'J/KMA7’J08. 


I'hi, I. ill ft triftiif'l't yi/W, 


C 



f/lvMi yi.' iKK, 

(Ki//. 41), /iiid Oi'i mnn'nihifi 
of Ui«) l-i'ki)/'1'!/ 

1 1 mi 

(I \m" 

h n\j) H , 

Ik niii 0 ' 

, r,H\n n 
''' 7ii(iO' 

K'/;0 / hill TA" 
hill 70“" " 

'/■(',<( y.o-'.mn 

O'll'M? ' 


Hfmilftiiy, 


; l)'42l{l l-Y‘il7>l'A^'l'll7!!0 O-'limi t loiz/J'im; 

/. Ir .'A'im, 

r,hU)A ‘AMhUi'M" 

" “(tliiO ' iiiiiW' 


■ - ) -74:). 


I/hu A\, ti. CMvUulu //, (if <ihiVn,ClfMt of an objact 

hi dr/'. At nnothar plaaa 0^ 9J}(i ft, from //, an^l In aafralf/lit 

)lfm vvif/b flia objaal/ Uiam, Urn a.n|/la in 10'\ (/harlla* 

tanr<' froni 0 In fha objaal/. If fJnj fialuaj dbitanaa fiom li in O hs 
lbb'7 fUf /on) Mnt /UJ/<)n /i^i 0 la JO' wliaf la Um jiaraaiitfi/'a 
rlilb'rnnan J/j l/liij a/nnvnr? 



Kin. 


Jn M//. 'lil H(}\\\ 9 S)\) fr., anil ilnj an/jjlaa ni ami ^7 arn ^ 15 '^ rtm/ 
ur r(r,))<«!|/iv<4y, A in t.lio ohj.int,, ami iha iIUiUiiuid AO or h hi Uio 
(•1 'Imii(;1(i a ho U\ 


ftiii) 


A 


I HO" (//i(7) iHii" - nr," -A'Aiy 

ii nil) /i Mill 4rr 

n liiti A hlii'lVl/'' 


j W)()Mi)i4r/' 
Mill /if/' 


■■WAIfU 



filKi: ItULK 


101 


When Ihe angle at C !• 10* ST, the angle at A 

r ( 1 SO - 45* - 1 0* CO’) = 1 2l‘ 4 fjf, 
ami lin 124’ 40's-iinrkV 20' j 


Hence, l>y comjxktnnn of letigtli* 172 0 a 


171 -Oft. 

.1 ITIO 
X in eiceM 


/>, 3, In a trixtiglc A/iC, the lja*e Alt It 1000 feet lw>g. ami 
llic aiiglei at A anil /I are 31* 2f/ ami I2-»' in' rMpectirely; finil 
the length of the perjirmlicnhr let fall from C on A /t |in*lacej, 
ami the ilittance from A to the foot of the perpendicular. 

I^t D fFig. 43) !« the foot of the perpendicular. 



KXEnci*^!:.^ xvr. 

1. Tao iide^ of a triangle are 2 ."> and 3 75 rrapectirely, the 
angle ttihlended h> the longer lide ta So* . find the rernatntng tide 
an.) angle*. 

2 Tlie angle* at the lia»e of a triangle meaaiire 43* and C7* 
reipecttiely ; the l>a»e la 2*'3 long Find the remaining aide* 

S If .4t-5.v. /lefi.’.* and e = 2:0. find n 
4 Giien f.^KW, r=>.V.. .4 *-51’. find /! and C 
ft In a Itiingte.4/;t7, the U»e .t f; >* peO feel long aid tie 
angle* at ,4 and /! are 31* 20’ ami 12." 19 re*pecln*li , hnd the 
length of the perpendieuUr let fall from /t on .4C, and the diatance 
frreti .4 to the foot of the perpendiiular 

6. Two angle* of a triingle l^'ing l.V)’ and 11* 4(i. and ihe 
longest aide l-eing 1(G feet lo*'g , find the length of the pjorteat 
aide 
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L In the triangle ABC, ^=60*^ 15', 5=54° 30' and .45=100 
yards; find AG. 

8. A station B is due north of a station A. Two cyclists 
leave A and B at the same time and ride along straight roads — 
AOy BG^ to a station O, which bears 35° N. of E. from A and 
10° S. of E. from B. Compare their average speeds if they reach 
G at the same time. 

9. If the angles adjacent to the base of a triangle are 22° *5 and 
112° *5, show that the perpendicular altitude will be one-half the 
base. 

10. A passenger on a steamer moving due north along a straight 
reach of a lake, at a uniform speed of 10 miles an hour, observed 
at a certain instant that the bearing of a tower on shore made 
an angle of 28° with the direction of the steamer, and 3 minutes 
later an angle of o4° Find the distance of the tower from the 
track of the steamer. Find, also, the time from the second ob- 
servation before the steamer will be abreast the tower. 

11. In a ti'iangle ABG^ having a right angle at C, GB is 30 
feet long and 5.4(7=20°. GB is produced to a point F sucli that 
FAO=55''. What is the length of P6*? 

12. A bridge has five equal spans, each 100 feet in length. A 
boat is moored in line with one of the two middle piers, and the 
whole length of the bridge subtends a right angle as seen from*the 
boat. Show that the distance of the boat from the bridge is 245 
feet. 


Solution of a Triangle given its three sides.— In any 
triangle ABO to prove that 

ar = b'^+c--2bccos A (i) 


B 



From B (Fig, 44) draw BD perpendicular to the base AC 
and meeting it in B. If the length AD be denoted by 
X, then DC=b~.v (see p. 592). 



SOIX'TIO.V OF TniANOUX 
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I>-t ylil> Tlirn, from tlj*- ri?}it-inglr»l triinple ADD, 
Arr-^Aip-^-Di:*, 

rr r5-j4+v*, (ii) 

Similarly, from tl.'T n;;lit-angli^l tnangle Dl>C, 

- (t - x)> +.v» - - £Ax+i*+/. 

f>a1»*tJluting frrim (il). 

Ali»o, r»*ccf**A AD i-* tlic projf-rtion of AZ? on tl.c 

I*'"*; 

WJirri tlio angle at A an single, tlieOi '•’itli tljt 

»ame notatjun b< It^forr, 

“Jf* + (f' + ■r,’* ••y’ + i* + + j*, 

pQl»Htit«ting tlin ralue, 

ot-/g+r* + £;,r. 

Al«o, x^ccqaDAD. 

Hut cos DA D’* - cm A . 

Sulwtitiiti'ng. nc oliUin a*»f/*4.r*-2'*errw A 

AVIien tlie angle at A m i*}' tlje tnangle i« ng!it-ang!eA 

Hut onVii^O, 

Lenor, rj’ + 

i’ + r* -n* 

JV] (i) marl** vnlten, cr>4 .1 »- - 


In a inintjcr, if [erjirnilj'TjIjr* arr let fall from 

A and C af»>n the op^*xttr aide^ the oirTr«{» ’tilling ei- 
p’’c^«i<jr.a for ciaD anil t mj !>e ol’taine'i Or, thrir 
tallies tni'T l»* wntten down liy noticing the ctcJic amrgr 
r.i-nt of tiie htter*. '^lll^ 


cm D 




ar’l fmr-' 


£-.f. ■ 


rmn th^* thrre formnUe fi.r omH. and r,mC, tl- 

arglra «’f a triangle can 1^ i*h{a(n<>l when the three 
anepiarn Tliew< ctperwiona are chieflT c«efnl for lh<^ ra.N>» 
»Lere the picen niinder* are fjeh that (he ofieratJORf 
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7. In the triangle ABC, A =60^ 15', SO' and A 5= 100 

yards ; find AG. 

8. A station B is due north of a station A. Two cyclists 
leave A and B at the same time and ride along straight roads — 
AG, EG, to a station G, M'^hich bears 35° N. of E, from A and 
10° S. of E. from B» Compare their average speeds if they reach 
G at the same time. 

9. If the angles adjacent to the base of a triangle are 22'^ *5 and 
112°*o, show tLat the perpendicular altitude will be one-half the 
base. 

10. A passenger on a steamer moving due north along a straight 
reach of a lake, at a uniform speed of 10 miles an hour, observed 
at a certain instant that the bearing of a tower on shore made 
an angle of 28° with the direction of the steamer, and 3 minutes 
later an angle of 54°. Find the distance of the tower from tlie 
track of the steamer. Find, also, the time from the second ob- 
servation before the steamer will be abreast the tower. 

11. In a triangle ABC, having a right angle at G, GB is 30 
feet long and 5.4 G— 20°. QB is produced to a point P such that 
PAG =55°. What is the length of PG? 

12. A bridge has five equal spans, each 100 feet in length. A 
boat is moored in line with one of the two middle piers, and the 
whole length of the bridge subtends a right angle as seen from-tlie 
boat. Show that the distance of the boat from the bridge is 245 
feet. 


Solution of a Triangle given its tliree sides.— In any 
triangle ABC to prove that 

^2 — ^ ^2 _ 2bc cos A (i) 


B 



From B (Fig. 44) draw BD perpendicular to the base AG 
and meeting it in J). If the length A2) be denoted bj 
.V, then DG-h-x (see p. 592). 



M'l.rTi'iN or Tr.HSf.i.n*'’. 


IM 

y-/!l> T1.fl, ff*-» tl «• rtrlt ir?Sl Jri»nf!<‘ 

r*-.r*Av*. (ii) 

^ r.iUr1», ri?’ t 

a’- M - 5' r 4 J*4 *». 
h fi' (*i\, 

„i-M4 

f oM .1 ,1 /> i» ill** IT* 1 »rj tlf? 

. rl’..M4r»-2*-*t»i«,t 

Wl^n Jlif »r/1« *t J »« iti tif'i. «»tli thr 

»*•-■* I tilt *1 *• lirf Tf, 

,t*-_»*4 M .r vW f*4 r',r4 X*. 

ANi. f*-4»4i* 
f'wloMt.ttry lhi« 

AU . 7 -f «-«/»</: 

lit 

h *. •f' ( liiifi ,1^ - >’4 f» - A 

t *-n tl.r jfpJf at A t» !••’ t) trji*plr ii rv^t 

r.t o -'»<- n . 

If ^ .1»-M4r* 

IV} (i) r J_v V ni.l- * " 

III a 4 <- iUt \ »•'<?. if f,Ut« Mf Ifi (»U ftr*"* 

.< a* 1 C' t!j» •( t*.*> » !i», tif <• tTT^J* • 'll* ri 

}■**»• •• f r c*"*/,' a'.l riftt' » %r I* fMa'i'*! «>;, tl*if 
'»’ '» » »i 1-* »I.{{«"J<I »n It r tl r rif'ir i^TTt’ s* 

» -'t • f t' f Ji'tfr'fc. Tl M. 



I'ft) tl* !»**• f— '.»* f f . * 1 r,»A a- I r..« t*- 

• ‘.-•*'4 ii a l ' n * r '* r»'T !•» tMa-iil •!..*. t ** ll ♦**■ « ilr < 

fc'T r . Tl ’«-■ »i Jf”** " • a'T <L f'i - •*< .1 t T tl -«• ixm 

tet ..*. •%.. « .. 4 ^. ... . 1 .. . 1 . . 
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indicated can be readily carried out. When the numbers 
indicating the lengths of the sides consist of three or more 
figures, formulae adapted to logarithms should be used. 


Ex» 1. The sides of a 



triangle are 5, 6 and 7 respectively^ 
Find the three angles. 

Using squared paper, set out AB 
as base and equal to 7 units (Fig. 45). 
Then, from A and B as centres, with 
radii 6 and 5 units respectively, de- 
scribe arcs intersecting in C. The 
angles can now be measured. Or, 
using the formula 

. 62 + 72 - 5 " 60 

2x6x7 =84 

=0-7143. 


From Table V„ 


.4=44° 25'. 


2ac 2xox/ 70 35 

.-. .8 = 57° 7'. 

a=78" 28'. 


Ex. 2. Find the cosine of the largest angle of the triangle 
whose sides are 8 feet, 11 feet and 14 feet long respectively, and 
find the angle itself. 

Let the three sides 14, 11 and 8 be denoted by a, h and c 
respectivel 3 \ The largest angle A is opposite the largest side a. 

J21+64-196 

““Te' 


Then cos 4 = ~ 


26c 2x11x8 

From Table V., A =93" 35'. 


0^0625. 


Formulae adapted to logarittoiic computatioii. 
To prove that 


! is-b){s-c) 

6S 


and 




HH.fTlOV or Tr.MVr.M'A 


) x'f 1} o * ir 1 ( f i} «• 

r»ii ,1 — I - 2 ... (j> I*—); 




^1-^ + r-.S(^- /) 

A U‘ 


kin 




ttx - 2 c i 1 ; 

4^ r^i. .1- I ^ J 

>K, 




.<»> - 


I 4>(i-<l 


!•«, 

11 ., 


‘p(i)Vr ((A tirj’’ _ ■ *'" 

s 1 


...(.0 


'ay I ~ i 
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Area of a triangle.— The area of a triangle can be found 
in any case "when the triangle can be solved. 

Let ABG (Pig. 46) be a triangle. The two sides, b and c, 
and angle A being known, the area 
of the triangle is ip x 6, where p is 
the length of the perpendicular JBD. 
Also, p=c sin .4. Hence, 

Area of triangle =^110 sin A, (i) 

or one-half of the product of two sides 
and sine of included angle. 

When the included angle is a right 
angle or 90”, then sin 90” == 1, and 
Eq. (i) reduces to half the product of the sides ^’hich. contain 
the right angle. 

When the three sides of a triangle are given, it is only 
necessary to substitute in (i) the value of sin J (p. 165). 

/. area of triangle = i6cx c) 

= Js {s — a) (5 — b) (s — c). 

It is always advisable to check the results obtained from 
the above formulae by graphical methods. 

When only one angle is required, we may use the formula 

for sin — , or cos — ; but if all the angles are required, the 


B 



most suitable formula is tan ^ * 

2 > s(s~a) 

beciiuse it will only be necessary to look out the logarithms 
for the four terms s, (s-a), {s^h) and (5-c). 

One method which may be used will be seen from the 
following example : 

Ex. 3, The sides a, 6, c are 1‘2, 1*6 and 2 feet respectivelj' 5 find 
the angles of the triangle and its area. 


a=:l*2, 

c=:2*0. 


5 =2*4, 

6 = 0 * 8 , 


; s~'C=0*4. 


*See p. 592. 



Ar.KA or A TRIAKCLE- 


1C7 




. tAD-:i=0 3::3X 


From Tsble VI. , ^ = IS' SG' ; 

A =36* sr 



llwir - I A i".!! ib-a C js LtitMin fro’M t! e rtUtic^. 
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Area of a triangle, — The urea of a triangle can be found 
in any case when the triangle can be solved. 

Let ADC (Fig. 46) be a triangle. The two sides, & and c, 
and angle A being known, the area 
of the triangle is ip x 6, where p is 
the length of the perpendicular BD. 
Also, p=c sin Hence, 

Area of triangle = ibc sin A, (i) 

or one-half of the product of two sides 
and sine of included angle. 

When the included angle is a right 
angle or 90°, then sin 90° = 1, and 
Eq. (i) reduces to half the product of the sides which contain 
the right angle. 

When the three sides of a triangle are given, it is only 
necessary to substitute in (i) the value of sinjd (p. 165). 

area of triangle = He x - a)(s - h) (s - c) 

=\/s{s - a)(s - 6)(s - c). 

It is always advisable to check the results obtained from 
the above formulae by graphical methods. 

Whe^only one angle is required, we may use the formula 

for sin — , or cos — ; but if all the angles are I’cquired, the 


B 



most suitable formula is ta.Ti^ = V^- * 

2 V s(s-a) 

because it will only be necessary to look out the logarithms 
for the four terms 5, (s-a), (s-b) and (s-c). 

One method which may be used will be seen from the 
toilowing example ; 


Ex. 3. The sides a, b, c are 1 -2, 1 -6 and 2 feet 
the angles of the triangle and its area. 


respectively; find 


0 = 1 - 2 , 
J=l-6, 
c=2-0, 


« =2-4, 

«-a=l-2, 
«- 6 = 0 - 8 , 
5-c=0-4. 


*See p. 592. 
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. A /0 8x0‘4 ^/0:W 


From Table VI. , ^ = 1 8* 26' ; 

52*. 


/? 


^=26* 34’; 

• ^= 53 * 8 ' 

Having found A oinl /?, then C is know n from the relation, 


A + D+C=m' , 

r'=180*-(A+^) = 90". 

's(»-a)(s- 6){»-e)=V2 4xl"«x0»x04 
=0‘OG aquarc feet 


t-x. 4. The aidea a, b, c o{ a, triangle are 5, 6, and 7 
te#p<'ctn cly. Find the amalleit angle, 

Tlic amallest angle will be the angle opposite the aide « 


».-,(5 + C + 7)=:{l, »-h = 3, #-r=2; 




A *44’ 24'. 


inches 
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JCx. 5. Tho Ihvco sides of a triangle arc 3745 ft., 5702 ft. and 
7693 ft. roapeotively. Find tlic largest angle. 

„1 , (s-fc)(.v-c) 4805x2788. 

2^^ " s(s-a) ~ 8550 x 957 ’ 

A iA=:52“ ne.'irly, 

A =104°. 


EXERCISES. XVII. 

1. Tho three sides a, 5, c of a triangle arc \^G, 2 and n^+ 1 re- 
spectivcly ; Uud tho angles B and 0. 

2. 'J'ho sides of a triangle are 2*12, 1212 ajid 14^0 yards respec- 
tively ; sliow that tho area is G acres. 

3. The sides cr, c of a triangle arc 0*9, 1'2 and 1*5 respec- 
tively ; find the angle B and tlic area of tho triangle. 

4. The sides of a triangle arc us 4 ; 5 ; G ; find tho angle opposite 
to the vsido 5. 

5. The sides of a trianglo arc 35, 40 and 45 feet res 2 >cctiYely*; 
Gnd the largest angle. 

G. The sides a, 5, c of a triangle are 12'5, 12*3 and G ‘2 respec- 
tively ; lind sin Jjfi and also B, 

7. Tho sides of a triangle ai*o I'S, 1*2 and 1 ft, respectively; 
find tho angles. 

8. Tho sides of a triangle being 20 ft., 21 ft. and 20 ft., find the 
angle subtended by tbc side 29; also find the area of the triangle. 
Provo tho formulae yo\i use. 

9. Given 13, 5™ 9, c=12; find the numerical value of tanid, 

ami tlicn the angle A, - 

10. The sides of a triangle are 5*25 feet, G*50 feet and 7*77 feet 
respectively* ; determine the smallest angle. 

11. Find the smallest angle of the triangle tvhosc three sides are 
200, 250, 300 feet respectively. 

12. Find tho smallest angle of the triangle wliose sides are S, 9 
and 13 units respectively. 

IS. In a triangle ABC, a = 17, 5 = 20, 0=27; find tan^-4 ; also 
find -4. 

14, Dot ermine tbc smallest angle in tho triangle whose sides arc 
u\ the ratio of 9 : 10 : II. 



SOLUTION OF TRIANGLES. 
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15 IX-tcrmine tlic tmallcst angle and the area of the tnangle 
whose aides are 72 7 ft , 120 ft. and 113 7 ft Prove any formula 
}ou tn.'iy use in the calcuhtion. 

16 Prove the formula tan ~ =. and use it to find 

the angles of a triangle whose sides are -lOOS, 97C0 and 79-12 ftet 
respectively 

17 In a triangle ABC, o = s/5, 6=2, c=s/3; show that 

8 cos ,1 cost? =3 cos /? 

18 The sides of a triangle are 36, 48 and CO feet respectively; 
find the values of tlie angles opposite to them. 

19 In a Irmiiglo ABC, given o=3, 6=2 75, 0=1-75 ft , find the 
angle B ; also find the length of the aide of u square the area of 
which is equal to the given triangle. 

20 The sides of a triangle are 1 3 ft , 1 4 ft. and 1*5 ft. ; a 
rectangle cnual m area to the given triangle has one side I '4 ft. 
long : tind tne remaining side. 

21 The diagonals of a parallelogram make an angle of 35* vvith 
one unotlier, and arc severally 117 72 and 157 41 feet long IVhat 
is the area of the p,aral)elogram T 

22 (a) Find a formula for tlic area of n rectangle, having given 
a vUagonal and an angle contavncil hy the diagonals ibl If the 
diagonal is C3 SG ft long, and the angle 100’ 9', calculate the area 

23. Find a formula for the area of a parallelogram, having given 
the diagonals and the angle hetween tiiem If (lie diagonals are 
30 ft. and 65*44 feet long, and the angle 146* 54', calculate the area, 

21 If the sides of a triangle be 7 152 inches, 8-263 inches, 

9 373 inches, find its area. 

25. The sides of a triangle are 1 3, 1 4 and 1 5 feet respcctivclvi 
find the angles 

hhow that the area of this triangle is 0 84 square feet What is 
the area of a triangle whose sides arc 13, 14 and 15 feet rcspcctivelyT 
29 The three sides of a triangle are 624, 6GC and 038 feet 
re«i>ecHvely. Determine the three angles 

Solution of a triangle given two sides and the included 
the (Lata include two sides and mchided angle, 
may use the formula 

tajii(B-C)=^-^ cot^. 

' D + C 3 

vtich may Lc obt.-iinod m follows 



no A MANUAL OF PRACTICAL ilATHEMATIGS. 


Prom the sine rule (p. 159) 

sin B _b , 
sin C^c ^ 

si n sin C _ h — c 
sinZ^+sin C b'^^c 

Using the results given (p. 28), we obtain 


^ . B-C B+C 

2 sm -7; cos — r; , 

2 2 b — c 

2 cos —5 — sm — -- 


tan i>{B —G)__ b — c 
tan 1(54* (?)'^6-^c 


. i/n n\ b'~~c ,A /, 54"U A\ 

or tan$(5~ (7)=^*^cot~3 ^since 

This determines (5— C'), and since 54-C'=180-^5 it follows 
that B and 0 can be obtained. 


The remaining parts of a triangle may be obtained more 
easily as follows : 

In Fig, 46 let x* and ^ denote the segments of the base AD 
and DC respectively. 

Then .r==ccos A, y = 6 — :r, p = csin /I, 

tan and a = p sin ( 7 . 


Ex. 1. If the sides c of a triangle ABC (Fig. 46), are 5 35 ft. 
and 4*65 ft,, included angle 51® 20'. Find the remaining parts. 

x=:4'65 cos 51® 20' =2*905 ft. ; 

5*35 -2*905 = 2*445 ft. ; 
p=:4*G5 sin 51® 20' = 3-631 ft. 


tanC = 


3*63 1 . 
2 '445 ' 


.'. 0=56® 3'. 


SztISO" -(61° 20' +56° 3') =72° 37' ; a =3-631 + sin 56° 3' =4-376 ft 
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From ilic Hino rule (p. 100) 

fo’n B h . 
Hill 6'* c ' 

))in / j-Hin O h-c 
Hill /in- HI II 6 ' b-\-G 


Uiiiiig tlio j'OHiiltH given (p, 28), we obtain 


„ . B-(J B-\-(J 

2(1111 • JJ---COH ■---■- 


h-c 


. B-U . BA-(r'()\c' 

2 eoH — Hill 


tan i(/i- 6') 

tan \ {Ji -1- <J) ■' 0 -i- c’ 


or tan *(/i - 0)™^^ ^ ^cot ^-) ... ^Hinee ■ r=00 “ ^ 

'J’iiiii (leterniineB (//- 6'), and ninee //-t-6' ~180-/l, it follows 
tliat B and (J can lie obtained. 


'I'lie reniaining piartH of a triangle may be obtained more 
eatiily as follows : 

In Fig. 4li let x and y denote tbe HCgments of the base AD 
and ])(J respectively. 

'i’heii x-gcohA, y-'h-x, p-cuin A, 

tun C'-~p~-y, and « -pvHinC7, 


Bx. ]. ]f Uie )ti(le!i t, c of a triangle ABC (Fig. '10), are 0 .‘tO ft, 
nnd 'I’OO ft,, irieltifled angle 01“ 20'. Find the remaining jiartfl. 


a; 'l «r.eo:tr,1''20' 2-905 ft. ; 

y -5-95 2-005 2-4-15ft. ; 
;ir..4-05Hin 51" 20' - .'{-091 ft. 


tan 0 


9-091 , 
2 445 ' 


.-. U-'-50"9', 


f) 1 BO" - (51® 20' -I 50" 9') r:72’ 97' j 


« -9-091 -Man 50® 9' -4-370 ft 
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Ex, 4. Two sides of a triangle are 385 feet and 231 feet 
respectively, and tlie included angle is 50'*. 

Find the other two angles and the remaining side. 


tan i ( ^ - C) = ^ tan ^ ( R C?) 


385-231 

3854*231 


tan 65® 


From Table YL, 



2-1445=0*536L 


^(5-(7)=2S'’ 12'. 

Also, ■|(S+a)=65°; 

.3=93° 12', C'=.36’48'. 


Ex, 5. A BO is a triangle in which a and h are together twice c ; 
show that the area equals 3c-tani(7*f 4. 

What is the greatest value of C consistent with the given 
conditions ? 

a4*5=2c; 

1 / 7 > 3c 

5 = g(a4-5 + c) = -g. 


Let A denote the area of the triangle. 
A=\^5ts - a) (5 - h)[s-c) 


=^x|taniC' 

= 3c=tan^(7=4. 

If a + 5=2c, sin A + sin .5=2 sin C; 


2sin- 


A + n A--B , . C 


o =4 sin ^ cos 


But since 


A-f54-C=180, 

. A^B 0 

sin— ^=cosg ; 

. 0 1 ^-5 

8tD 2 — 2 


from (j) 


2 



SOLUTION' OF TniANCLIX 


ObTionilf, Is prwitrst wlitn A^B. 

1 q which <»«« «in^=*t»»In 30 *: 

C=C 0 *. 


EXKncisF^. X\'iir. 


1 Tlic s)> 1 m of a, Iriinple aro Kl' feel ami fwi, amt the 
•iiRle Ixlwtcn them is .11* Sy • find the other angles to the 
netro't minute 

2 In a trnngle ABC. given h = 400 feet, e=il(lf) feet and 
A ^ 01' W . find /; and C. 


3 In a Inanglo ABC, 
tan ! - /t ) 

4. In a tnanglc A=ri0’, 

3 In a tmnglo ABC, 
angles 

6 In a triangle AB(\ 
angles 


gneti as3, h = 5 and f;= 120* j find 

, lisfl, fsiO; find the otlicr anitUs 
^ = 1-1, C“ll, A~CQ‘i find the other 

and .Issfi* 37' i find the other 


7. Two of the rales of a triangle are M and 5 mpectirelj, 
and the includeil angle i» 00* j find the other angles. Also find 
the lingtli nf the otlicr side of the tnvngto, 

3 Two sides <if a triangle arc 1 5 anil 115 reapectiiel^, and 
the included angle is G5* ; find the remaining angles 

9. Two sides nf a triangle arc 4 feel and 0 feel In length re 
•peelively, and the inclnddl angle is 30*; find the area of the 
triancle 

to Two aides of a triangle arc 0 amt 7 feet re*i<cs:tii'(Iy . aii>t 
lie angle between them is Off. find the other angles 

11 Tlie two sides .1/1 snil BC of a (rimgle are 4( 7 ami TO s 
rv»fH>etlvely, the angle ABC is 32*. In) Fin'l tie length ef tie 
jeijiemlicnlar fr«>m A to DC, (t| the area of the triangle ABC, 
<c) the angles A and t' 

12 7' wo sides nf a tn angle arc 720 and 353 feet rt»ptxUrr}y, 
and the incluilnl tmgle is .14' , find the other angles, aji.I the re 
tnatning aule. 

IS Two sides of a triangle are 3747 and 152S feel rrepectIrelT. 
the tnclnile<l angle u 33* , find the other two angles. 

11 Proie that the area of a tnangle A 
^wTS*, CnCO* and 0=2(1 +v^), ahow thit the area Is esjoal to' 
«* 2 a' 3 . 
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6. In a triangle ABC^ given ^(7=166*5 feet, ^(7=162/5 feet, 
the angle A =52^ 19'. Solve either of the triangles to M’hich the 
data belong. 

7. Given A=40% 2/=:170‘6; find B, 

8. In the triangle ABG, A =26° 26', 5 = 127 and a=8^; find B, 

9. Two angles of a triangular field are 22|^° and 45° respectively, 
and the length of the side opposite to the latter is a furlong. 
Show that the field contains exactly two acres and a half. 

10. The lengths of two sides of a triangle are 537 '4 feet and 
158 '7 feet, the angle opposite the shorter side is 15° 11'. ^ Calcu- 
late the other angles of the triangle, or of the triangles, if there 
are two. 

11. Having given A =30°, a=V2, c=2, solve the triangle. 

12. In a given triangle a=145, 5=178, i?=41° 10'; find A. 

13. Given J8=30°, c=150, 5=50'y3; show that of the two tri- 
angles that satisfy the data, one will be isosceles and the other 
right-angled. (i) Find the third side in the greatest of these 
triangles ; (ii) would the solution be ambiguous if the data had 
been Z?=30°, c=150, 5 = 75? 


Measurement of heights and distances. —The angle 
made with the horizontal plane by a straight line joining a 
point of observation to a distant point, when the point is 
above the point of observation, is called the angle of elevation. 



FlO. 48. 


The angle is called the angle 
of depression when the distant 
point is below the horizontal 
line through the point of ob- 
servation. These angles are 
measured by an instrument 
called a Theodolite. 

The angle subtended by 
a line joining two distant 
objects may be measured by 


a Sextant. 


Thus, if A (Fig, 48) denotes the place of observation, 
and 0 a distant point above A, then the angle, between the 
line joining A to C7 and a horizontal line ABy is the angle 
of elevation of 0, 



AXCLKs OF rnriirysio.v. 


If Vli !»•« ilraw'n p'Tfx'odjcular trt .(// aatl nieftin^ <1/7 in 
77 (Kip: 4*’), tljf'rj the hpi;:ht of t)ie objwt c can l»o 
wlicn <177 »nci t{ip injjlc fct <1 ar<‘ psvrn- 

FincC 

/. 7)C-.i;7tati.J (i) 

TIic pJan adopt «J n to unto tlif> f net inn »n tlcvl i!>«* 
nnknown '^juintit^* it tlio nunicralor and tlji* kcovn ntnntite 
rtio donomimtor 

IVljtn It H oitljer inii>o«'n}il«> or inronvrrjJrrjt to oLUin tlio 
ilMlanco >t/7, a dMt.incf and* «■» iKi in tlio Jino llA prolurril 
{Fi;,', 48> innv lio mraiund and tlm anfjK't pf r^titinn J7>r 
and /IJt’ olitaintd. Ociintin" tlie known ]cn;rtL 1>A I'r 7, 
and the distance d77 Ijt j-, then If /, denote the *770, 

liAC 0 ). 

Alio, d « (7+x) Un J!/)r. (ii) 

If we substitute the value of /> from (i) In GO* obtain 
a simple wjuation in x, and finvllv A ma/ !« found froni (i) 
Angles of depreasiOiL — If a horizontal line lie drawn 
fhrou;;li (\ then the an;;Iea at C 8ubtende<I bv two olijecta 
7> and d, are c’ajled angina of depreMion, and tbe eohtimn U 
fIT>-cletl aa in the jimxsling ea-sc. 

Fx J At a Oistance of 0 ^ ft bom the fool of a tower ll * 
•ogalar clevatlou L* (iO* Finif the height of the lotrer. 

If A denote the hnght, then 

A - notinf/r -tn . 

Io8A^IogtI0+ = ; 

• A- 171 i ft 

This re«iU muy l>e vrnfie>l by cot\»t«icti<>ti. a* In Fij: 4^ r>r»*r 
a right-angled (ruimie having ths angle at A - f/1' ni-J <(/?« 

Urn nC^ 111* 

Er 2 Tlie elevation of an object on a bill h rWned, fr^vm * 
«fUm (dace in the hon/ontal plane throngh lU bv*e, to U 15*. 
After walking ICO feet toward* it on level gt>v.nJ the eWalcn 
b found to Iw It’ Fioil the heuht of the o1 ject and ita d*«**n-o 
loim the aeennd plvre of oWf»atioa. 




178 A MAJ^UAL OF PRACTICAL MATHEMATICS. 


Draw a line BAB and from D set ofif BA (Fig. 49) to represent 
120 feet, and make the angles BAG and BBC equal to 18^ and 
15° respectively. From C, the point of intersection, draw BC 
perpendicular to BA and meeting BA produced in B* Then BO 
is the height and BA is the distance required. 


C 



Let BA—x and BC—h. By calculation, two or more methods 
may be used to find x and /t. If necessary, one method may be 
used to check another. 


First method. As the angle BAG^ABC^AOB, the angle 
A(7i)-z3°; 

. AC7_sinl5° 


or 


Again, 




AB&in 15^ 

sin 3° 


BO AG smlS^; 


. ^ _ AD s in 15° sin 18°^ 120 x 0'25S8 x 0‘3090 
sin 3" 0'0523 

= 183'5 ft. 

Also, a:=:Acotl8° 

= lS3'5x 3*0777 ::=o64‘76 ft. 


Second method. Using the same ‘notation, 


tan 18° (i) 

Also, k { 1 20 -F .t) tan 15° (ii) 

Substitute in (ii) the value of h from (i); 


.T tan 18° = 120 tan tan 15°, 

or a;{tan 18° ~ tan 15°) == 120 tan 15° ; 

120 tan 1 5° _ 120x0*2679, 

tanl8°~tanl5°~ 0*057 ' 

/. a?:=:56476 ft. 


ANcJi.ns Of 


i;9 


thii vain' /iT f It> (0, A t* bftainr<l * 

In thf tiffcwJtng exaii>ti1e t)n* anpt« bf flo-ation tia* Iwtm o«c.l 
A »i>iiiUr nirtliixl «b<n Bri;;tr« «if itcjirr»'<inn at«* 

guru 


Ke. Si Frt>m tlic top of a lull, tbr angle* of (Irpri>*ion of t«o 
on a horiionUl plane through the I'oae of a hJJJ arr 
to Ikt |3* anj IS* rr»peciMelj finil the height of the hill, tie 
ilietance lirtwreti the ohject* Ifing ll?l fret. 

I>raw a hnriionU] line ivvming through C (fig 4'>) MaVe the 
angle* of ilrprmion r<jijal to I.V and IS' rr*prctHelj. Oravr n 
hofirontai lltir />,4 eijual to It?} fu i’ro>luee Il.\ to itieet a line 
<'}l (• riK-ndKiiUr to UA lii U Then UC is the height rr*juiteil. 


Aa II >.'<«*! rsrlrl-io in lll.mipulation of ajllniioU it is illtrr- 
<-«ting to »Mi|\e the pn'wilin" ijm-stion, assuming thit th" 
lUta omsist of h tiers inste.id of riurnerieal fimtitities 

fa't the Hngits /Jd(* and IWC I* drnotrsl liy a and fi 
r< '[sstivrlr, th< dist.iniv AD ly /, the rctnainmg qtiintitirs 

as 111 the |irrH.s|jJi|; 


Then 


III sin/).lf’ 
/ sin In -t 


sin(.. /;>’ 


iKf 


-d)' 


H.n/J 

-w 


s.llueH for f, a Sliil (i It Will le* 
with the pn*eisling re»>ilt 


ancl eiili'titnting nuiurrii'al 
♦sen thtt the result agr<<"s 

/-> 4 From a etatlon A feet aletse the ««t'r the angnli- 
•Npri-wion from the bonronlAl of the light of a fsisslng *r»s»laT>-l 
s( il« reflrslion in the water was ohserreil to Is* p, aid lig 
nmintea, prose that the Immontal distaiirr of lie ees«el was 
iVciisrc (/>, + />i>cew />. fsw /» feet. 

It the angle />i and P, are »m»ll. prove lliat the »li*t»nee y 
IraetiealW 


\ \p,*li I 


1 1 tfJi 
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Let P denote the station at a height /eject above the surface o£ 
the water AS (Fig. 50), L the light and J? its reflection, then PS^SL, 
Z.i/PZ/=i)i, and lMPE — D^j where M is vertically over L, 



Lil/=«tani)j and tan ; 

/, LM 4- PM (tan Z)j -f tan Dq) 

Vcosl^i COSPo/ 

' / cosi)^ . cosD^* 

But LM + RM==L'M-¥RL+LM~2LM + 2SL = 2SM = 2'k ; 


or 


5 = - 


2h 

cos . cos 
_ 2/f cos />j cos i >2 
sin (Pj Po) 

=2/^ cos cos i>o cosec *f i> 2 )« 

When Dj and are small angles, cosjDj and cosDn way each 
bo taken to be unity. 


Hence, from (i), . 


2/i 


’'sinfDjt-hDo) 

Also, when an angle is small the sine of an angle is approxi-^ 
inately equal to the radian measure of the angle, substituting 

2^^ r^SS/i .. 1146/i 




180 X 60^^^ A'i- Ad 


ft = 


5(A + A- 


yds. 



ANorj-s or nj:fp.r>Mos'. 


191 


Mliffj in witli »n(l ili«Unrrt 

tli«* ditA includ** tlif joiinti of tl;>» i( U d'^iraM** t« 

droMT R jpiT^fiocliro \ifw ; for c\<*n if nucli a rL<tcti onl/ 
R mi};h ajtjmuiiiution, il trncli to cl»-imr«. 

I'x. S T)i^ of r!fv»tlon of r ilrrpte Rt a f.lxcv t{ar aoqth 
of it 1« 4V, and at anothrr fil»r^ iloe wr*l of thf f-riorr ifjr angle 
il 16’. If tlio lietancii the two I'U<xi f» 100 frtt, find the 

height of the iineplc. 



lift Wf? tFig 61) denote the itorjile, A tlie finfl plane aa<l D 

the lecnixl plue of oheerx atl»n 

/?C=A = r/>«an JC*. or A*^ (C/>j* tanMC* (i) 

AIwi. aJ HAC It 46*, AC ti ef{aal to JL 

rzr^ 100»T A* 

Sulntituting thlt vatne in (I), 

A*-)lt»P» A*) lan» lC*»K»Pun»l(r + A*UnMC*j 
A»(t -un*ic’)-ion»utin(r, 
irif.o-xr:» 

* * ‘ i^^rTTTTnr 

2 lag A n2(l<«K too e logn-x;:) . lo- J -’sCT - logO 7133, 
oeltT;A*l irCOnlogCO^:, 

A»;0<Mfeet 


HJ-ja. 
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EXERCISES. XX. 

1. A pcreon standing on one bank of a river observes the altitude 
of the top of a tower on the edge of the opposite aide to be 55° ; 
after receding 50 feet, he finds it to be 4S°. Ucteriniue the brc.adth 
of the river. 

2. Calculate the l^eight of a tower from the following data; 
angles 20" and 55" ; distance between points of observation 1000 
feet in a direct line from the foot of the tower, 

8. AB is a horizontal line 1300 ft, long, A verticiil lino is 
drawn from B upwards, and in it two points P and Q are taken, 
such that BQ, is three tiiuea BP ; BAP is 10" SO". Calculate BP 
and BAQ, 

4. The summit of a spire is vertically over the middle point 
of a horizontal square enclosure, whose side is ct ft. long; the 
height of the spire is h ft. above the level of the square. If the 
shadow' of the spire just reaches a corner of the square when the 
sun has an altitude Oy show that 

tan 6. 

Cnlculnte 7i, Imving given a ~ 1000 ft., ^ = 27" 29". 

6. AB is a lino 2000 feet long, B is due east of A ; at B a 
distant point P be^irs 46"' wxst of north, at A it bears S" 45' east 
of north ; find tlic distance from A to P. 

6. Tlic angle of elevation of a tow'er at a distmjce of 20 \’ards 
from its foot is three times as great as the angle of elevation 100 
yds. from the same point. Show that the height of the tow'er is 


7. (a) The angular elevation of a tow’er from a certain station is 
A ; at another station, in the same liorizontal plane, and a feet 
nearer the tower, the angular elevation is (90"~A); if // be the 
height of the tower above the horizontal plane, show that 
/i(l ~ tan A. 

{h) Calculate hy when A =30" and a = 100 feet, 

^ ABO is a triangle in a horizontal plane, wdtli a riglit angle 
at C, and P is the middle point of AP; a flagstatY is set up at Gy 
and it is found that its angles of vertical elevation at A, Pand P 
are a, 0; show’ that tam^=2tanatanj3sin2A. 

0. The foot, (7, of a tow’cr and two stations, A and By arc in 
the same horizontal plane. The angular elevation of the tower at 
A IS hO and ^ it is 15", the distance fix)m A to B is 100 feet 
and the angle ACZ> is GO"; show that the height of the tow'cr is 
approximately 115 feet. 



IIXKliCI'JFA 




|0 /* *nrl ^ *r* t»o *t«tioR« IfKV) jir.li *rw\rt on & 

Mtrtch of pcs i)(orr, wliich U»ni 4n(J \\ i-«t At P s rock 

l<*4ni U'«t of Srfiutb, at ^ iC ?«V Kut of fijutb. Miow 

llict tlip i}t«tnflce of tlio rvck from tii« »)i' re ii 

1(0) *In 4S*t!n 5o*— »io "T* yanl*! 

«ni) mIcuUtc tJiU i!t»lance to iho nramt yarJ 

!!• Find the length of an arc on tlir tes which auhtend* an 
ansle t f one mintilc at the centre of the earth, lappo^in^ the earth 
a *t>herc of diainrtrr TIW niilcc (Ji»a the aiiiwcr in milra to 
three |tUrea of dreimaU 

12 A prrwin ataiulin" due aouth of a lij;hlliOuie oiecreea that 
hill (hvinw, rail hj the li;;ht at the top, ii *J( feet h>n:;; r-n 
walkint; ll>) jardi doe rail he finds hia sha<1'iw to t< :v» feet. 
> ll'l^aini; that he n 0 fret lilph, find the hr<j;ht of the Irght 
fnitn the pniuiid 

13 Tlie anple of eleration of a cliff at a certa n plare is I J* 
and at a se<-i*nil plare of oinerralion, dutant 'J~*i > arils from the 
tint and In a direct linn t'laanls the how, the setnnd altitude is 
found to lie CT 311' Find the height of the cli(T 

14 A tower stands at the font of a hill whose {nc}tn.ttion to 
tfin horiron is O', at a fs'int i<>> feet up the hlff the tower stili- 
tends an anj^le of .Vl' ; Unit its height. 

IS. Tlin an^rles of rlmtion of a towrr frnra the two ends of a 
messured line nf Irnplh I in tl e same horirnn'al plane and m th- 
same straiirht line a* the luiw nf il r inwrr are Vi’ and )h'* resjec. 
lively. Find the hri|:ht of the towrr in tcrtiu o( / 

16 Tlie ancle 'd eletalton of a l>alloon from a station due aoutb 
of it is 4T* O*. and from another station due west of the former 
on llie acme hnnrontal plane, and diitanl (TTl 3 fret from it, thiV 
elrcalion is 41’ l.V Find the height of the Imlloon, 

17. Tlie angular elevation of a steeple at a place due south of 
it is tv, and at another pUre due weet of the former station and 
ir*> Jardi from it the r!e«atir>i> u I.’ Find the btight of the 
steeple 

H From the top <f a tower, whnee height Is JfO feet, the 
ancles <.f drprf»»ton cf two small ohjecta tn tie pis in helow, 
winch are In lie acme vertical plane with the tower, are oWrsed, 
and loin I to l<e 4V and 5»*, t.nd to one ilrcimal place tl c datanoe 
let ween ihefn. 

13 A |<erw'n oWrers that two oh'ects ,f ami /I l<ar due 
N. an! Si* 'V of S, rcsjirctiTelv <>•> walking a n.ile In tie 
ilirretloic X 'V , le f.nils that the ieamgs of A and // are X K. 
at.d doe Ik rrsjwcticriy . Cad the dirtance let* era A and Ii. 
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20. The altitude of a certain rock is ok-served to be 47°, and 
after walking 1000 feet towards the rock, up a slope inclined at 
an angle of 32’ to the horizon, the observer dnds that the alti- 
tude i.s 77°. Find the vertical height of the rock above the first 
point of observation. 

21. From two stations A and B on shore, 3742 yards apai't, a 
ship C is observed at sea. The angles BAG^ ABC are simul- 
taneously observed to be 73^ and 82’, respectively. Find the 
distance from A to the ship. 

22. A tower, whose height is known to he 100 feet, stands on a 
vertical cliff; the angle subtended by the tower at the eye of an 
observer in a boat at sea level is found to be 28% and at the 
same station the cliflf subtends an angle of 31’. Find the height 
of the cliff above sea level and the distance of the boat from the 
foot of the cliff. 

23. ABC is a triangle in a horizontal plane, and Z> is a point 

vertically above C\ if feet, AGB^UT 10', CA D 2S\ 

and CBD^IZ^ 32', show that 

tan J {BAG-- ABC)'=^9>\^ 14’ oG' tan 31° 22' -r sin 42% 
and calculate the length of CD, 

24. A man standing due south of a spire finds the angular 
elevation of its summit to be a. He tljcn walks to a point a 
yards due west of his former position and finds the elevation to 
be p. Show that the height of the spire in yards is 

t^sin a sin P 
N^in (a “ P) sin (aT^j 

25. A flagstaff is fixed on the top of a tower standing on a 
horizontal plane. An observer finds that the angles subtended at 
a point in the horizontal plane by the tower and the fiagstaff arc 
respectively a and p, lie then walks a distance c directly to- 
%vards the tower, anfl finds that the flagstaff subtends the same 
angle p as before. 3^ rove that the heights of the tower and the 
flagstaff are respectively 

r siiia coH(a-f/3) c sin p 

COH { 2a -f- p) cos (2a -f /?)* 

26. A flagstaff a feet high is on a tower 3a feet high ; prove 
that, if the observer’s eye is on a level with the top of the staff 
and the staff and tower subtend equal angles, the observer is at 
a distance aV2 from the top of the staff. 

27. The plane of a rectangular target is vertical and lies east 
and west; compare the area of the shadow on the ground with 
the area of the target when the sun ia 10° from the south at an 
altitude of C4 . 





CHAPTER IX. 

r Lk* tit irtu xsi 
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20, 'J'lid (iltiLiido of ft oortftiii rock ic oljiicrvcd to Iw 47 , ftiid 
lifter wftlldiiK JOOO feet Uiwiirdit tlic rode, tip ti itlopo iddineil lit 
lilt luii'lo of :i2" to the liorir-oii, tlio olwcrvcr fitidii Unit tlio iilti' 
tinlo iti 77". Idiirl Uic vertical lidglit of the rock iihovo tlie firiit 
puint of (AmfiVviilUni, 

9A. K/'oin two fiUiUom A aiirl Ji on Jjhorc, 1^742 yiwAa apart, a 
rjhip (J )n ohv.orviA iii nm. Tim (Uigkii JIAO, A hO aro mmnh 
taiKiOuuIy obfujrvcd to bo aiul 82', roopcctivcly. tho 

(jjifiiuico fro»i A to tho iihip, 

22. A lower, wJioee In luanvn to bo I (JO foot, otniulH on u 

vortical cliff ; tlio angle Mubtondofl by the tower at tlio oyo of an 
obrorvor in a boat at aoa lovol jm found to bo 2H\ o-nd at tho 
i'anio ntation Uio oil IT aubtondu un angle of *AY\ b^ind tho height 
of tlio oliff above Moa lovol and tlie dintanco of tlio boat from tbo 
foot of tlio clilT. 


23, AIi(^ ill a tnanglo in a JionV.ontal ]dano, and J) ia a point 
vortioally almvo fJ; if /I //t-^iOO foot, AO/h^AlT iff, (JAJJ-^ 2 H^ 2 H\ 
and (JHJ) -\?Y 32', obow that 

tan I {nA(J-Alia)r.n\n jr tan3r 22^;-mn42'', 
and oaloiilato tho length of 0 /X 


2 i, A man standing duo eoutb of a epin; findn the angular 
olovatlon of iln eumrnit to bo a. Jl<5 tlam wallui to a ])oint cc 
yardn duo wijot of hin former poeition and findii tho elevation to 
bo /t Show Uiat tiie heigjit of the iipiro in yardn ie 

n oil) ttidn /i 
\/»in(tt-/i)oin (tt'i fi) 


25. A llagoilafr in fixed on the top of a tower fitanding on a 
horizontal jihino. An ohjwjrvor findn that tho anglen imbtended at 
a point in the hoi'izonla! jdauo by the Unver and tho flagalaff ai'o 
Teapeetivfdy u and [i. IIo then walica a diHtanee c dina;tly to- 
wards 1/he tower, aofl fmdfi that the flngntafl aiditenda tho aaine 
an/clo ff m beb/re. )*rov(j that the lujiglita of tho tower and tho 
flaghtan' are reapeetively 


rtnuanmia j fi) r mu fi 

eoM(*^« { ji) COM ( 2 a -I fi)' 

80. A Ikp'iil.iiir n. fiiot, i„ on ii (.oiver 'Aa feef. liigli ; prove 
tlmt, If oliifcrver’ii eye ie on ii level with tlio top of (he Hliill 
lUKl^ the lit III! and (/over auhtend eijual an^lcii, tho ohnerver iit iit 
IV dhitiiiieo (tv/8 from the top of the iitiiir. 


27. Jhfi plane of a rectaiK'idar target in vertical and lien eiuit 
ami weal ; eonifiare the area of the diadow on the groimd with 
(he area of (lie tar(;el when tho mm in JO" from tho liouth iii tui 



CHAin'KR IX. 

AKr„\. 


Atcx — ^T lif rcvlcr xlrr.idv stuJir^! the area* and 

roluiiie^ of «u]i|iIo noliJs tn an elementary’ couree, and it i« 
thrTt'fnrt* only Beccsaorjr here to collect the rr«olu for 
reference 

Parallel O^nm. — The area of a paralleloj^m is the product 
of the niimlier of units of length in the Kve AU (Fig. 52) 
and in the width tiC 



If rt denotes the length of the l«a*e .If? and h the width 
or height of /?f'. then 

A-acB, 

where .1 denotes the arec id the panlh logram. 

Tl e reetascle. a« shown hr the dottol lines (Fig 52X 
a ivrrtimUr ease of the {mnlleli'grsrti in which all the angles 
are ncht an git's. When, in ndditum, the fo’ir sules of a 
ro'tangle are e«ju\l . the fourni.ileii Cgure ts calleil a sqaare, 
and .!-«* The aisa tf a iwmilelogtirn i« al*s enehatf the 
prisljit of tie two diagonaU and the sine of lie angle of 
Inch cat ion 





AI’.KA OF A nFOCWf; I'OLYOO.V. 

Blsbt angled triangle —Wlitrj the iruladf^l angle i 
nV't nn^'K /i’«IO’ and mn f^*!*** j • 

Lr. U. The n’drji of • nght »ngkil triAiigle are 4 .1 IncI.ei 
51 l-jtid the ieiigtli tif the jirrjirtiijicnUr from the t 

angle on the hjpotenose. 

Area* J * ■I'a x •■) - 1 5 j ; 


Utioilatcral triangle— In an equilatentl tmngle (i«f 
and tJch angle la OJ* 

An‘-i« iaeain /J« la**in CO’ « 

A-r. 3. Fttid the area of an e<]uiUtrrat triangle each tith 
which i« 10 ft. long. 


ft. 

Area of a regnlor polygon - If MI 'Fig sn. one i 
of a rrguUr pdvgtm of n ^ 

»ide<, the cirelc |in«.^ung * 

through the angular j 

|»unta 11 railr*! the dr- ' \ 

cnmarrlbea drete llie / ; '• 

circle touching all th" i ' I ' ^ j 

aidenof thefigumaralliil 'V. / 

the inacrlbe^ ditle P _ - " 

•n,..nsl..K« 
and if a jerpendinilar Ol> 

l-e dravn to aKle .1/;. then angle .to/> I»cn<<tmg 

length of the i.de .1/1 hr u, " 

area of triangle 


(I) 
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If r denote the I'adius of the inscribed circle, 
area of triangle AOB—^r. 

As r=“Cot ; (n) 

ii n 

area of triangle AOB—%- 

4: n 

1 r T JSO'’ X 

and area of polygon cot (iv) 

From (iv), the area of a polygon can be obtained when the 
length of one side is given. 

To obtain the area when the radius r is given, we may 
eliminate a from (iv) by means of (ii). 

180° 

Area of polygon =72r^tan 

To obtain the area of the polygon in terms of /?, the radius 
of the circumscribed circle, we have from Fig. 53, 

nn p ^80° a „ . 180° 

Oi)=iicos- — . Also, x = /Jsin ; 

n ’2 n 

c X /o . 180° 180° 

area of polygon ~ nk^ sin cos 

^ n n 

nB? . 3G0° , 

"“2 

Perimeter of polygon = M = 2nrtan — =272i?sin— . 

n n 

E«. 4. In a hexagon R is equal to the length of the side a ; 

Ex. 5. Find the area of a regular pentagon in a circle of 
4 inehes radius. 

Here = 5 , ^ = 4 ; 

5 X 16 . ^ « 

/. area = --~sin72°=:40sin72° 

=40 X 0'9511 =38‘044 s(][. in. 

oflhe Watglf.'" ’■=!> ^ tbe area 


EXERCISKS. 


Trapezium. — A four-sided 6gure such as A BCD (Fig. M), 
in winch two sides AD and BC are parallel, is called a 
trapezlnin. 



If a and b denote the lengths of AD and BC^ and h the 
peqwndicnlar distance AE between them, then, joining the 
points .1 and C by the line .IC', the figure is divided into 
the two triangles ABC and ACD 

Area of tnangle ACD=\ith, 

,. „ „ ABC=\jbli ; 

area of ABCD=\{a + l)hj or in words, 

area of a trapezlmn Is one-half the sum of two parallel sides 
multiplied by the perpendicular distance between them, 

F.XERaSES XXI. 

1 The area of a rectangular field is 4G'2 square yards, its length 
is 23 yards 2 feet ; find its w idth. 

2. Find the cost of enclosing « square field, area two acres, 
with a fence costing 3i C»1 per yard. 

3. A public garden occnpies two acres, and is in the form of 
a square. If a pathway gcies completely round its inner edge, 
and occupies one-eighth of an acre, what is its width* [Acre= 
4S10 square yards.] 

<. The area of a rect.mguUr field is y of an acre, and Its 
length is double its bre.adth ; determine tlie length of its sides. 

5. In a qusdriUteral the disgonal is M feet, and the two per- 
pendicuKrs on it from the other two angles are 16 feet ana 18 
feet respectively; find the area. 

K-PJi. o 2 
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It r denote the radius of the inscribed circle, 
area of triangle AOB—^r* 

a .380\ 

As r=^cot ; W 

2 n 

/, area of triangle A0J5=“CO.t^^^, Ob) 

^ 4 n 

and area of polygon — cot 0^') 

4 U 

From (iv), the area of a polygon can be obtained when the 
IcTigtli of one side is given. 

To obtain the area when the radius r is given, we may 
eliminate a from (iv) by means of (ii). 

Area of po]ygon — nr-tan^-^^~- 

To obtain the area of the polygon in terms of ft, the radius 
of tlic circurnHcribed circle, we have from Fig. 53, 

OD R cos Also, - = sin ; 

n 2 n 

. , . 180’ 180’ 

A area of polygon ^ 7i R" stn cos 

nR^ . 3G0’ , 

= 2 "IT 

180’ 180’ 

Perimeter of polygon = na ~ 2nr tau ~ — ~2nR sin — — 

71 n 

Ex. 4. In a hexagon R is e^jUal to the length of the side 

5a- . 

arca=: — 

" z 

Lx. 5. find the area of a rcguhir pentagon in a circle of 
4 inelies radius. 

Jfere?i=t5, A-4 ; 

are^ = ’-i~f;in72’=40Hin7•^ 

= 40 X 0*9511 =38*044 sq. in. 

of‘thc triail!" ’■=7' ^ 
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Trapezium- — A fotir-^tdcd figure such as AUCli (Fig. 54), 
in wliieh two siclea A/} and /?6’ are parallel, is called a 
trapeitua. 



If a and b denote tbe lengtlis of AD niid UC, and A the 
pcqwndicular distance AK between them, tben, joining the 
{mints -1 and C by the line -If, the figure is divideil into 
the two triangles AliC and A CD 

Area of tiiangle ACD^^fh, 

area of <l/JC'/) = 5(a + A)A, or in words, 

area of a trapedum Is one-hail Uie torn of two parallel ddes 
mnlUpUed toy tlie perpeadlcular dUtaaeo between tliem. 

iLXF.ncisKs xxr 

1 The area of a rrctangulir field is -102 s^fasre yards, its length 
b 23 yanU 2 feet; find its width 

3 Find the cost of enclosing a square field, area two acres, 
with a fence costing 3i Cd per yartL 

S A pnbhe ganlen occupies two acres, and is in ihe form of 
a •quare. If a pathway goes completely ronnJ its inner edge, 
and occupies one eiglilh of an acre, what is its width? (Acr« = 
4S10 square yards ] 

4 The area of a rectangular field is f «f «o ‘w, and its 
length IS doiilde its hreailth , delemiine the length of its tides. 

# In a qnsdnUteral the disgonal is feet, and the two per- 
pendicnUrs on it Inun the other two angles are 16 feet ana 18 
feet respectiiely ; tind the area. 

Jl. u 2 
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G. Find the area of a triangle, base 625 links, height 1010 links 
[100 links =22 yds.]. 

7. The length of each side of a hexagon is 12 feet ; find its 
area. 

8. The area of a hexagon is 286^437 square feet ; find the lengtii 
of a side, 

9. Find the area of a triangle whose sides are 21, 20 and 29 
inches respectively. 

10. The three sides of a triangle are 15, 16 and 17 feet respec- 
tively ; find its area. 

11. If the lengths of the sides of a triangle be 242, 1212 and 
1450 yards, show that the area is 6 acres. 

12. Find the area of a triangular field AEG from the follow- 
ing measurements on the Ordnance Survey of 25 inches to the 
mile: AC 4*1 inches, perpendicular from B on AC I'od inches. 
Calculate the area of the triangle ABC from the three sides, AB 
measuring 3*3 inches and BC 2 inches. Express the mean of the 
two in acres. 

13. The diagonal of a rectangular field is ci chains. What is 
the length and width if t!ie area is acres? [I chain =22 yds.] 

14. Find the area of a quadrilateral of wliich the diagonal is 
1274 feet and the perpendiculars upon it from the opposite angles 
550 and 583 feet respectively. 

15. The perimeter of a square field is 588 yards and of another 
672 yards. Find the perimeter of a third equal in area to the 
other two together. 

16. Find the area of a quadrilateral A BCD in wiiich the sides 
A By BOy CDy DAy aod diagonal AC are 25, 60, 52, 39 and 65 
respectively. 

17. Each side of a rhombus is 120 yards and two of its oppo- 
site angles are each GO" ; find the area. 

18. A ficlfl in the form of a traperium has its parallel sides 
10 chains 30 links and 7 chains 70 links. If the area be 6 acres 
3 roof Is, find the length of the shortest way across the field. 

19. The parallel sides of a trapezium are 5 chains 15 links and 
3 chains 85 links respectively, the perpendicular distance between 
them is 15 chains; find the area. 

20. The side of an equilateral triangle is 20 feet; find the 

numerical value of the radius of the circle circumscribing the 
triangle. ° 

21. Recfular polygons of 15 sides are inscribed in and circum- 
scribed about a circle whose radius is one foot; show that the 
difference of their areas is nearly 20 square inches. 
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Circle — The following rules are important : 

CIrcBmftreace=s2TT, or jrO. 

Arca-sffr’, or 

4 

where r denotes the radius and d the diameter of the 
given circle 

Annulus or circular ring.— If the external radios is It and 
internal radius r 

Area of ajunUas = r (R* - = w(R + r)(R - r), 

or ^(I)2-d*)=r(D+(l)(D-ai, 

■nhere Z> and d denote the external and internal diameters 
respectively 

Ellipse — If Sa and 26 denote the lengths of the major 
and nunor axes respectively, then 

cireumference « r(a + b), approx, ; area = sab 
1 rmd the radius of a circle eqnal in area to that of an 
ellipse uhose axes are 31 ft. and 14 ft. 

Let r denote the radius of the circle 
Then, area of circle^vr^-^rf ; 



log r = i (log 1 47 - log 2) = 0 -933 1 = log 8*572 ; 
r=8 572 ft. 


Area of sector of a circle —The area 
of the sector of a drcle A Of* is oce'balf 
the product of tbe angle in radians and 
the square of the radios 
Let A denote the area ; 


If .V denotes the number of degrees 
in the angle AOE^ then, as the sector is 
simply a fractional part of the circle, 

Length of arc 2jrr. 



Fio. 65 — J3ecto» of a 
dme. 
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Tlie t\To following theorems are important and may be 
verified by drawing the figures to scale; 




Fio. 57.— EC^DE^. 


(i) From any point P outside a circle draw two lines — 
one wliicli toucbesj or is a tangent to, the circle ; the other 
cutting it in two points A and B. Then PT-^PAy^PB, 

(ii) If two stmight lines within a circle, such as J(7 and 
BDy cue one another at a point the rectangle contained by 
the segments of one is equal to the rectangle contained 
by the segments of the other, i.e. AE . EC^DE ^ EB. 

If one line such as AC passes through the centre of the 
circle and the other is perpendicular to AC^ then DE—EB\ 

/. AE.EO^DBK 

Segment of a circle. — Any chord of a circle, which is not 
a diameter, such as .15 (Fig. 58), divides the circle into two 
parts, one greater and one less than a semicircle. 

If (7 is the centre of the circle of which the given arc APB 
forms a part, then the area of the segment ADB is equal to 
the difference between the area of the sector CABB and the 
triangle ABO. 

Length of arc ADB (Huygens’ Appz'oxiniation). — The length 
of the arc ADB may be found approximately by the rule: — 
Subtract the chord of the arc from eight times the chord of 
half the arc and divide the result by 3. 

Length of arc 

3 3’ 

where a denotes the length of the chord AD (of half the 
arc) and c the length of AB (chord of the whole arc). 
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It will be found that results may be obtained by this rule 
to a fair degree of accuracy, but the angle must not be too 
large, t.* the rule should not be used for angles greater than 
90*. Thus, for 80’, the rule gires r3933, the accurate value 
is 1*3953. For an angle of 167“ the length obtained by the 
rule is in error by 1%. 



Flo 5S — Seginent o( > circle 


Area of segment,— If A denote the height ED (Fig. 58X 
the area of the segment is approximately 

^+^cA, or ^(3A*4-1 c*>. 

Chord of a circle, — The chord of an arc, c, and the chord 
of half the arc, a, may be expressed in terras of the beigbt, A ; 
thus, produce DE to cut the circumference of the circle in 
a point F. 

Since .1 £’x£’jB=s/’j£'x FZ) ; 

■ (s/^MSr-A), 


. c>=4A(2r-A). 
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Also, ; 

Substitute this Talue in (i) ; 

/. (ii) 


Ex, 2. Three vertical posts are placed at intervals of one mile 
along a straight canal, each rising to the same height above the 
surface of the water. The straight line joining the tops of the two 
extreme posts cuts the middle post at a point 8 inches below 
the top ; find, to the nearest mile, the radius of the earth. 

As the t%vo distances and the radius are large compared with 
8 inches, the chord may be hcken to be of the same length as 
the arc; 

A a=^=5280 X 12 inches. 

Hence, if r denote the radius, 


or 


(5280 X 12)- 
2x8 


inches 


(5280 X 12)2 
16x5280x12 


= 3960 miles. 


Area of a segment of a parabola. —The area of a portion 
of a parabola such as ABC (Fig. 59) is two-thirds the product 

of the base and the height ; 

area of parabola = §a5. 

Ex, 3. Find the area of the segment 
of a circle, chord 40 in., height 6 in. 
\\'hat would be the area of a parabolic 
segment having the same dimensions? 

6 ^ 2 

= gQ+gX 40x6 = 2-7-!- 160 
= 162-7 sq. in. 

The area of a parabolic segment is f {product of chord and height) 
= 5 X 40 X 6= 160 sq. in. 
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Area of an irregular figure. — ‘When the boundaries of an 
irregular Bgure consist of straight lines, the area may be 
obtained by dividing the hgure into a number of triangles, 
rectangles, etc. The sum of the aieas of all the simple figures, 
into whicb the given figure has been divided, will be the area 
required. When one or more of the boundaries of a given 
figure consist of curved lines, the area may be found by 
one of the following methods explained in the elementary' 
course the student is already supposed to have tahen : (a) by 
using a planimeter, (6) using squared paper, (c) by weighing, 
(d) by mid-ordinate rule. 

In addition to the above methods there are, amongst others, 
the trapezoidal rule, and the o important rules of Simpson 
and Weddle (p. 405) 

Planimetef. — The planimeter is an instrument adapted for 
estimating rapidly and accurately the area of any figure. Tliere 
are many forms in general use to which various names — 
Hatchet, Atusler, etc — are given Of these the more ac- 
curate forms are mostly modifications of the Amslet plani- 
meter 



Fio 60 — Amsler -jilinlTneter 


^ Amsler plammeter,— One form of the instrument is shown 
in Fig. CO, and consists of two arms AB and DC, pivoted 
together at a point B The arm DA w fixed at some con- 
^nient point *. The other arm BG caines a tracing point 
T. This tracing point is passed round the outline of the 
figure, the area of which is required. Tlie arm BG carries 
a Mheel D, the rim of which is usually divided into 100 
equal parts, about which it turns as an axis and records by 
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its revolution llie area of the figure traced out by 21 From 
its construction it is obvious that the revolving v-^heel registei's 
only the motion which is perpendicular to the moving arm 
on which it revolves. 

When the instrument is in use, the rim of the wheel rests 
on the paper, and, as the point T is carried round the out- 
line of the figure, the wheel, by means of a spindle rotating 
on pivots at a and 6, gives motion to a small worm jP, which 
in turn rotates the dial IF* 

One rotation of the wheel corresponds to one-tenth of a 
revolution of the dial, A vernier, V, is fixed to the frame of 
the instrument, and a distance equal to 9 scale divisions on 
the rim of the wheel is divided into ten on this vernier. 
The readings on the dial are indicated by means of a small 
finger, or pointer, shown in Fig. 60. If the figures on the 
dial indicate units those on the wheel will be ^ths ; as each 
of these is subdivided into 10, the subdivisions indicate 
Y^^ths. Finally, the vernier, F, in which of the wheel 
is divided into 10 parts, enables a reading to be made to 
three places of decimals. 

To obtain the area of a figure, the fixed point 5 is set 
at some convenient point which may be outside or inside the 
ai'ea to be ni ensured and the point 2' at some point in the 
periphery of the figure. Note the reading of the dial and 
wheel. Carefully follow the outline of the figure until the 
ti'acing point T again reaches the starting-point a second time, 
and again take the reading. If the fixed point s has been 
chosen outside the given area, all that is now necessary is to 
multiply the difference between the two readings by a certain 
constant to obtain the area of the figure ; the value of the 
constant may be found by using the instrument to obtain a 
known area, such as a square, or circle of known radius. If 
the fixed point $ had been chosen inside the figure it is possible 
to clamp the joint B of the instrument so that whilst T 
describes a ciz'cle, the indicating wheel shall always move 
on the paper perpendicular to the plane of its rim, and con- 
sequently register no rotation in any part of its course. Tlie 
circle which T thus describes is called the zero circle, and 
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its area (marked on the instrument) must be added to the 
indication of the instrument in order to obtain the measure 
or a given area. 



T IS the tracing point fFig, 61) and J the fixed point "nTien 
is perpendicular to TUf and the joint at JJ is locked (t'e. 
does not turn), the point T describes a circle, called the *ero 
about A as centre. The indicating ■wbeel under tbte 
conditions remains stationary. 
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Let AT^t and 

The shaded area — 

Draw xlM perpendicular to and meeting TB produced in if. 
Let'r‘Ai?=a, BT^h, Bll^c, 

Then, from the right-angled triangle xiMT^ AT^ or 

But xi J/2 =:a^—(c-\- m)2 = ^ ^crk -f m^)y 
and iI/'7^=(6-Pc+»?i)2=62^^^jj|24.26c-f2&7a+2o??i ; 

.% 7«2^^2+j,2^25(c-fm). 

Similarl)^ when A It is perpendicular to TRy from the rights 
angled triangle ARTy we obtain 
or r\^AR-+RT^ 

AR^^a^-(r. 

Also RT^==(h + cy==b^-\-2bo-\^c^; 

/. r^=:a--hb'^ + 2bG ; 

••• |(^- ro-)=| {a2+62+26(c+OT) - {a^+¥+2be)} 

= 0b7n* 

Now the linear speed of the tracing point T—wAT^wn 
Speed of sliding of wheel = o)AjJ/. 

Speed of turning of wheel = (o?n. 

As the tracing point T moves along TT\ the wheel register 
9xm. 

And, as the tracing point moves along QQ\ the wheel 
remains stationary, 

\ Also, the motions given to the wheel as the tracing point 
. moves over §7' and T'Qy are equal in amount but opposite 
in direction. 

Hence, in tracing the boundary of the shaded area, the 

wheel records a motion of ; 

b 

area=60»i = &x motion of wheel. 

The tracing point T is usually carried by a bar which can 
slide in a sleeve carrying the point By and the adjustment is 
made by altering tbe position of B. 
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Simpson’s Bole. — ^Vien an o(Id Dam\)er of ordinates is 
given, except in the special case of 7 ordinates, probably the 
most acccurate rule t^t can be used is Stmpsoa's nrrt Rule. 
As this rule is so important it is usually referred to aitoply 
as Simpson’s Rule. Except where otherwise expftaiud the 
following exercises are supposed to be solved, as in the follow- 
ing example, by using Simpscn'a Rule -■ 

Ex. 4 An irreguUr fignre has the following ordinates (in feet): 

35, 4-75, 5-25, 75, S-23, J4-75, 6, 9 5, 4. 

The common interval being 2 5 fL, find the area. 

Area = |'(^ + 4i?+i?C?. 

where S denotes the common interval, A the sum of extreme 
ordinates, -B the sum of the even ordinates, C the sum of the odd 
ordinates , 

. sam of extreme ordinates =3 5+ -t =7 5 ; 

snm of even ordinates =4-75 + 7 S + + 5; 

• sum of odd ordinates =5-S5+S-25 + 6= 19 5 

Area of fignre=~ (7 5+4 x 36 5 + 2y 19 5)= 160 41 


Mean ordinate. — The product of the mean ordinate and 
the length of the line assumed as the base of an irregular 
figure gives its area. Hence, in order to obtain the mean 
ordinate in any of the preceding cases, it is only necessary 
to divide the calculated area by the length. Ibus, in (he 
preceding example, as the line £F is 20 feet ; 

160-41 


mean ordinate— - 


20 

= 8-02 feet 


EXERCISES XXn 

1. Find the perimeter and the radius of a circle the area of 
ahich IS 5-3093 square feet 

2. The area of a semicireje is 13013 square feet; find its total 
penmeter. 
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3. One circle is described about and a second is inscribed 

a regular hexagon length of side 1 foot ; find the area hetn*cen 
the two circles. 

4. The side of a regular hexagon is 2 feet j find the radius of 
a circle equal to it iu area. 

6. The radius of a circle is 33'5 feet; find the ai'ca of a sector 
enclosed by two radii and an arc 133*74 feet iu length, 

G. Find the length of an arc which subtends an angle of 60® 
in a circle whose radius is 100 feet. 

7. The length of an arc subtending an angle of 60® is 11 feet: 
find the radius of the circle. 

8. The area of a trapoziuin-shaped field is 41 acres, the perpen- 
dicular distance between the parallel sides is 120 yards, and one of 
the sides is 10 chains ; find tlie other. 

9. The minute hai\d of a clock is 10 inches long; find the 
area which it describes on the clock face between 0 a. in, and 
9.35 a.m, 

10. The radius of circle is S feet; find the ai^a of a sector 
of the circle, the angle of which is 36®. 

11. Find the radius of a circle such that the area of a sector 
corresponding to an angle of 00® may bo ISI'16 square feet, 

12. Find the I'adius of a circle in which an arc 15 inches long 
subtends at the centre an angle containing 71® 36^ 

IS. The side of an equilateral triangle is 20 feet; find the 
radius of the circle circumscribing the triangle. 

14. The interior diameter of a circular building is 51 feet and 
the thickness of wall 2 feet. What is the area occupied by the 
wall? 

15. A road 10 feet wide has to be made round a circular plot 
of ground 75 yards diameter ; find the cost of the road at 4s. 
per square yard, 

16. The diameters of the piston and air-pump of an engine 
are as 2 : T‘J ; find the diameter of the air-pump when the ai'ea 
of the piston is 1134*1 square inches. 

IV. Find the length of an arc of a circle of radius 20 feet 
suht ending a certain angle at the centre, when the length of an 
arc of a circle of radius 4 feet, subtending three times tlio former 
angle at the centime, is 0 feet. 

18. If thi'co equal circles wlmse common radius is 12 inches 
touch each other, what is the ai'ca enclosed between them? 

19. A circular grass plot is surrounded by a ring of gravel b 
feet wide ; if the radius of the circle, including the ring, be a 
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Weiglit.— Tho weight of the solid is the voluiue multiplied 
hv weight of unit volume. Tliis may he written TF= 
whore w is the weight of unit volume. 

Hollow circular cylinder. — If T’is the volume, S the curved 
surface of a hollow cylinder, external radius Ji, internal radius 
•r, and height h-, then 

r=wf/i’- -!•-)/(, (i) 

S=2.TrM+2-i'h 

= 2“ ( + ?■) /i (ii) 

The thickness of the material of a cylinder is R~r, and 
dividing (i) by (ii) 

Oblitiue cylinder. — In the preceding paragraphs ^vhat are 
called right cylinders have been assumed, viz., the sides of 
the prism are at right angles to the plane of the base, but 
the preceding rules apply equally to oblique prisms, vdien ^ 
and A are as folloAvs : 

;S=avoa of curved surface together ^Yith 
the sum of the areas of the two 
‘Gilds. 

r=(ai'ea of I>aac) x (altitude). 

Cross section, — Tiie term cross sccfmi is 
generally used to denote the section of a 
right c^dinder, or a right prism, by a plane 
^ perpendicular to its axis. Tlius, the term 
radius o f a ct/Iiudcr is simply a shortened 
expression for the radius of a perpendicular 
cross section. If Al] (Fig 64) indicates the 
cross section of a circular cylinder (which 
is a circle), any oblique section such as BG 

Via. —Cylinder. ^viU be an ellipse. Also the area of an 
oblique section BO multiplied by the cosine 
of the included angle will give the ai'ea of the cross section, f.c. 

ABr=: BC cos ..4 BG- 




EXEUCISKS. 


Ex 5 The dtimeler pf a right circular cyli oiler is 3 inches. 
ThwaU a section making an angle of 20* with the cross section. 
VThat is iU area! 

Area of cross section * 

^ AR=^B0w^AB0, 

. „„ nreaof ^i7_»x0}r 

0^307 


~4>c 0-0307 " ‘ 

Ex. 3. A prism has a cross section of 50 32 square inches. 
There is a section making an angle of 70* witli the cross section. 
Vi'bat is its area! 

^ 50-32 50 32 

= 147 2. 


EXERCISES XXUl. 

1. Inacircnlir cyhnilef, voinme I’, curved surface S, height ht 
and radias ot hase r. weight of unit volume ir. 

(i) If r=S ft , 4=3 ft , find 5 and l\ 

(u) If 5=65 759 sq ft., and F^TO-OS c«h. ft , find r. 

(ill) Eind IT if r=6 in , h~20 in , w=0*3 lbs per cnh. in. 

(iv) r=5497 8 cnh ft , r=2i ft . find i 

2 The ienijth, width and thickness of a rectangular block arc 
96, 13-2 and J4 3 inches respectnely Find the lolume, the 
sorfice, and the length of a diagonal of the solid. 

3 If Fis the voinme, S the curved surface of a hoUow cylinder, 
extemai radma internal radius r, height or length h and ic is the 
Weight of unit ■volume — 

(1) If B=5 in., r=3 in , b=8 m , find S and V, also find IF if 
10=0-26 Ihs per cnb in. 

(iiMl F=38’ei) cnh. ft , S=220»} ft , find R-r 
(m) If fr=82 tons, .^=9 in,, r=5in , wsO-fiS lbs. ■per cnb in., 
find h. 


^ total snrface, also the volume, of a hexagonal prism, 

b.tght=8 ft., base a regular hexagon, with a side of length =3 ft 

«L ' T??v ^ in length is I 

peat«t exact cube h ent from the bar, what 
wiU be its weight! (I cnb la. copper =0 319-2 Jhs ) 

tJL Wh iron cylinder, ontercirMunf.f- 

(>?.w '■> I 
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Verttcaf anglt — We ha^ o 

tan 0-9376 5 

^»I3‘9'; 

Tertical angle=:86* 18’. 

The curved surface of a right circular cone may also be 
obtained as follows : — Let a 
piece of thin paper be made 
to cover the surface of a cone 
exactly ; then,v.-hen opened out, 
it will form a sector of a circle 
of radius equal to L The length 
(I'lg CO) of the arc CD^Sar, 
the area of sector is one-half 
the product of the arc and the 
radius ; 

area of sector=^ x2ir?-xf=;rrf 

Trosttim of a riglit pyramid tm a tegvilaT base — blacb of 
the faces such as A BCD of the frustum of a pyramid (Fig 70) 
Is a trapezium, and the area of each trapezium will be half 
the sum of the parallel sides, AD and 
CD, multiplied by the slant distance 
between them, and by the number 
of faces. 

In the frnatum of a pyramid on 
a square base (Fig 70) let a denote 
the length of each side of the base, 
b the length of each side of the other 
end, f the slant height of the frus- 
tum 

Each face A BCD is a trapezium, 
the lengths of the parallel sides a 
and 6 

Area ABCD=-i(a + b)l. 

As there are four such trapeziums 
n tnc lateral surface S, we have N=2(a-l-ii)f, or 
•last 8tirfiiee=^ (sum of perimeters of ends) x (slant height) . (i) 
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The total sarface would obviously be the lateral surface 
together with the areas of the two ends. 

If h denote the altitude of the frustum, then the volume is 

given by F=JA(a--f 

or we may denote by the area of the base and by ^2 
area of the face parallel to it ; then 

V^lh(A 1 + 0 + (ii) 

The base of a pyramid may be any polygon, and the rule 
(ii) may be used for any right regular frustum ; {,e, to the sum 
of the areas of the two ends add the square root of their product 
and multiply the result hy one-third the altitude. * 

Frustum of a cone. — A circular cone is merel}'' a special 
case in which the base of a pyramid is a circle, and the pre- 


ceding rules given by (i) and (ii) apply. 

/. S-7r(RA-r)l, .(hi) 

V=~ (ttIP -f TTT^ -f V 

= ~im+r^- + Rr) (iv) 


"^Tien the cutting plane passes through the vertex of the . 
cone, r is zero, and putting r=0 in (hi) and (iv), the formulae 
for the surface and volume of a cone are obtained. 

The expressions dealing vrith the surface and volume of a 
frustum are of great use in calculations. But it is quite un- 
necessary to attempt to commit them to memory. A frustum 
ma}'^ be considered as part of a whole, and by the subtraction 
of the surface and volume of the part removed the results 
for the frustum may be obtained. Both methods of calculation 
are shown in the following example. 

Rx. 2. Find the curved surface and volume of the frustum of a 
cone whose top and bottom diameters are 4 and 6 inches and the 
slant height 8 inches. What is the surface and volume of the cone 
of which this frustum forms a part ? 

Herei?=3, rr=2, ; 

/. ;S=7r(3+2)8=:40;r 
= 125*66 sq. in. 

Another motliod is shown on p, 582. 



Si. S' g: 
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First obtain the height, k, of the frustum ; 

.% A=s-s/82“ (3 -'ijp =^yS^*=\/irx7 =7 936 in , 


Let ABG (Fig. 71) be a section through the axis of the cone, 
en if the length ,/4(7 be denoted by f, EG 
f-8. From the similar triangles EFG and C 

DO, ,i. 



whence the curved surface of the whole cone 
= irx3x24=72x=226 2 eq in 
The height CD can be obtained from the 
right angled tnangle ADC, \vhere AC— 2,^ and 
AD=3. 

(7D = V2Tr^'^=V27 X 21=23 81 in, 
volume of cone AJJG=^irx3*x23 81 
=224 5 cub in. 



Having obtained the surface and volume of the cone ABG, it 
is only necessary to subtract the surface and volume respectively 
of the smaller cone CEO to obtain the results for the frustum 
.As EG=\(i in , 

lateral surface of cone C?£(? = jr x 2 x 16=32*- ; 


■ surface of frustum={72-32)jr=40)r as before. 
Also CF= 23 81 - 7 936 = 15 S7 in , 

volume of smaller cone=^^^ x ir x 4=66'5 sq in. ; 


.* volume of frustum =224 5 -66 5=158 cab in. 


EXERCISES XXIV. 

In the fnllouing exercises the axis of the solid is assumed to 
be at right angles to the base unless otherwise expressed . 

1 Let V denote the volume and S the surface of a pyramid 
on a square base , given r=645 3 cub ft , and the height A= 19 .36 
It , nna the length of the side of the base aud the lateral surface S. 

\ The diameter of the base of a cone is 6 inches, altitude 5 
inches ; find the volume and curved surface 
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3. The Yoliime of a hexagonal pjTamid is 249*4 cub. ft. ; if the 
altitude is S ft., what is the length of each side of the base? 

4. The radii of the circular ends of the frustum of a lead cone 
are 4 in. and G in. respectively. The height of the frustum is 
3‘5 in.; find the volume and the Aveight. (I cubic in. of lead 'weighs 
0’4121 lbs.) 

5. A piece of wood is in the form of a square pyramid ; the side 
of the base is 6 inches, and height 8 in. Find the surface, volume 
and weight {if the specific gravity of the material be O'oS), 

6. The base of a right cone is an ellipse whose axes are 2 1 ft and 
14 ft. respectively. The altitude is 12 ft.; find the volume. 

7. If a right cone on a circular base be divided into three por- 
tions by two sections paiullel to the base at equal distances from the 
base and vertex and from one another, compare the three volumes 
into which it is divided. 

8. Find the cost of the canvas, 2 ft, wide at Ss. Gd. a yard, 
reqiiired to make a conical tent, 12 feet diameter and S ft. high, 
taking no account of waste, 

9. The base of a pyramid is a triangle whose sides measure 72, 
5S, and 50 inches ; if the volume is 48 cubic feet, what is the height 
of the pyramid ? 

10. What is the volume and the total surface of a frustum of a 
cone, 42 ft. diameter at the base, 21 ft. diara. at the top, and 14 ft. 
high. 

11. The base of a pyramid is an equilateral triangle, length of 
side 10 inches, height 12 inches. Find the volume. 

12. Find the curved surface of the frustum of a cone, top and 
bottom diameters 4 and 0 ft. respectively, slant side =8 ft. 
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Fig, 

let 


72. — Zone of a sphere. 

and r denote the iTidii of the two circles. 


Sphere, — If S denote the surface, 
and V the volume of a sphere of 
radius, r, or diameter c?, 

For proof of these rules see p.411. 
The ratio of F to /S is Ir, hence 

Zone of a sphere. — ^Any plane 
cuts a sphere in a circle. Let two 
pamllel planes cut a sphere in two 
circles BMD, EGF (Fig, 72), and 
The distance 
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between the planes, usually known a-s the ih'dneu of the zone^ 
may be denoted by A, radius of sphere =r,. 

(i) 

+ (.»> 

The result for the convex Hurfaee may be stated an follows : 

Convex surface of zone-tdrcomference of a great drcle of 
tie sphere) X (Uiicin ess of zone), showirig that the surface of a 
rone depends only on the radjus of the sphere and the thickness 
of the zone Hence, all zones cut from the same, or equal, 
spheres and having the same thickne^ hare equal coni ex 
snrfaces. It follows that if a cylinder be circumscribed to 
a sphere, then, if denote the diameter, 

curved surface of cyIinder=ir<fiX£fjs::r(/j*=s«rface of sphere. 

Segment of a sphere. — As the plane £OF approacheo CJ 
the radius r diminnhes, and when the plane touches the 
sphere, r is zero. The zone then becomes a segment of a 
sphere Z1CX>. 

If S denote the com ex surface and A the height of the 
segment, A'-2rrr,A. 

the aune as in Eq (i) 

The lolume may be obtained by putting r=5=0, in Eq. (ii) 
and we obtain 


^^(3fr-+A^ (iii) 

It should be noticed that the surface and rolome of a sphere 
may be obtained from Eq (i) and Eq (ii). Thos, if both the 
planes touch the sphere, then A, the distance between them, 
ia 2r,, and Eq (i) becomes 
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Ex. 4. Find the conres eurf.ice and tlte volume of the zone 
of a epherc, radu of the two ends 10 leches and 2 inches, and 
thickness of zone C inches. 

Let ADFE be the rone ami C the centre of the sphere. 

Join C to A and E, and draw a line through C perpendicular to 
-IB and Er. 

If r denote the radius of the 
sphere, and x the perpendicular 
distance from <7 to A/?, then 

and stmilarljr, 

r»=«+CC+*)* 

Hence, 

100 + a:*=4+30 + 12r+a:®, 
or 12j: = C0. r=5; 

= 11 IS in. 

Convex surface =2 j 



Volume of zoiic = ^(lff*+2’) + 

=31Sr cub, in. 
= 109J cub in. 


EXERCISES XXV, 

I. In a sphere of radius r the surface B and volume F may he 
obtaiued from 5’=4»-r* (i) r=l»'r*(ii) 

(i) Given r=6 ’J5 m , find S and T 

(ii) Find r when Vis 1 cub ft 

(iii) Find r when S is 1 stj, ft 

2 In n spherical zone the height is 4 in , the radii of the two 
ends being 8 in and 5 in respectively Fiud the convex surface 
and the i olume 

3 If the radii of the two circles of a spherical zone are 12 5 id 
and 4 25 in. and the thickness of the zone 6 in , w bat is its volume, 
its convex surface, and its total surface * 

4 The radii of the internal and external surfaces of a hollow 
spherical sheli are 3 ft and 5 ft. resjiectnely If the same amount 
of material u ere formed into a cube w hat would be the length of an 
edge? 



,ioTv to t\ie tlie same ^{ 
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«' *r'”U. 'S ‘''' ° , ..d .pV.e«. 

:Si>.'»- "^=' .„.sses c! »' 

1. co«>j« Mioe «"“ i„ to... 

«» '-rt «»“ « '"'= id. ■>' 

cyUntler is eci one ^ 

Then S = 6a-864sq.io. ^ 

® 1864:^ 

I.. ,,2,.. .•• '=\lTr 

°'^““°' -s^s^ossr-rY 


GULDIXDS’ THEOREMS. 


217 


For the sphere haie 3 Trj**= 172 S, 


S.rf.ce=4.r.-=4,(l^)l 
s=696 5 g(p in. 

Similarly, U the altitude of a cone b equal to the diameter of 
the base and the volume is one cubic foot, then 

volume of cones:4arj*x2rj=1728; 


If i denotes length of slant side, then 
f=v/2V+r»*^rv'5 
Surface of cone=irr(f+r) 



=894 1 square inches 


Ooldinus’ Theorems.— We have already found that surfacea 
may bo generated by the revolution of a line (straight or 
curved) about an axis, and a solid by the revolution of an 
area. Familiar examples are cylinders, cones, spheres, etc 
In general, any line, straight or curved, will, when rotating 
about a given axis, generate a surface called a sarfeee of 
revolution. In like manner an area will generate a eoUA of 
revolntlon. The area of the surface, or the volume of the 
solid, may be obtained by means of two theorems, known 
as Guldinns' theorems: These are as follows 

(1) The area of a surtace, traced ont by the revolution of a curve 
about an axis In Its own plane, b eqnal to the product of the 
perimeter of the curve and the distance moved through by Its 
centre of gravity. 

01) The volume, generated by the revolution of such a enrre, Is the 
product of the area enclosed hy the curve and the distance moved 
through by the centre of area or centre of gravity. 

For proofs of these rules see page 425. 
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A rectangle ABCD (Fig. 76 b), -nben made to rotate about an 
axis EF parallel to AB, and at a distance r from it, will generate a 
hoDow cyluKler. Then, if B 
denote the disUnco from CD 
to EF, and h the height of tbo 
rectangle, AD wiii be B-r, 
also distance of centre of area 
from fTF will be 

AKAoiAECO=l,R-‘r)K', 

Tolumo 

= r(^-r*)^. 

Tt'hen h is small compared with H, the short cylinder so 
formed is usually called a flat ring 

£x. 1, The cross section of a ring is an ellipse whose principal 
diameters are 2 inches and l\ inches; the middle of this section 
is at 3 inches from the sxis of the nng; what it the volume of 
the ring! 

Area of cross section = (2 x 1 3) j 
Distance moved through by centre of area in one revolnlion 

vo/ume of nng=:(2x 


Any irregular area. — In the case of .an irregular ana, 
Simpson’s Paraboliu Rules, the Trupe-jouial, Mid-ordinatc, or 
any of the methods u8U.ally adopted, may be used to find the 
area of the figure The position of the centre of area may 
be found graphically, experimentally, or by calculation. Then, 
the S’olnnie traceil out can be obtained by application of the 
rule. 

Centro of gravity.— Tlie centre of gravity, or centre of 
area, of a plane figure m.ay be obtained graphically, experi- 
mentally, or hy calculation. To obtain accurately the position 
of the point, it i? m m.nny ca-ses neccasary to apply the methods 
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of tlie Integral Calculus (p. 424 > In some few cases, however, 
and especially where the surface is one of revolution, more 
elementary methods of calculation may he adopted. 

Suppose that a curve whose length is known, is made to 
rotate about an axis, lying in the same plane but exterior 
to the curve. Then the distance of the centre of gravity from 
the axis of rotation may be obtained from Guldinus’ Theorem. 
Thus, to ascertain the position of the centre of gravity of the 
arc of a semicircle. 

Let ABC (Fig, 77) represent a piece of wire in the form of 
a semicircle. If made to rotate about a diameter JBj the 

surface of a sphere will be traced 
out. 

If DC is a line bisecting, and 
at right angles to, ABj G the 
position of the centre of gravity, 
which is from the symmetry of 
the figure at some point in the 
line jDC, let x denote its distance 
from AB^ and r the radius AD 
or BD^ then the position of (?, in 
terras of r, can be obtained from the first theorem of Guldinus^ 
(p. 217) as follows : ♦ 

Perimeter of curve=7rr. 

Distance moved through by G in one revolution ~ 27 r^. 

Surface traced out is the surface of a sphere == 47 rr- ; 

rrx2^;r=47rr^; 



it 


Ex. 1. A piece of wire is bent into the form of a semicircle of 
.S feet radius ; find the distance of its centre of gravity from the 
diameter AB, 

In like manner, the centre of gravity of a plane area can be 
obtamed -svhen the volume traced out by it is kno-ivn. Thus 
vrhen it is required to find the centre of area of a semicircle 

* See jjp. 425, 428. 


c 



Fig. 77.—Centre of gravity of a 
Ecruicircie. 
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the %'olame de^cnliefl h that of a sphere. Let x denote the 
distance of G from AB. 

Tliea area=^ 

Distance moved through hjr (7a=2rjr; 



Ex. 2. The radius of semicircle is 3 feet ; End the distance of 
its centre of area from the diameter AB. 

Here, from (n), we hate 

*^^=1-274 feet. 

Addition and subtraction of solids, — In manj cases, to 
obtain the volume of a solid or a hollow vessel, it may 
be necessarj' to add or subtract the volumes of two or more 
simple solids. In other 
cases a good approxima- 
tion to the actual volume 
is obtained by assuming 
the volume to be repre 
sented by that of one or 
more simple solids, the 
volume of which can be 
readily determined 

As a simple example, 

End the weight of water 
which a tank of the form 
in Fic 78 can contain M.-RrctangnUr «nd trUngunr 

TThe tank is rectangular 

in plan, its dimensions 6 ft x4 ft, depth at one end 3 ft, 
at the other 5 ft. 

The volume is obviously the sum of a rectangular, together 
with a triangular, prism ; 

volume=(Cx 4 x3) + |(2x6x4), 

72-h24-£)C cub. ft. ; 
weight of waters 96 x 62 3 *=69‘'0 8 lbs. 
n2 
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Cylinder and sphere — "UrTien a sphere ii pierced by a 
cylindrical hole we obt.iin a solid, usually Jen as a bead. 
If the axis of the hole is coincident ntth the axis of the 
sphere, take the foniiula for the volume of the zone of a sphere 
(p. 212), "rite and we obtain 


volume of zonoi 




To obtain the volume of the bead, we must subtract the 
a'olumc of the cybnder; 

volume of bead*'-^^2rj*+|-J-(sT,*x^) 


=s— * 

“IT’ 


Er. 3. A cast-iron sphere 12 inches diameter has a 
cylindneal hole 4 inches diameter' bored throngh it. Find the 
weight of the solid. (1 cub. m. weighs 0-26 lb ) 

Let X denote the half height, or thickness OE. 

Then 

A=2r=2\^=Sv^ in , 
volnme of solid ^ =758-2 cnb in., 
wci gh t = 758 2 X 0 -20 = 1 07 2 Iba 


MlSCELLAXKOUS EXERCISES, XX FI. 

1. A piece of paper in the form of a circnUr sector, of which the 
radins is 7 inches and the curved aide U inches, u formed into » 
conical cup Find the area of the conical surface, and also of the 
base of tbc cone 

2 Tlie interior of a bniMitig is in the form of a cylinder of 15 feet 
railius and 12 feet altitude, surmounted by a cone of equal Lasc 
ami whose tcrtie.il angle is a right angle Find the area of surface 
and the cubical content of the building 

3. What weight of lead weighing 6 lb per square foot is required 
to cover a cone 1 ft in iliameter and 2 ft high’ If the cotering is 
to be made with one soldered joint, to whst shape should the lead 
be cat? 

4 Ihe slant aide of a cone is 25 ft , and the area of its curved 
sarface is 650 sq. ft. Find its volnme. 
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5. ^Pind the lateral surface and volnnie o£ the frastnm of a cone, 
slant height of frustum 25 ft, and the diameters of the two ends 
5 ft, and 27 ft. respectively. 

6. Tiie vertical ends of a liollow trough are equilateral triangles 
of 12 in, side, the bases of the triangles are horizontal ; if the length 
of the trough is 6 ft. , find the number of gallons of water it will 
contain. 

7. Find the surface of the six equal faces of a hexagonal pyramid, 
each side of the base being 6 ft., and altitude of pyramid S ft, ; find 
also the volume of the pj'ramid. 

8. A cone and a hemisphere have a common base diameter 10 
centimetres ; find the weight of the solid so formed if the material is 
steel and the height of the cone is equal to the diameter of the base. 
(1 cubic in. steel weighs 0*29 lbs.) 

9. A cylindrical boiler 4 ft. internal diameter and 15 feet long is 
traversed by 50 tubes, each 3 inches diameter ; determine the volume 
of water the boiler will hold. 

10. Two thin vessels without lids each contain a cubic foot ; the 
one is a prism on a square base, height equal to half the length of 
each side of base, the other a cylinder, height equal to radius of base. 
Compare the amounts of material it would require to make them, 
the thickness being the same for both. 

11. A pipe supplying 6 gallons of water per minute will fill a 
hemispherical tank in 4 hours 32 min, ; find the diameter of the tank. 

12. Find the volume of a hexagonal room, each side of which is 
20 ft. and height 30 ft., which also is finished above with a roof in 
the form of a hexagonal pyramid 15 ft. high. 

13. A lead bar, length 10 cms., width 5 cms., and thickness 4 cms., 
is melted down and made into 5 equal spherical bullets; find the 
diameter of each. 

14. A sphere of radius r fits closely into the inside of a closed 
cylindrical box, the height of which is equal to the diameter of the 
cylinder. Write down tlie expressions for the volume of the empty 
space between the sphere and the cylinder. If the A'olume of this 
empty space is 134 cub. in., what is the radius of the sphere? 

15. A cast-iron ball of 8 in. diameter is coated with a laj^er of 
lead 7 in. thick. Find the total weight. 

10, Two spheres of the same materifil weigh 512 lbs. and 729 lbs. 
respectively, and the cost of gilding the second at l|d. per sq. in. is 
£29 13s, 7^d, Find the radius of the first sphere. 

17. A sphere, whose diameter is one foot is cut out of a cubic 
foot of lead, and the^ remainder is melted down into the form of 
another sphere ; find its diameter. 

18. A spherical shell of iron, whose diameter is one foot, is filled 
with lead ; find the thickness of the iron, when the weights of the 
iron and lead are equal. (Relative densities are as 1 : 1*58.) 
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19- What is the diameter of a sphere « hich coataios 71G cub. in- ? 

20. The weights of two spheres are as 9:2o, and the weights of 
citual volumes of the substances are as !5 '0. Compare the diameters. 

21. A solid consisting of a right cone standing on a hemisphere is 
placed in a bath full of water ; if the solid is completely immersed, 
find the weight of water displaced; radius of hemisphere 2 ft., and 
height of Cone 4 ft 

22 The diameters of a ephencal shell are 6 in. and 5 in reapec- 
tivelT, and its weight is 13 4 U>s. ; if the ratio of the weights of 
cqnal volumes of lead and iron be as 1*^ to 1, what will be the 
weight of 12 in. length of lead tnhing, external diameter 7 in , 
internal 5 in. 

23 Find the radius of a circle whose srea U equal to the rum of 
the areas of two triangles w hose sides are 35, 53, 66 ft. and 3.3, 66, 
C5fL 

24. Find the area of the segment of a circle of which the arc is 
ODC'third the circumference, the radins being 7i inches. 

25. A piece of copper (specific gravity Sfl) 1 fL long, 4 inches 
wide, and i inch thick is draw n out into wire of uniform diameter 
■ft inch. Find the length and the weight of the wire, 

26. What is the area of a triangle whose sides are 18*40, 13 36, 
and 15*20 feet! 

27. A cnbical tank 6 feet edge is half full of water. Find the 
height to which the surface of the water is raised when an iron cube 
of 2 ft. edge and an iron sphere 2 ft. diameter are placed in the 
tank. 

28. A sphere, radius R is piercetl by a ejlindncal hole whore axis 
passes through the centre of the sphere. If r is the radius of the 
cylinder, express in terms of r and the radins of the sphere the 
volume of the bead thus formed If the length of the cylindrical 
hole be 0*75 in , find the volume of the bead. 

29 What IS the weight of a cast>iron rphencal shell, external 
diameter C in., thickness 4 in ’ 

SO Find the weight of a cast-iron water pipe, 30 inches external 
diameter, thickness of metal 1 m,, length 12 ft. 

31. The radii of the two ends of the fmstnm of a cone are 12 
feet and 8 feet respectively , the area of its curved surface is 975*4 
square feet. Find the slant height, and volume of the fmrtura 

52. A frustum of a pyramid has rectangular ends, the sides of 
the base being 25 and 36 feet . if the area of the top face be 784 sq 
ft. and the height of the frustum 60 ft., find its volume. Find the 
tadins of a sphere whose volume is equal to the volume of the 
frustum. 

53. Two spheres, each 10 ft dumeter, are melted down and 
recast into a cone whose height is equal to the radius of iti base. 
Find the height 
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to aA, in, are drawn, and the angle can be measured. Snch a 
process is called raiaiftny the line. 

Three co-ordinate planes of projections. — Very little 
reflection will convince the student that it is impossible to 
gi%e measurements which will define the [losition of a point 
in space ahsoHtdy. The most tint can be done is to choose 
some point as origin of co-ordinates, and take three lines passing 
through this point (only tw o of which lie in any one plane) as 
axes of co-ordinates The three planes which each contain two 
of these axes are called the co-ordinate planes. A point in 
space may be represented by means of the projections on the 
three planes , these projections determine the distances of the 
point from the three planes, and hence the position of the 
point IS known Usually the pl.ines are chosen mutually at 
right angles to each other, such as those at one corner of a 
culie or, roughly, the corner of a room. 

In the latter case the 
plane, sometimes spoken 
wall the plane o'r, and 
the other vertical \vall — 
at right angles to xz — the 
plane zg 

A model to illustrate 
these reference planes 
may be constructed of a 
piece of flat board (Fig 
82) and two other pieces 
mutually at light angles 
to each other It is ad- 
visable to have the latter 
two boards hinged This 
arrangement enables the two sides to be io( itnl until all thiee 
phnes lie in one plane The plain s ri(a\ b( i ul- d into squares , 
or squared paper mav be fasten'd on tin in Tin n by means 
of hat pins matij problems r.m l,i iffufiMb illustrated nith 
the as.sisUince of the mode! planes 

A moilel can lie m<>r*> easilv mad* tioiii iliiwimr jitja'c. 
nr cardboanl. Draw a square of 't m lo in* lie» suit* (fig “.U 


floor may represent the horizontal 
of as the plane xy ; one vertical 
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drawn perpendicular to the xy plane equal to z, determines the 
position of the point P, 

From the right-angled triangles, AMO, PAO (Fig 84), 

and C»P* = C>A*+riP*=:i*-i-3/*+z*; 

/. OP=«/z* + i/* + z*. 

Thus, the three projections of a point on three intersecting 
planes definitel)' determine the distance of a point from these 
planes 

Negative values of the co-ordinates indicate that the lines 
affected must he drawn in the opposite direction to that shown 
in Fig 84. 

It will be found that problems dealing with the projections 
of a point, line, or plane, may be solved either by graphical 
methods, using a fairly accurate scale and protractor, or by 
calculation One method should be used as a check on the 
other 

Ex I Given the'z-, j/-, and z-co-ocdmatca of a point as 2^, 15*, 
and 2", respectively Draw the three projections of the line OP 
on the three planes xy, yz, and rr, and in each case measure the 
length of the projection Find the distance of P from the origin 
O, and the angles made by the line OP with the three axes 

Let P fFig. 84) be the given point and 0 the origin of co- 
ordinates Join OP, 

The projection on the axis of x is the line OM ; on the axis 
of y is the line OA" ; and on the axis of z is the line OD 
Ojr=y, OA*=l-5", and 0i)=2'. 

Graphical constmction. — The arrangement of the lines and 
angles can be seen from Fig. 81. To me.isure the lengths of the 
lines and the magnitudes of the angles, proceed as follows: 

Draw the three axes intersecting at 0 (Fig 85), and letter 
as shown. Set off along the axis of z a distance 02)=^ 2", 
along the axis of y a distance OjV= I 5*, and along the axis 
of X a distance 0J/=!2*. Draw through these points, il and 
S, lines parallel to the axes to meet m A, and join .4 to 0. 
The n OA is the projection of OP, on the plane ry its length 
is s'^2<-i-(r5)*=2'5*. In a similar manner, the projection OB 
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The raunner itt v\liich the three axes are lettered should he 
noticed. It would appear at first sight to he more convenient 
to use the horizontal line, diawn from the origin 0 to the 
right, as the axis of jt. instead of y as in the diagram But 
when it becomes necessary to apply mathematics to mechanical, 
or physical, prohlenie, the notation adopted in Fig. 84 is moie 
useful, and therefore it is advisable to use it from the 
corarndlicement. 

CalculatioQ, — ^The preceding results are readily and accu- 
rately obtained by calcu- 
lation 

Thus, ns in Fig 8G, let 
0 denote the angle which 
the line OP makes with 
the avis of 2 , and the 
angle VI Inch the projec- 
tion OA makes with the 
axis of jT. Then, the posi- 
tion of P IS fixed either 
^hen its Cartesian co- 
Oratnates, x, ?/, and 2 , or 
itA polar C0H3rdmates, r, Q, 

</>, are known , r denoting 
the length of OP 

The conversion from Cartesian to polar co-ordinates may be 
effected as follows 

From Fig 8G, OA is the projection of OP on the plane xy ; 

0.1 = OP cos P0.1=r6mS 

Also Oil—x^OA co3^ = rsin 0cos<^ ; 



Or, as A’A«0.1f, 

(ii) 

Thu^ ^ may be found either from (i) or (ii), and when the 
numerical values of *•, y, 2 , are gi\ en, the numerical values of 
V, B, and can be obtained. 
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Direction-cosines of a line.— As already indicated, when 
the nnmerical values of are given, the distance of the 

point from the origin may be obtained from the relation 
2 -. Hence, we can proceed to find the ratios 

*L i. These are called the direction-cosines of the line. 
r T r 

Thus, if OP (Fig. 87) is the line joining the point (x, y, z) 

to the origin, and a, (iy 
and 6y denote the angles 
made by the line with 
the axes of Xy y^ and z, 
respectively, then 



cos a- 


X 


X 

T 


and 


cos/?=S 

T 

COS Q- 


Fio. S7. 


T 

In this manner the 
angles made by the line 
with the three axes can 
be obtained. 

Squaring each I’atio and adding, 

cos2 a+cos"- /3+COS2 0=-^ + i!=^±^±f:= 1 . 
t r" 7*- r- r- 

The letter I is often used instead of cos a ; and similarly 
m and n replace cos^ and cos0 respectively. 

From the relation cos- a + cos-^-l-cos^ 0=1, or its equivalent, 
it will be obvious that, if two of the angles, 
which a given line OP makes with the axes are known, then 
the remaining angle can be found. As indicated on page 230 
the angles a, and 0, can be obtained by construction, but by 
calculation more accurate results can be obtained. 


Px. 3, A line makes an angle of 60® with one axis and 45“ 
with another. What angle does it make with the third? 

Let 0 denote the required angle. 

cos- ^ -f cos- 60® -f cos- 45® = I ; 

/. cos- ^ = 1 ~ cos^ 60® - cos- 45® = 

Of coa5 = i; /. 5=60®. 
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We may repeat Ex. 1 as follows; 

Ex 4. The co-ordtnates of a point P are 2, 1 5, 2. Find the 
distance of the point from the origin, and the angles made by the 
line OP with the three axes 

OP=\/?+T3s+^=3-2, 

x=0il ^ OP cos a = r cos a, 

sihence coaa=^=^,^0 62o0, .. a --x 51* 19'; 


=0.1683, ^=C2’3'; 


»r cosfl=^=0 6230, •. 0=51* 19*. 

Ex. 5. I! 3;=:.3, y— 4, z=5, fiod r, I, m, and n. 

r^=rS+y*+^=y + 4*+5*=50, 
»-x:>'5u=7-07l ; 
f=-=;^=04242. 


Ex. 6 The co ordinates of a point P are (2, 3, 4) ; find its polar 
co-ordinates. 

r=OP=:s'P + 3*+4*=^=5 385, 

OI>=r cos 0, 

••• '^=^2" -I 

*=0 4cos^, and Odl=rein0, 

.’. 3:=r8in 0COS0, (i) 

or y=r 810 08101^, .... . (ii) 

The valoe of <> may be obtained either from (i) or (u); 

Thus *^”^"53sox8ml2"2'"5 385~>i U-6C95’ 

log (sin «) =log 3 - log 5 3S5 - log 0 -0605= 1 -aiOS, 

8in^=0 8?22, *. <b=56’20', 

again, dividing (li) by (i), tan^ = ?^, 


f>=56*20' 
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COS j 


, cos^-i^+cos-or-r-. -„tpare 3, 

Hr co-ordinates of a point P 

7 The three rectangn . 

1 Q respectively" N 

' • • (r P to tiie origm 0; 

(ii'i the angles , z.v,« fViree axes. 


U) Length obtained hy 

. .1 „ Ime and the angles may denoting 

(111 '“fVoX ielrio". » M-"’ "■ 

-graphical methods . /32 + 4"-=5. 

the angles as aboie . ,s gi'ei 

The projection o ^q. 92S5; .-. ^=21° 48'. 


C05F = 


* 5‘38o 

Tbe piojcrtioa on 4.472. 

, tl.. angle b'.tw.en the line and pL-e- 

I,,t G denote tl ., 8.33' dJ. 

;. cos Ct- 5.335 
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Tlie projection on tlie piano xz ia 

cos //= =0 cm; /. 77=^ 47 5S'. 

(ill) Let a, /?, ond ff, denote the nngles made by the bne with 
the exes of z, y, and r, respect i rely, then *=rcosa, y^rcoa/?, 
x=rcos^, .<? 

cos ft — “O*o571, ct^56*D^^ 

'='”'’' 543 =»‘«’ 

“"'-sIs'"'''"’ •■■»=“• 12-. 


Ex 8 There is a point P whose x-, y-, and z-co-ordinates are 
2, 1 5, ami 3. Find its r-, 0-, and ^-co ordmatca If O Is the 
origin, find the angles matle by OP with the axes of co-ordinates 
r=\^a:^+y ’-fz*=«/l525, -• r's=3 0O5; 

tan^=^=ij^=0 75, ^==36* 62”; 


cosfl = “=^^> = 07GS3, •. 0=39* 48', 


Ex. 9 The polar co orclinstes 
of a point are r=:5 feet, 5=5 52*, 
and 05=70', find the z-, y-, and 
E cD-ord males. Also hud the 
angles made by the hoe joining 
the point to the origin, with the 
axes of co-orditiatcs 
Let /*!)« the gnen point (Fig 
88) Join O to P Then, by 
projecting on the three axes, 0-1 
IS the ar CO animate, similarly, 

OB and OC are the y- and e 
toordinat.'srespectiielr 
I =5 cos 62*= 5 X 0 fil ‘ii = 3 07 S. 

OJ/=6siii 62’=5x0 7SS0=3 
x= OM cos 70*=3-9J X 0 342= 
* y=OJf’ am 70*=3-94 x 0-0397= 
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Let a, p, and 0, he the three angles made avith the three axes. 

cosa=-=i^=0-2606, ct=74'’ 22'; 

r o 

cos/9=:^=^^=0-7'104, .'. ^=42’ 14'. 

^ r a 

Line parsing tlirougli two given points.— If the co-ordi- 
nates of . t^ro points P and q be denoted by y, z)^ and 
{.if, y, /), the cquatioji oi the line passing through the two 
points is 

^ ^ .Jff ^ 

I 771 n * 

Through P, draw three lines JJp, Pp', Pp'\ parallel to the 
three axes respectively, and draw the remaining sides of the 



rectangnJar block as in Fig, 89. Complete a rectangular 
hlock having its sides parallel to the former, and q for an 
*ngu!ar point. 

PL = Nq ■=-NR~qR=Pp'-Iyp’^x- ^ , 

PF~ Mq = Md ~dq—v~i/. 
PS^Eq^E<f~qq'^z-d. 

IhuB, Pq Ls the diagonal of a rectangular block, the edges 
of which are x-xf, y-y', z~i!. 'Iherefore, to find the length 
of Pq the line joining P and y, 

Pq=::-j{x-x/f + (p- tjf + (2 _ s')*. 
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The angle beUcen the line Pq and the axu? of z is equal 
to the angle between Pq and a Jtne qE parallel to the axis 
of t. 

Hence, denoting the angle hjr 0, 

” " 7(x - x')' + (y -y)* . 

...... , x — zf V — i/ 

Smnlarly, I = w ’^~Pq' 

When the eecond point is the origin 0, y, y, and are each 
^ero, and the equation 

I ~ m ~ n 

becomes ^ 

£ 771 fir 

Ex. 10. Find the length of the line jomlng the two points 
(7, 9, 11), (3, 4, 5). Find the polar co-ordinates of the line and 
the angles which the line mahes with the three axes of co-ordi- 
nates 

r = s/ii - 3 )» -1- (9 - 4 ) J -t { 11 - 5 « ''/77 

=>8 774 ; 

a-t'sreosO. co3 9=g-^^=0 6839; 

fl==4G' 51'; 

tan ^=1^, =1=1 ■25. . «i=51* 20'; 

cos B =^*"=5 ^^=0 4559, A s=62* 53’; 

cosj3»?^=-|^ =0 5699, . /3=55* 16'. 
r ow i4 

The method u equivalent to shifting the origin to the point 
(3. 4 , 5). 

A practical application. — Some of the data we have con- 
•idered in this chapter may perhaps be better explained by 
the terms latitude and longitude of a place on the earth’s 
•urface. At tegular distances {tom the two poles a senes o| 
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pomllo! circloH ara drawn (Fig. 0(0 and arc called P((raU**Xn 
of hiUHvdfi. TJio p-iraJJel of hliUnh midway between the 

poles is called .Uio Equator. 
These parallclB aivi crossed 
})orpendicul{iriy by circles 
panning ibrougli tlie poles 
aiKl called meridians of lonjri^ 
tudo. Selecting one lueridian 
UH a Htandurd (tlic ineridiJiTi 
passing ihrongb Gj'CcnwicbX 
tbo position of any object 
on the carllCn mirfam can be 
specified. This information, 
together \yitl) tlic dcj)tb be- 
low the surface, or the height 
above it, dctcianincs any 
point/ or place on or near 
the earth. 

^Dio plane xoif ma}" be taken to n?present the equatorial piano 
of the eai‘th, ami the earth’s axis. Then tlic position of 
a p(»int P (Fig. \)\) on the surface of tljo earth, or that of 
a point outsidfj tin; surface moving 
witli tluj oartli, is known when wo 
are given its distance (//* (or r) from 
the cimtre, its latitude or e(»-iati- 
Imlo (tJO • d), and its fji or cast longi- 
tilde, from some standard mcrilian 
plam*, HUf'lt as Uie j>lanc passing 
through < lrej*nwicli. 

Assuming tiic earth to bfi a sphere 
of radius r, then the disiruico of a 
js/inl no lie* saffaeo <-;in be obtuinecK 
If /* he a point r>n tin^ Huj'fiKs*, the 



M Pole 



di^sturieo <if from the axis is tin? distance PM, and 


PM ’ rain P(LU V cos (7. 


E.r. 11. A point f>!i t,hf! oiirtii’K Hiirfdco i« in latitiirlo '}0\ Fi'nil 
itJi (ViHinwr from U,o iixin, aHHurniri}; iho earth to ho a mliero cl 
4000 miles radius. 
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Required distance = 4000 x cm 40“ 

=4000 x 0 :e(3=30&4 miles 

Having found the distance PJ/, the speed at ^hich such a 
point is nlo^^^g due to the rotation of the earth can he found. 

Ex, 12 Assuming the earth to be a sphere of 40fiO miles radius, 
whftt IS the linear leloeity of a place in 40“ north latitude? The 
earth makes one revoliition in hours 

Kadius of circle of l4titnde=4000 x co340’. 
liCt * denote the speed. 

Then 4(j00xcos40“x2r 

2J-93 

4f)O0xO^66x2T 

= —504 '4 miles per hour. 


Ex, 13 Find the distance bctiveen the two points (3, 4, 5 3) 
(I, 2 5, 3) and the angles made by the hue with the three a«i 
Distance = >/(3 - 1)^ + (4 - 3 - 3)^ 

= \^2J+T5^+T3--.3 307. 

f-coso=^^=0-5SS7; ' «=53*56'. 

m = cos;3='|^3^/=0 4»16; . ^=Cr43' 


Cartesian Co-ordinates (two dimensions). — When the giver 
point or points are in the plane of x, »/, a rcsnlting Biinphfi- 
cation occurs Thus, denoting the coordinates of t«o points 
P and Q by (x, y) and (a, b), respectively, and the angles 
ni.tde by the line PQ with the axes of x and yhy a and 0 
Tlien, if r be the distance between the points, 
r^s.'(x-ny+{y-br 
T-g v-h 
CCHa°°cos/Jf ' 


Also 


^(.r-a); 


but /J 13 the complement of a , 

co3/J=sintt. 




latitude and longitude 




Etqtlired distanccs-tOOOx co5 4ft* 

i=4OO0vO':C<)« 2(!C£ miles 

Ilavio" found tlie distance PM, the speed at which such a 
point is mo^^ng due to the rotation of the earth can be found. 

Ex. W Assuming the earth to be a sphere of 4000 miles r.-idms, 
what is the linear velocity of a place in 40® north latitude! The 
earth makes one revolution in 2.1 93 hours 

Radius of circle of [.ititnde=4000 x cos 40’. 

Let t denote the speed 

. 4000xco3 40®x2r 


23-93 

400OxO'7Cfix 


4-4 miles per hour 


Ex 13 Find the distance between the two points (3, 4, 5*3) 
11, 2 5, 5) and the angles made by the hue with the three axes. 
DisUnce 

=«/i2^+r?+2l'=3 307. 

f=cos« = 5SS7 ; • «=53® 56'. 


1U6; . ^=G3°48' 
Ti=eos^=~^=0 6770; d=47° 24’ 


Cartesian Co-ordinates (two dimensions).— 'When the gircc 
pomt or points are in the plane of i, »/, a resulting sinsplifi- 
tttion occurs Thus, denoting the co-ordinates of 'two points 
P and Q by (x, y) and (a, 6), respectively, and the andes 
*nade by the Ime PQ with the axes of « and by a and « 
Tlitn, if r he the distance helween the points, 

r='J{x~ay+y~'bf 

Also r~CT v-'h 

cos a cos ^ ’ 


B is the complement of a , 




cosg^aiuo. 




KXKRCISES, 


2it 


EXERCISES. XXra • 

1 . The *- and y co ordinates of a point A mewurc S* and 3" and 
the point n 4' from the oncin. determine the Z-co ordinate and 
draw the three projections of .4. 

2, Obtain the length of the line joining two opposite Comera of a 
rectangular pnsm 3" x S* x 4'* apd find the angles winch this hue 
maLes with the edges of the solid- 

3 Tlie co-ortlinates of two points P and Q arc (3, 1, 2) (4, 2, 5), 
find the distance PQ 

4. TJie three rectangulir co-ordinates of a point /’arc 3, 4, and 
5; iletermine the polar co ordinates of the line ; the cosines of the 
angles which the line makes with the three axes 

5 The polar co ordinates of a hne joining a point to the origin 
are j*=3, tf-65', 0=50*. Determine its rectangular co-ordinates, 

6. The co-ordinates of the two points arc (3, 4, 5 3) (1, 2*5, 3), 
find the length of the line joining the two points and the dircction- 
cosines of the line 

7. The co-ordinates of two points arc (7, 9, 1 1) and (.3, 4, 5); find 
the length of line joining the pomts and the direction cosines of the 
line 


8 The polar co-ordinates of a point are r=5, <f=52\ 0=70*; 
find the X-, y , and : co-ordmates. 

9. The co-ordinates of two points A and B sre as follows : 


Point I T y s 
A 05’ 0!J' I 3 5* 

D 24- 3 r j i-r 


Find the length of the line .rlV? and the cosines of the angles ma<le 
by the line with the three axes 

10 Oiren r= 100, ff =25*, 0 = 7O*. find x, y, z. 

11 The three rectangubr co-onlmstes of a point P arcar = l 5, 
y=23, z = l'8 Find the length of the Imc joining P to the ongtn 
and the cosines of the angles which OP makes w ith the three axes 

12 The polar co-crJinates of a point are r=20, ^®32* . 0* < 
Find tfie rectangular co-on/rosfes. 
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13. A point P is oO iuciics from the origin, the angles 0 and <() are 
OO"" and 70"" rcspocUvely ; find the rectangular co-ordinates a;, ?/, and 
c, and tho angles made by the line joining P to the origin with the 
tbree a^ics. 

In co-ordinate geometry on a idane : 

14. Given r = 10, find x and y. 

15. Given ,T=tT, find r and 0. 

16. Given a: = 5, t/ = S, find r and 0, 

17. Given 7'=:100, 0:=^ 15°, find .r and y, 

18. Given 7* =50, ^=20^, find x and ?/. 

19. Show that (.r" - .r') iy-y') — - y*) {.r - is the equation of 
a straight lino passing through tAvo given points AAdioso co-ordinates 
are (x\ y'), (x^ ?/'). 

20. DniAv, on squared paper, the straight lines AA’hich pass 
through tho following pairs of points : 

(\) V2, and 12, 4). lb) fd, 4) aiid 15, fi). (bi) 13, 4) and (3, 5). 

(iv) (1, 1) and ( -2, -2). (v) (a, h) and (^n, -/>). 

(vi) (0, 1) and (1, -1). (vii) (0, 1), (3, 8). 

Show that tho equations of the lines are : 

(i) ;r-2 = 0. (ii) 7/-x = L (ib) aj^3=0. (iv) 

(v) bx-ay-0. (vi) ?/-f2.r=:l. (vii) 3?/~7.r=3. 

21. Show that double the area of tho triangle formed by tho 
lines joining tho points (x\ y% {x:\ if) to tho ‘origin is civen by 
i/V'-yV. 

22. The rcctangvdar co-ordinates of tho tAvo points P and Q are 
(2, 3) and (0, 1) respeoti\xdy. Provo that tho area of tho triangle 
POQ 10 being the origin) is S sq. units. 

23. Diuw the following curves, given a =4 and 6=3: 
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VECTOP^. 


Scalar qtumtitjes —There are maar quantities s»hkTi can 
be fulij' represented by a number Thus , time, mx®s, moment 
of inertia, urea, volume, density, temperatoreT etc., are all 
ciaroplca of eo-callod icslar qaaatltiea, or, more shortly, acaUi*, 
to distinguish them from others called vectors, which involve 
direction as well as magnitude, such a* forces, displacemeata, 
le/ocities, acceieruCtons, etc 

In spocifym" a force, its direction, or sense, and point of 
application, must be given. The direction may be indicated 
by using the points of the compas.? E., W, , orS, or some 
Inteniicdiite direction Tu say that a sector acts in a vertical 
direction is not sufTicicnlli definite , it must aNo l,e stated 
whether it acts in an upwanl or a down^-ard direction. 

In dealing with vectors m one plane and actinqf at a f>oint, 
addition or subtraction may b<r carneil out by calculation or 
gnphie^lly by using a parallelogram or tnangle. Bv resolucg 
a single vector horizontally and vertically tuo sides of a nght- 
angleil triangle are obtiinetl. the hipotenuse ci'ina the sum, 
oi resultant, in magnitude and direction as in Fig 03 

IHien the gtien vectors are ad in one pbtie. hut do not act 
at a point, in addition to the pohgem npce«s.iri to obtain, 
the magnitude of the resultant, another polygon, called / 
fualcnlar or UaJc-polygms. is required tu dt-tMimne its poeitio 
In the general case three sralars are nese -^s-iry TItus, a >ect 
may be rcpresenteil m Ciirtesian oo oiihintcs by a-— o', y-i, 
*-f' (when one point is the on "in this lK.>comes the poir? 
X, y, a); or, in polar cwvrdinati-s r, h, 
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RoKoMion of voctorH.'-'I’vvo vcctont acting at a ])()iiit can 
Itc replaced by a Mingle vector wliicli will produce tlio fuuno 
(dl'cct. 'riiiin, in 'i!'ig. ‘M, I'l'O f'Wo vcctoj-H A and Ji may be 

replaced by tlic vfjctor 0. 

(jonvcrHcly, we may replace 
a (single vector by two voctfU’H 
acting in difronsnt directiona, 
'J'lie two directioJKs iiHually 
taben are at right aiiglca to 
eacli other. 

•Let OM (Fig. D:)) j'cprcfsenfc 
in direction and niagnitudo a 
vector acting at the point 0, 
'.I’wo lincH OA', OV, at right 
anglcH to (inch other are drawn through 0. From M, draw 
jffjV piirpendieiilar to OA", 'J'hen O.V ia the rcHolvcd })art of 
the vector O', in the direcl.ion OA'. 

If 0 in the inclination of the vtsetor 0, tlien 
OA^--OJ/ COM d. 



Similarly, if MIj be drawn ])orpendicular to the axia Oy, 
OL-OMv.mLOM 
^■OM nil! 0. 

Thua, wo obtain two vfjctorss ON. -A, and 00--^//, wliich, 
acting MimulbincoiiHly, produce the (same ellect on the point <} 
ais the (single vs'ctor OM. 

I lii(( important redation (nay bes (stated iih follows; Tlio 
ronolvod part of a vector In any fdvon direction In equal to tlio 
nmtciiltudo of the vector nmlUpllcd liy tho conlno of tlio anglo- 
made liy tho vootor with tho glvon direction. 

'I’he tw<( vfictora ON and OL are called the roctaiigiilar 
eomponoutn of OAf. 

'I’lie proccMM of replacing a vector by itis roctanfrular coin- 
ponontn in cnllcd ronolvlng a vector. 'J’lie magnitiidon of the- 
componentfs may be obl.aincd by diviwing the vector (J to a 
convenient (scale and nieursuring the comjionentn to tho name 
(Scale, Or, the magnituden may bo readily obtained liy calcula- 
don, uaing either a (slidc-rulo or logarithinn for tlio purpose.. 
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Addition of voctors. — Let A aod B {Fig. 01) Le two vectors. 
Tbes, on the two vectors as side?, complete tlie p.'tmllelogram, 
Tlic diagonal OD denotes the sector sum A+B. 

Vector subtraction. — What is called vector subtraction may 
l>e performed in a manner similar to that adopted in addition ; 
thus, the diagonal Im will represent A —B. TTiis may be seen 
from Fig 0i« in which on is equal to ol, but in the reverse 
direction; hence, if oI=Z?, oft=— Zf. op in the sum of owi 
and on; 

op=^lm = A~B 
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In the preceding example A~B may be written A+(-B) 
or the vector B la added to A after a reversal of direction. 

When several vectors act at a point, the sum, or resultant, of 
the first two can lie combined with the third, etc. Or, letter, 
set off a line denoting the magnitude and direction of the 
first; from the end of this line set off a line equal in magni- 
tude and parallel in direction to the second. Proceeding in 
tnis manner, as many different sides of a polygon as there are 
given vectors are obtained The magnitude and direction of 
the line joining the initial position to the final w the resultant 
in direction and magnitude A vector equal in magnitude but 
reversed in sense will balance the given vectors , or, is the 
eqalunrant of the given system of vectors. If the lines, drawn 
in the manner indicate*!, form a closed polygon, it follows that 
the given vectors have no resultant , or, in other wonls, the 
a'ector sum is zero. Thus, if the vectors denote displaceroent-s 
KJVX. t 







„„cc™mS "»S»* "'"T'^'^W^l.rtto of l»-oM»''« 

l,cen acsignatcd as -ehcnd . sectors. 

„e „,.»f^on =0 ... to 'TSt”o.tt»t-Xu:; 
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-“'^'^^■tlori-t.-een a sot 

A velatioi- ^aoT^tity 

of vectors is ^ 

the res^t o_^ 

actii^' OF), t%YO 

f = ictln- in 

ecual if f nt an 
s;une stiaio 

angle a to tlie me 0 

be n-ritten as Aa 

or a direction due E., mic 

Similarly, f e s auo •- 

an equal vcctoi > = _ 

pv tlic follovring results 

A ^ ; tVerefot'® 

V)c obtained b> 

"vetok on *0 otlior. 
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Er. I Solve the rector cqcatl&n 

/?# « Jo + ^so- - .1 s*(r. 

The fitcn vectors m^y be set out os in Fig PO, in >thich oa^Av, 
and oh denotes Also -Ai*r denotes a vector such as -bo=oft, 

and ns this is the same as ^or> the given system rednees to 


If tiic pirjillelognvm oeid& l>e completed on oa and of> as aides, 
then the resultant, H, is given in magnitude and direction by the 
diJgnual 0(1, 
l!y csicniition, 
i«/)*=,l*+(2J)’--tJ*C05 ISO’ 

=7^*; 

<x/=J\^7 =2-615*1. 
f*ct 0 denote the angle aod, 

Tlicti 

jine ^ ^ 2 , 

Sini2<r A-fi 




v'j s.'sr 


’Ji ” 

=oc.>ic. 

= 40* .53' 



The resnlt may also be obtained b) the process of resolution 
of rectors, thus • 

X = A+2A coaG0’ = 2.4, 
r=2.4sinfiO*-Av'3; 

;: = >'A*TT> * .d v7 = 2 6 1.5.d , 


As already indicated, wbrn pevcril v it tors are given acting 
at a point, the sum mav lie obtuneil by ref»eated applications 
of the iMHillelograni, or letter br iii*jn<i of a pohgon. Ltt 
A, Ji, C, If (Fig 07) denote, m magnitude .and direction, four 
vectors acting at a point O To find the sum »e may use 
the two given vectors as tvr<j adjacent rides of a parallelogram, 
the dngonal of which will give the sum 1 +/» »*t, we mav 

u*e the diagonal and the vector (' as two sides of a rew 
panlMogram ; and obviouslv the sum of the given vectors 
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, nUcatlOBS. ^oiBt « 

'^e oUaitie^ ^^ygoB as ^ wa, to 

Sectors. yalaB^ 

° \ . . parallel to ea 


^^^"",ectov equal aBd 

^TTo tlaeBtbeauU^ 
act at O, tors 

o' %l':o.r>^’^ 
"•““U jSya'oo'* 
'^'S by ooooW'S 
oWo'”*„“ectoo»»'““= 
the Ocular to 

aBd IB tl^is 

the liuo - sides of ? 

— maBBcr triaBgl' 

r^^'” " 8 '“ 1 ° «=■>»’■*; ’ 

. 0{ "-f !V tlie resol'J 

„.e 

*S'o^“« zt"*--z s'oV^' 

^nd tb« ..ctors acti^ f, 

base- 



a tlie aBgle at a 

"t ,. TA -<<>'• ^l^ 0 •£“^"^‘’'’°'’"'■^,, 

B=«’ ‘^^' ' ‘o *'■' '‘°"" 


^ TVic ^ n-^16 ; — 

i ’ its inclinatioB to tbe bonz< 

vector equation w ^24o’ + lOso- + ^‘^'" ’ 


vector equation maj , ^ to^o- -t ^ , to 24 on : 

•FiK.9'-"’"'^°"iVT6andl6’^"®^ 

venient scale. au= 
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Theo i? U ntitnericallj e<{nal to the length of, and $ u the angle 
<«6. n is found to be 31, and ^=37* 2o'. 

The result is also readily obtained by calculation. 

Sum of horizontal components 

=24 + 10 cos 30*+ 16 cos C0*+ 16 cos 180* 

= 24+S-06 + 8-10 = 24-C6. 

Bum of vertical components 

=24x0 + 108m30’ + 16siD 60*+ 16x0 


= 5+1.3 80 = 18 86. 

7:=sM-4 66)^+(18-8 Gj*=31-(M, 
. ^ ifiso 




Ex 3. Three forces of 27, 52 anti 49 lbs. respectively act at 
a point 0; the angle ^OB=32’, the angle A0C=Z&'. Find the 
lesultant in direction or magnitude 

The equation may be wntteu in the form 
Ef = At + Eyr + Cirr, 

Substituting the magnitudes of .d, il, and (7, 

/?» = 27 s* + 52 i 3* + i 9>s*. 



Draw nfc (Fig OS) equal and parallel to rector d, tc equal and 
parallel to E, and rd equal and paraUel to rector C. Then, od 
denotes the sum, or resulUnt, in direction and magnitude. 
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(Fig 00), and e<]oM to 400, Similarly, c<i Ss m.'tde equal ami 
{Mmllel to \ector C. ami dt equal and parallel to \cctor Z>. 
Then, the resultant is the line joining a the initial, to e the (Inal 
point; the inclination of the line «« to the horizon is the required 
inclination of the line denoting the sum. 



Or, the sum of the projections on the axes of a and y could he 
ohtainol ami msde to form tvio sides of a nght-angled triangle; 
the sum of the gnen sectors is the hypotenuse of the triangle, 

Let X denote the sum of the projections on the axis of x. 

Then, X cosO* + 4li0 cos - (530 cos 80’ + 6l0cos23* 

= 83.1 I 400 X 0 5290 - C50 X 0 1736+010 xO-9203 
= 835 + 2 U 90 - 1 12 84 + .50 1 *5 
= 1405152 

Siniiiarlj, r=400sin58’ - CoOsin 80* -010 sm 23* 

= 400 X 0 SIS -C.V) 0 OXIS - 010 X 0 3907 
^OSO'J-OIO 12-i'5S33 
= -530-25; 
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= 1589-87, 
r -5;i9-2.5_ 


The worlc may be arrtmge<l aa followfi t 


]'V,ro<. /'. 

Atade* 

V COT rt. 

/*«ln iu 

855 

0" 

855 

0 

400 

58" 

21 1 -OO 

339*2 

550 

20(r 

- 112*84 


010 

•-2.r 

501*5 

-238-33 

1 

t 


X=:: 1405*02 

r = - 539-25 


Having obtained X and F, the vahio of and 0 cun be obtained 
utt above, 

(ii) If X and Y denote the two components at 0*^ and 1)0^ then 
tins vector erjtnition may bo written 

Xo^ Yw -l- 400f,r -I* «nO,Hv)- 4- CIO 

'i'he vulncH of X and Y Inivo already been delcnnined, and arc 
14(15*0*2 and -550*25 rcnpectively* 

(iii) 'J'ho inclination of the rcfinltuni may bo ntaled ur - UP 40\ 
or 500”- HP 40'-!M0“ 11". 1'ho three forces Icccping equilibrium 
arc aft indicated in Fig, 00, llcnce» act o(l' ac equal and parallel 
to IL Draw a line cu parallel to Q, and a lino an ] parallel to /^, 
inierttccting the former in n; then, aai in tins triangle of forcca 
rerjuirod, and tlio nmgnitinlcR of P and Q can he incaBiircd to 
the Hcalo on wliich an is equal to JL 

It will ho seen that the triangle nnn in Fig, 09 which is mod 
to doternuno the magnitudea of P and Q, could be drawn iiH n 
acparalo diagram. 

(iv) '.rhc dircctioim arc obtained by using a triangle of forces ; 
1 .^. from a and n an contrea, and witli radii 500, and 700, reaj>cc- 
tively, dcftcribc area of eircUm; then tlio triangle of forces in 
obtained, and from ibiR the iuclinaiionn may bo found. 
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Some rectors, such displacement's velocities, accelera- 
tion's 1*® represented by a line, or any parallel lino 

may bo iisc<l. Such vectors may be called free vectors, to 
dtetinpiish them from other vectors such as lorees, in which 
the sectors arc localised in a line, and are only free to move 
in the direction of the length of the line. 

Link polygon. — In the precetlmg example the given vectors 
have been a-ssumeil to act at a ]X)int, when this is not the 
case, it is Decenary to obtain the position of the resultant, 
in addition to its magnitude and direction. For this purpose 
what is called a funicular or nut polygon is used. 
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Flo. 100 —Vector* wliich do not »ct »t a point 

Given three forces P, Q, and R, which, acting at diflierent 
points on a rigid bods, do not meet at the fame point «hon 
producwl, to find the resitltant and also its jooint of applintlion 

Instead of denoting a force by a single letter, a verv con- 
venient and simple notation is to put a letter on e.ach side of 
a force, the second letter h for any force P being earned to 
the first side of the next force Q, thus, in Fig Uin the force 
/’ nuy lie denoted by the letters <iK V h and p by rrf. 

In Fig, 100, called the force pollToa. 'i^' ?*■ »nd -f are drawn 
paiallel to, and containing as uiani unit'* ' -ngth as there 
K.V.U. 1 2 
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lint* O.V, arc called the intercepU of .■), J), and D. Tims, tlje 
rector ^1 is eoniplctel.v «pccifi«l bj* its intercept a, its in- 
clination a, and Its sense, indicated b^ an arrow-head on 
the lino denoting the vector. 

In a similar manner, the rector H is specified by its in- 
clination ff, its intercept I, and its sense. Tlie s-ectors C 
and A* p.i^s thrtjnglj the origin and the iflfereept is zero. 
In the case of the vector D the intercept is negative or — ef. 

Hence, if A”, r, and 0, denote the resultant, its intercept 
and inclination to 0.1' respectively, then the sector equation 
may l« w ritten 

^AV = +»0s + »C’»o>+ -«0 t 

If all the given vectors act at a point the precetbng equation 
becomes //s == .1, + Ajj -i- Cy + ... 

Ax 5. Fnc serticnl fortes yJ, A, C, D, A’, are as follows: 



' A 

n 

C 

D 

A’ 

Magnitude in tons. 

1 1 8.'>. 

3-2 

3-2 

27 

3S 

Angle, • 

' 270* 

_^’j 

270’ 

270’ 

Wl* 

Intercept (feet'. 


4 2 

8-2 

11-5 

1C2 


(l) Find the sum nf .i r Bi-C+ I> + K=irBg 
(li) ., „ C+ZJ + A’s^S:^. 

li IS found to be 0 7o tons, 5 = 270", r=23'6 ft. 

The Sector e«iuation is 

= *l 8.\w + -tv '2.'v + n *2 Trtr + 8w 
Tlie given vectors form a sjstem of porallcl forces, the sum of 
the upward comiiorents ts 3"2 + ,'?S=r^. and of the downward 
components is I US + ,7 2 + 2 7=7*75 j hence the rcsulUut is -0 75, 
and its direction 270 


To find the position of the resultant it is only necessary to 
take moments about any convenient point such as 0, Tlien, 
if X denote the distance of R from <K 

ix<-0 75)= - 3-2 >rd-2-b3-2x 8-2 + 2 7x11 O-.l-SxICS 
= -17 71 ! 
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PRODUCT OF T^VO VUCTORS. 


ITeacc, tie prodaet of tie two vectors, or -vork jjone ty 

the force, u /</cos 0, (i) 

where d denotes the dispbeernent. 

AVhea the angle is O’, le. when the direction of the force 
and the displacement are coincident, since coaO'=l, tie 
proclact is /'xd 

RTjen 0s=DO* tie force /’has no component in the direction 
of motion, and the work done ic /* is rera For any in- 
clination to ISO’, the resolved part of F acts in a ncjjative 
direction, and the work done l>y /' woald be in tie mtnre 
of a resistance or retardation. Tils would obriotjsly have 
its maxim am value when 9~1W’. 

Fq (i) may l>c expressed in words as follows ; 

Pwject one reetoT oa the other, the product of the rector aad 
the projection Is the scalar prodnrt required. Or, multlplj the 
numerical mafitltuiles of the two recton hj the cosine of the 
ahfle hetweca them. 

From Eq (i) it follows that the product of two unit serfors 
*uci as umt force and unit displacement, is coa^. In any 
diagram, when two rectors are -shorni acting at a point, care 
must be taken tliat the arrow -heatls denoting the of 

each vector are niaile to go m a direction oat wards from tie 
point. When this is done. 0 u the angle between the vectora. 

Ejt. 8. Tic direction of the rails of 
a trarowa) is due N , ainl a force A of 
300 U<s. in a direction CO* N of K. acts 
on the car. Find the work done hy the 
force during a di 'placement of 100 ft. 

If $ denote the angle between the 
direction ef the fore* 1 and the direc- 
tion of the duplacement O.V, then the 
resolrnl p.irt of .< m the direction OS 
is A ensfi 

The product of a force, nr the re- 
solvetl part of a force, and its Juplace 
Dient, or distance moved through, is 
the work flooe by the force Thus, lo 
Fig. 103. If D denote the displacement of the car, then the work 
done Is ADcotf. .. • (') 
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»ch vector with the axes of x and y rcepecti^eljr. Fiod for each 
vector the valncs of 8 {where 0 deootcs the focltnation to the 
ixia of s)» X, y, and t, and tabulate u ehotTR. 

From the given values of a and p the value of 9 can Le 
calculated from the relation 

cos'a + coa’^ + cos V = I . 

Tims, for vector A, we have 

coa'tfssl - cos*a - cos*^ = 1 J = 5 • 

.. and 8~(j0', 

Similarly, for 77, 

coa*8^1 -10SCG)*~(0 173G)*=0-iS; $^GT f?*. 

And, for C, 

coa*(?^I - J /. tf=CO'. 

To obtain the projections x, y, and x of each vector, we use 
Ihe relations a: = i"coaa, y=rco8^, 2 = rco8 9, 

Thus, for sector A, 

rs=50*, 3 = 45*, and 8 arc each CO* ; 
a:=50cos4.’>*=5n xO ';07l = 35 33, 
y = 30 cos CO • = 50 X 0 50 = 23, 
z=:50cosC0*=25, 

For vector B, 

r = COcos.30* = 17 32, -20«wS0*= -3 -172, 

i=r2ticosfi2* 2' = 93'< 

ForC, r= - 10cosC0*= -5, y=10cos45*=7 07J, 

s=incos CO* =5 

Adding all the tenns in column x and denoting the sum by lx, 
Xx=35-3.>+ i: 32-5-3 47 C7. 

Similarly, ly=23 - 3 -1 72 -r 7 -071 = 28 -6, 

and rj=2o-i9 3S 

Hence the resultant of the three sectors is 

.1 Zf + <7= \'(l7^7)»+(2^-0)-' r (“•TiT'iT* = 68 1 
To find the angles made by the resulunt vector with the three 
axes we have 

eosa«‘‘JjY"0 ~ “'* 

j^J’A = 0 420l , /S = C5’10', 
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Ex. 10. Expand and interpret the following rector equation, 
/)»»(A+/?+CA 

(a) trhea applied to a plane 
quadrilateral, 

H) whea applied to a paral- 
lelepiped. 

Let a, 6, c respectively de- 
note the tnagnitadea of three 
edges of a parallclopiped meet- 
ing at O (fig. JO.!), and a, 

-y signify the intenial angles 
lietMeen the sides to, ca, ah. 

In (a) we ohtain 

rf* = a* + 1* f* - 2a6 cos 7 - 2ae cos ^ - 2ic cos a, 
or the square on the diagonal of a quadrilateral is given in terms of 
the three edges which it meets and their inclination to one another. 

(A) <I‘=a-+l^+e*+2iibcfysy + 2heco3p+2ac^oa«^ 
or, the square of a diagonal is given in terms of the lengths of 
the ndes ami the magnitudes of the included angles. 

EXERCISES. XXVIIL 

1. The following four forces act in one plane. Determine the 
teanlUnt, and measure its magnituile. direction and intercept. 

' A \ n ] C ' D 

Magnitude, 20 | 18 ) 27 10 

Direction, ; 32* f 103* i:2* 23S* 

Intercept, 2 5 j 18 j 0 5 J - 0--1 

2. The following three vectors A, B, C act at a point ; determine 

the sector sums A+B-^C and A-B + C, also the direction in 
each case. 


I j 


c 

' Magnitude. 

i ar-s ( 50 5 1 

i 88-0 

Direction, 1 

Cr-fi '1I5**5 

238*0 


Verify by eonstrucUon that A - (fi- Cl=d - tJse a aeale 
of i inch to 10 naiu. 
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Vector algebra. — Many algebraical and trigonometrical re- 
lations may be obtained by using vector notation. 

Ijct A and B (Fig. 104) denote tvro vectors acting at a point 
0, and let & denote the angle between A and B. 

The diagonal of the 
p parallelogram, on the 
two vectors as sides, 
is denoted by the sura 
AA-B. Let the sides 
Oi/, MD, be denoted 
b}' a and b respec- 
tively, and the dia- 
Fjg 104 gonal OD by c, and 

LM by d. 

Tlien (A-t-5)2 = /12-f2A5-f52. ‘ • 

A-=A xA because the included angle is 0°. 

Similarly, BxB^W. 

But, if a and h denote the magnitudes of A and B respec- 
tively, then 2.-1 S = 2a&cos 

c2 = (A + A2 -t- 2 AS +.62= 2a6 cos 6+ 

Similarly, 

d^ = {A-Bf^A"‘-2AB+B^=a?- 2ah cos 6+6=. 

In a similar manner we obtain 

(A+i3)(A-6) = A2-ir-, or cdcosa^^^a^-B- ■, 

(A+/?)2 + (A-i?)2 = 2(A2 + i?2), or 

(A +B)2 — (A — i?)2 = 4A6, or c- — d- = Aabco%6. 

Again, if the vectors A, B, C represent the sides of a triangle 
taken in order, A+i?+C'=0. 

Lot <7, b, c, denote the three sides, and a, )3, y, the oppo- 
site angles, then, 

( — A)2— (/? + C)2, or a-^b-A-c^ — ZhccQi y; 

(A + i? + ( 7 ) 2 = 0, or 024. 52 4. c2 _ 2 cos y + i/c cos a + ca cos /?)= 0. 

Tlie notation may easily be extended to the case of a plane 
tpiadrilateral figure, or a rectangular prism. 
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Ex. 10. Expand amt interpret the following rector 
Z3> = {.t+/J + C)’ 

(а) when applied to a plane 
qu.adnlateral, 

(б) when applied to a p.iral- 
lelcpiped. 

Let o, h, c respectively de- 
note the magnitudes of three 
edges of a parallelopiped meet- 
ing at 0 (Fig. lOrO, and a, 

Y signify the mtcmal angles 
Intween the sides he, ca, a&. 

In (a) we ohtam 

cP=a*+ ii* + c’ - 2a6 cos y - 2ac cos ^ - 2he cos a, 
or the square on tho diagonal of a quadrilateral is given in terms of 
the three edges which it meets and their inclination to one another. 

(t) iP=a’ + 6*+c^ ■h2abcoay+2beco^p + 2ae cos a, 
or, the square of a diagonal is given in terms of the lengths of 
the wJes and the magnitudes of the included angles. 



EXERCISES XXVIIL 


1. Tho following four forces act m one plane Determine the 
resultant, and measure its magnitude, direction and intercept. 



A 

B 

C 

D 

Slagnitude, 

29 

IS 

27 

19 

Direction, 

32* 

105* 

172“ 

1 25S* 

Intercept, 

25 

1 8 

05 

1-77 


2. The following three vectors A, B, C act at a point ; determine 
the vector sums A + Z? + C and A-B + C, also the direction in 
each case. 


Verify 
of I men 



A 

B 

C 

Magnitude, 

37-2 

23»-6 

69 5 

83-0 

1 Direction, 

115* *5; 

233* -0 


by construction that A -(B-OmA-B-^-C, 
to 10 units. 


Use a scale 
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3. Given tlio following system of coplanar forces, by meatis of a 
vector and link polygon determine the resultant of the system. 
Write down the vector equation. 



A 

210 

B 

G 

D 

E 

Magnitude, 

185 

313 

125 

167 

Direction, 

20'’ 1 

71° 

12,T 

190° 

260^ 

Intercept, 

I 2-15 

D3 

1 

4'6 

0 

5-5 


Find the resultant ol B and D, 

4. Tlirce vectors A, B, G, acting in a horizontal plane, are 
defined in the following table. 

Find >lie vector sum show that A^B-^G'^A’\-C'k-B* 



A 

B 

C 

Magnitude, 

1 -23 

1*95 

2-60 

Direction, 

! 

E j 

.33° -2 
K ofE. 

112’ 

N. of E. 


6. A ship A is sailing at 8 '7 knots to the cast, and a second 
ship B at 3 ‘4 knots to the south-west. Find the velocity of B 
relatively to A* 

6 Suppose the wind to be blowing at 5 knots from the north. 
Find ti^e directions which wind vanes would take if carried by 
the two ships in the preceding exercise. 

*i. A ship IS sailing eastwards at 10 miles an hour. It carries 
an instrument for recording the apparent velocity of the ■wind, 
in both magnitude and direction. 

(а) If the wind registered by the instrument is apparently one 
of 20 milc'^ per hour from the north-east, what is tlie actual wind? 
Give the answer in miles per hour and degrees north of cast of 
the quarter from which the wind comes. 

(б) If a wind of 15 miles per hour from the north-east were 
actually blowing, what apparent wind would the in.strunient on 
the ‘vessel register ? State this answer in miles per hour and 
degrees north of east as before. 

Use a scale of J inch to 1 mile per hour. 
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8. Jf three vectors A, li, C lire represented by the sides of & 
triangle taVen in onler and sense (^1 + ii + C)*=U obtain trigooo. 
metrical formulae by cipantlmg the following equations: 

+ M + fl + 0*. 

Use a, h, c for the three sides, and a, jS, y for the opposite 
angles. 

9 A ship is sailing tc 8 7 knots through water apparently to 
the east, but there is tin ocean current of 3 4 knot* to the sontb- 
west, ruul the actual velocity of the ship as regards the ocean 
t>e<l. 

10 A cyclist rides at 10 miles per hour in a direction due north. 
Find the ajipirent direction of the wind which the rider experience* 
« hen the actual velocity and direction of the wind is as follows : 

(a) 10 miles from F- (t) 10 miles from X.E. 

(c) 10 „ „ (d) 10 „ „ K.W. 

(e) 10 t. >, S 

11. Show that A^ + At3f + A2Jf=:0. 

12 ^Iso' + -'li9r + ^rr='Ai<«r- 
'13 Ac + Aw + A#r=2 OiO-tw 67 

Solve the vect T cr]uations . 

14. //* = IfV - Uar + 3Uiar Find I! and 0, 

15 Jsr + fJinr + lOir-Uw t^30,» =0 Find A and B. 

16, IC«+2.'»;i + 1(V - 14» +30i«r = 0 Find a and P. 

17. Ci,r + 27Y + lOo- - Usr + 30iw=0. Fmd C and y 

18 fincn the following five vectors 



A ' B C 

L^i 

Magnitude, 

20 1» 08 

33 1 155 

Direction, • i 

l~i 

120’ 


Determine, by constructions, the follow log vector sums and 
differences • 

(a) A+B+C + D + B, {h} A+B + B+D + C, 

Ir) A + C-C + D-f:, [d) A + D-E+V-C 
19 If a vessel steams due K against a X.E. wind, show in a 
diagram the direction in which the smoke le.wea the funnel. 
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20. Eincl A and a in the following vector equation, tliat is, add 
the three given vectors, which are all in the plane of the paper. 

.4 a — S'Tso'* + 1 *482? *+ 2"6 i5T« 

21. Find B and /3 from the equation 

= 3*72cr — 1 ‘48^ -f 

Use a scale 1 inch to 1 unit. 

22. Find the resultant or vector sum, that is, find A and a 
from the vector equation 

^ tt = 2635^ + + 41230’* 

Use a scale of 1 inch to 10 lbs. 

23. Verify by construction that 

2635'» -f 37 JIG* + 4l23{r = 2635 = 41230“ 4* 3711^. 

24. A mass of 10 lbs. has a velocity of l*3ic?» ft, per sec. It 
receives a blow which changes its velocity into one of O'Sioo’ ft. 
per sec. What change in the velocity and in the momentum is 
produced ? 

25. A point Q moves in a straight line. Successive positions 
of 0, measured from a point 0 in the line at interval of x'Q second, 
are given in the following table : 


Distance of G (feet), - 

|H 


0*515 

0*600 

0*515 

Time t (seconds), - - | 

0 0 

0*025 

0*05 

0-075 

0-1 


llctermine successive values of the velocity and acceleration of G, 
Draw curves showing velocity and time, and acceleration and time. 
Bead ofT the velocity and acceleration when ^=0*05 second. 

Find R and 0 in the following equation; 

26. /i?0 = 20cr + 1275* “ 15 *5ieor' + 3*3225“ ~ 0*8310’, 

27. A force acts on a tram*car moving with velocity Find 
A B the activity or power in the following cases : 



A 

B 

(a) 

Q>) 

(0 

(d) 

300 Ihs. E. 

2n0 Ihs. N.E. 
200 Ihs. N. 
j 1.50 lbs. S.W. 

20 ft. per sec. E. 

»t >» ,, 

>> It 

I* »> 


28. Solve the vector equation 

^ CO’ *f ^310* + 1 Ocr - 1 530“ SOico* = 0. 














EXKRCI'iES. 


2C.5 


29 There »r8 three vectors m & borirontal yil&De: 

A of amount !'& touarJs the eontli east 

It of nmoont 3-9 in the direction towanU CO* west of south. 

C of amount C'7 towards the north. 

(o) Find the sector sums .1+Zf + C, (6) A-B-k-C, (c) if- (7, 
((f) lind the Bcabr products A . B and A . C. 

so Values of three vectors actin;; at a point arc given in the 
foUosring table. Find in each chsc the value of P, the magnitudes 
the an.;les mo/le with the three asos of the line representing the 
•um of the ihrie vectors. 


A 

B 

C 


CO 

£0 

.“lO 


TO* 

I5fr 

8j* 


3r 

Rl* 

170* 


31, Water is flowing at 10 feet per second along a pipe having 
n riglit-anglixl bcniL What is the visitor change of velocitj at the 
ItiidT 

32 A )<<at is mos ing at the rate of 10 miles p'^r hour in a direction 
3.J* /; of X. At whit rate is it moving east and north. 

33. Show from the definition of a vector product (p. 230) that the 
vector product 5jo> x "ise is 5 x 7 sin (120* -40’)=3,> sin S0“ = 34-47, 
in a direction perpendicular to the plane cf the vectors. 

31, The magnitude and direction of the force /’per unit length 
cxpcncnced bj a straight wore placed in a magnetic field, of intensity 
J/ lines per sijuaro centimetre, is given by B CM iin 6, wbern 

C denotes the magnitude of the current (m amperes) in the ware, 
and 6 the angle its direction makes with the magnetic CcI(L 
tlivcn <7=4 amperes, Jf =Cnt)0 lines per wjuare centimetre, =53*, 




1 1 
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such as the ecventh la tho first term a together witlj the addi- 
tion of rf repeated (7-1) times, or is a+Crf. 

If I denotes tho fast term, and n the number of terms, then 
(i) 

Let S denote the sum of n terms, then 

5-a + (fl+rf) + (a+2cf) + ...+(f-2rf)+(f“rf)+f. 

Writing the scries in the reverse order ^e obtain 
5-.f4-(f-rf)+(f-2cf)4-...(a-h2ff)+(a-hd)+a. 

Adding v,c obtain 

2iS=(a + f)+(a + f)+ ••to ” terms 

= n(o + 0, 

5=1 (a + 0 (H) 

From tbis equation, *ben a and I are known, the sum of 
n tenns can be obtained 

Again, substituting in (ii) the value of I from Eq. (i), vc 
obtain 

5=s{2a + (n-l)rf} (iii) 

Giving the sum of n terms when the first tenu and the 
common differences are known 

Arithmetical Mean.— If o. A, and 6 form three quantities 
in arithmetical progression, then 

A -a=^b~A , 



or, tfit anlhmftical mean of tiro quantities ts one-half their sum. 

Kx K The first term of an ftrithmetical progression is 3, tho 
third term is 9- \Vbat is the sum of 20 terms* 

From (1) above, 9=3+2cI,‘ 

. d=3 

S=-Vl6 + (20-l)3} 

=C30. 
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EsV, 2. I'hc $?nm of three nunibers in iiriUnnctic<al progression 
is 21, aiul their product is 815. Find the three numbers. 

Let a-rf, a, nnd rr + r/ denote the three luimbers. 

/. 8a:=:2L 

The product of the three terms is 

or 49-rP=45; 

Hence, tlie numbers are 5, 7, 0. 

Ex. 8. The fifth term of an arithmetical progression is 81, and 
the second term is 24. Find the series. 

n4*4rf=Sl 

Subtracting, M ^ 57 ; 

f/“19 and «=5. 

Hence, the series is 5, 24, 48, ^ 


Ex. 4. Sho^r that if unity be added to the sum of any number 
of terms of the series 8, 16, 24, etc., the I'csnlt is the square of 
nn odd number. 

= 4n^ H'ln. 

/. 1 =4n^4-47H* 1 ={2n4* IF, 

and {2;?'f IF is the square of an odd number. 


Ex, 5. Find the sum of the first n natural numbers. 
Here 0 = 1, ; 




?»{« + !) 

•> 


SiUQ of stiuarcp. — The sum of the squares of tlie first « 
natural mraaboi's is often roqnivecl ; if this sum is denoted hy 


-jf", then 


a2 + 2=-{-3=+...5!=. 


From the result alroadj" oht-ained (Ex. 5) for the sum of 
the first 71 natural numbers we may infer that the result will 
contain In fact, we find 

7l’ - (7! - IP = ,,3 - («3 _ 3«2 + 3n - 1 ) = 37)2 - 37( + I . 
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As this is true for all values of n, we may write n — 1 for 
n, and »e obtain 

Id a similar manner, again writing n-l for n, 
(n~2)>-(n-3)»=3(a-2)>-3(«-2) + l, 

/, 3''-2''=3x3S-3x3 + l, 
2’-l’^3x2*-3>c2 + ], 
lJ-03=3xl*-3xl + l. 

By addition we obtain 

n»=3(l*+2St-3!+ ..n*)-3(l+2+3 + ...n)+r, (i) 

hut l+2 + 3 + ...n= ”^”^'*'^^ 

or 

, n(n + l)(2n + l) 

" C 

EXERCISES. XXIX. 

Find the »am of the following senes . 

1. 4, 3}-, 2f, to 20 terms 

2 . II 5 + IOV + 93 + to 21 terms. 

S 14-2, 123, 10 4, etc , to 15 terms. 

4. l|, 2, 2j, to 8 terms. 

5 The third term of an a r. is 7 and the seTcnth is X What 
is the senes* 

6 The sum of three numbers in A,r. is 24, and their product 
IS 480. Find the numbers 

^ The sum of n terms of an A p , whose first two terms arc 43, 45, 
is equal to the sum of 2n terms of another progression whose first 
two terms are 45, 43. Find the value of n. 

1. The sum of n terms of the senes 3, 6, 9 .. is 975; find n. 
9. The sum of 20 terms of on A.r , the first tenn being 4, is 
-62f. Find ihe common difference. 
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Jjet & denote the snrii of n terms, then 

,?=a + or+ar2 + ...or"**+ar""h 
Jlultiplying every term by r, 

5rs»nr+or-+or* + ... flr"'‘+nr". 
Subtract (ii) from (ni) 

r5-.?<=or"-n, 

or AV - 1 ) » 


r-l 


00 


fill) 


... . (h) 


i'c. 1 The first term of a geometrical progression is 3, and 
the tldrd term 12. Find the sum of 8 terms 


From (i), 
From (i\). 

Or, using the 


12 = 3 /^; . r =±2 


minus saluc for r 




Kr. 2. Find the sum of 20 terms of the series 
3 - 4 + *5* - + 

nercr=- 3 , n=3, and n=20, 


The valoc of (g)'^ 


IS readily obtained by using logarithms 


Snm of an infinite number of terms. — By changing signs 
in both numerator and denominator, Eq (iv) above becomes 

W 


When r is a proper fraction it h evident that r" decreases as 
n increases, so that, as n tends to infimts. r" tends to zero, prev- 
tidisl -l<rc 1. Ilcncc the sum to infinita is 


(vi) 


Hence Eq (vi) may bo ustd to find the eum of an infinite 
number of terms ; or, as it is called, the sura of a series of terms 
to infinity. 
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lux. O. 
Here a 


Find the sum of the series 


a 

rr 





to infinity. 


Ex. 4. Find the sum of the series 0*94-0’81*f... to infinity. 
Here a = 0'9, r—O O; 


Value of a tecurring decimal.— The arithmetical rules for 
finding the value of a recurring decimal depend on the formula 
for the sum of an infinite series in g.p. 


Ex. 5. Find the value of 3*6. 

3« = 3-6GG... = 3 + ~ + j|n-ij|,+ ...=3+5'; 

/. r=;0T and a=0’6; 

. O'fi _6_2 


Geometrical mean. — The positive value of the square root 
of the product of any two quantities is said to ho a ff€07netr{c 
wean between the other two. The two initial lettei‘s g.m. 
ir.ay he used to denote the geometric mean. Tlius, if .r and 

y denote two numbers, the a.m. is the g.m. is 

In the progression 2, 4, 8... the middle term 4 is the G.it. 
of 2 and S. In like manner in a, ar, nr-,... ar is the G.M. of 
a and <Tr~. 

To insert (n ~ 2) geometric means between two given quantities. ■ 
From 

we obtain = 

a’ 

and from this equation when I and a are given r can bo 
obtained. 
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JCr. C Insert four geometric mentis between 2 «n<l Cl 
IncJuJtng the two gi\cii terms the Rnml>er of terms will be 6, 
the first term will be and the last Ct. 

.% ra-t = V-; 

t*= 32, or r=2. 

Hence the means are 4, 8, 10, 32. 

tJr. 7. The arithmetical mean of two nnmbers is 10, and the 
geometrical mean is 8 Find the nuniliers. 

Let X nod y denote the two numbers. 






xy^C4 

. - - (d) 

-Haltiply fii> by 4 and subtract from fj) Mjuareil, 


.. jr*- 2ry+ j/'= 114 ; 



11 

(lit) 

Thus, from (m) and (i), 



21 = 32 or 8 , 

.* x=16or4; 


2y = 8or 3*2, 

* y=l or 10. 


Hence the numtjcrs are 10 and 4 




MIf.CKLLANFOUS EXERCISES XXX- 

Sum the following senes 

1. 3 + -li + oJ+ to 10 terms. 

2. 12 + 4+11+ to 10 terms. 

3 1*48-2-22 + 3 33- to 10 terms, 

4. 1*3-3 1-7 3- to 10 terms 

5. 14 + Cl + 114-r to 20 terms. 

6. 14 + 42+120 to 8 terms. 

7 2 + 31 + 43+ to 10 terms 

8 1*2 + 3 + J+ to 10 terms 

9. 0*74-1 11 + 1*003- 

10 12-2*1+5 4- 

11. Find the o p. whose fifth and ninth terms are 1455 and 
11«00S. 

12, Find five numbers mop such that their sum is 124 and 
the naotient of the sum of the first and last hy the middle term 
shall b, 41. 
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Sum''-^'^-^ +I'-- 19 . 56 + 1'^-''^- 

n-Sl +0"1"®” " 24 

ifl 0 ‘ 0 + 0 °^ , , „„A term 

“■ ri term >• «’ “^ ' 

, . ,0... o' 

“».' in.a *« “'"' 1-I+-' „„ be «oe“«''“\ „ 45, 

. t),c condition tlmt tbe su^^^ ..ve toget^^ ^qu 

\Vhat IS terms ol . comm 

.^4 first lour ro -pind tuc ^p^jv, 

'”';■ '< «'» 'rr;'-”’ '• -"te be4.e» -^£4^-! 

®' ?'£.»« * 0 ” *° ’’ .tc “ '" 

“£.£‘0 "" 4 .oriee ot tet»« » wr.o 


to 


-find tire 


25- tlra« tlm go®"' Ije 

£,£“ "" . 4 .erlee ot ter® » wt.o^ 

S.r»o.teel^?-5S-«£‘"' eto.r.,- 

£rr."5S»£'rxr-^' 


t» A.;t"”’f“',, etc., ’o £:4, -f„ ewo o- ^ gene 

[boe, »®” '; ;, etc., ent'*: e,„re=ee'' •■> “ 
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IlAnMOKlCAL rhocnESSIOK. 

Again from (>) tbe lufmonical mean between two quantities 
e» and e is 1=-^^. 

a+tf 

Hit, 1. I'md ft harmonieal mean between *12 and 7. 

• 2 X 42 X 7 2 

W« may u«c tlie formnU ‘^12, or aa 

•nd ^ are in ^,r., 

1 1 
42^7 I 
tnean=— 77- = !^ 

Hence, the required mean is 12, and 42, 12 and 7 arc three terms 
In lur. 


Ex 2. Insert two hajmonical means between 3 and 12. 
Inserting the given terms we find that ^ and are the first 
and Lut terms of an A.r. of fOnr terms ; therefore from 
l=a + [n~l)d 

we have l’; = a + (4 - l)d S 

a/=-l. ord=-^V 

Hence the common difference is - -j'j ; therefore the terms are 

i - 1*; = 1 1 - ,j', = J, 

or the anthmctical means are J and J. 

Hence the harmonic means arc 4 and G. 

Let .1, G, and // denote the anthmeiical, geometrical, ard har- 
nionical means respectiicly between two quantities, a and c 


'Then 


C = s> 


//=- 


. hence C* = /!//. 


EXERCISES 

1. Define harmonic progression , insert 4 harmonic means be- 
tween 2 and 12. 

2. Find the arithmetic, geometnc, and harmonic means between 
2 and 8. 

S Find a third term to 42 and 12 m n r 
4 . Find a first term to S and 2i in ti p 

8. The Slim r>f three terms In n.r. u lj*» ; if the first term is 
•what IS the senes » 
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6. The arithmetical mean between two numbers exceeds the 
geometric by 2, and the geometrical exceeds the harmonica! by 
1'6. Find the numbers. 

7. A H.p. consists of six terms; the last three terms are 2, 3 
and 6 ; find the first three. 

8. Find in h.p. the fourth term to 6, 8 and 12. 

9. Insert three harmonic means between 2 and 3. 

10. Find the arithmetic, geometric, and harmonic means between 
2 and S-, and write down three terms of each series. 

11. If .r, y, z be the and terms of a H.P., show that 

{r-q)yz-}‘(p-r)xz^{q-p)ccy^Q. 

Miscellaneous Series. — ^The preceding methods may some- 
times be adopted to obtain the summation of given series 
neither in a.p. nor in g,p. The processes employed may be 
seen from the following examples : 

Ex. 1. (a) Find the sum of the series 

a + (a4-6)a;-f(a'f 26)x-+ 

(h) Show that the sum of the first n even numbers is equal to 
times the sum of the first n odd numbers. 

(а) Let iS~a+(a'i't)x>f(a4‘21)).Tr+...{a+ (n-l)b}x”“h 

Multiplying all through by x, 

jS'x=ax + (a + 5).Tri. ... {a -f (n -2)6}x«“^-f {a + (n~ 

B}’ subtraction, 

S{1 “ x) = a'f^>(x + x-'f ... - |a 4- (n ~ \ )h}x'^ 

= a + — •*-{a + (?i- I)6}x", 

n. , txd-x-i) (n-Dhx" 

i-ar-+-iiTsp fZT- 

(б) The sum of the first n even numbers is an A.p. Common 
^liiTerence and first term 2. 

5—24* 4 4* 6 -f'2u 

= I (2 + 2n) == 71 (n 4- 1 ) (i) 

Similarly, for the sum of the first n odd numbers, 

5 ... 4*{2a~l) 
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« , tlieol=®: „>«»»“% ;«;«. '-•"' J „. {»"<>'■■'" 

3 BioJ»''' ,l«vc»» o 5 l"“ „,- v>o n 

• >, iVTl ' -. -^,A\VeV. o V- — ■ — rTVl 3 <. 
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, «' r : ' i- vv-:''”^: ■, , .„ 

T:\^e oxV- oac\^ ^ vuU- ' 

'’t 

. . ,7 ,hT<’' 1-'' • . : 


.t tcvvo> 

' \,y \'\Sftevr' 

"'"“f w" "' TV’*' *T'V» *' T .>"»^ 

T\u' r, ot t\\c Veen cave^"^ . gccoi 

rrv* -- 

TfVo' '''■'TVV+'^'\“""r 


niKOMIAL THEOREM, 


wlien* [i* whicli M also written r !, stgnifiw 
1 x2x3x...xr. 

Note that when rs^O the value of |r^i3 called =1. 

Now* it may l)e proved that the binomial expansion for (n + l>)" 
is valid for nil values of^n, provided -l<t/a<l, this con* 
dition b<*inp: essential since when n is not a positive integer, the 
resulting series has an infinite number of terms. Thus assuming 
tlie londition to Iw fulfilleil. 


(a +b)- " = a“- - na--' b + a"*** b* 
and llic goncnl, or tenn m\1\ l>e 


■, ctc-i 


Ejt. 1. 
Here 


Find the 0th term of {ra + 6)'h 


.*, reqat 


r+l = 9; r=R; 

■cd term 

= lC5a V. 


Tlie theorem may be npplieel to expand an expression of 
more than two terms, thus. 

(ti + fc+c)« = (rt + i)*+4 (a -f +C(a + t)V+4(a + fc)c>+c*, 

and each binomial may bo expanded in the usual manner. 

As M liny 1)0 nn integer, positive or negative, or a fractional 
numlM.r. it follows that a binomial expression may be raised to 
a given power, providctl tlie condition stated above h fulfilled. 
In niimeneal ca<H-s it h advisable, before expanding (a +6)", to 
make the first term of the binomial expression unity , thus 
(a + l)’*=«"(I +fcVi)". 


Ex <l7)i=(4* + l)i = (4‘)4(l+,Vl^ 

“1(1 + 3 J ”»Cnr+'tc ) = 4 1231 approj. 
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lux. 3. Rind Uio valnc of 0’9“ Ly the binomial tbeorem. Com- 
p.aro the result n-ith that obtained l)y using logarithms. 

Expaiuling by the binomial theorem, this becomes 

-(tV)^+ — 


1 -I(tV) i-h? - 


= 1-0’08 + 


M - 4j_- Hj - 0)2-'' 4(-l)(-6)(-ll)-y 

”5Tl0‘' i_4xl0’* 


= 1 - O'OS - 0-0008 - 0-00003-2 - + . . . 

= 1 - 0'0808.T87G = 0 ■91916024. 

Using four-ltgaro logarithms n*o have 

log (0 - 9 ) J = s log 0 -9 = I - X I - 9.1 12 1-9633 
= 0 - 9189 . 


Approximations. ~Tho binomial theorem gives the expan- 
sion of (l+n)" tines : 

/I , 1 . , «(«-!) «, «(?»-!)(« -2) , 

(l+o)" = l + ?m+ 


When <t is small compared with 1, then will be very 
small, and the lust two terms of tbe oxpaiAsion are sufficiently 
accurate for many practical ])urposes* Thus 

when a is small compared with 1, 

}Cx\ 4. Find the value of I'O.vl 

l*0:>^=.(l+0'0r)F.--l 4 3 n0-054 3(003)2 4- (0'05)^ 

- i 0*15 + 0 lX)7r> appvoK. 

Using only the first two terms, 

1 055:=:M5. 

It Mali be noticed that the error introduced only aftects the 
thud decimal place, and the numerical magnitude of the error 
decceases as the term a diminishes. 

Again, if «s:0‘0o5, then 

1 'Oor.3 = ( I +0-003)5 = 1 + 3 X 0-003 + (0-00.6)-+ (0-005)* 

— 1 + 0 *0 1 5 4- 0 *00007 5=1*01 507 5 appro'/. 

The first two terms give ( 1 -003)*= 1 +0-005 x 3 = 1 -015, which is 
'pdtc accurate enough for most practical purposes. 

We may, of course, use the s.-imc rule -when n is fractional. 



AprnoxiMATioxfv 




£x 5. <;'ruT=(l+0<l3)i 

srl + JxO-Mal-OlC:. 

Ex.&. r4-»tl+0-CC>r' 

V IXC 

« 1 - i X 0-03= I -o-oic7=o-am 

Ijr. 7* Fine) tlie tupcrficnl wnl cabicAl rxpotiilon of fron, taking 
a, the cwflicicht of linear erjttnsion, u OO^WIS or I'Gx I0‘*. 

If the etJe cf a iqnare l>e of unit length, then when the tetn* 
f»ratnre ji mcrcucil Lj 1* C, the length of each »Me Lecomea 
1+0, &nj the area of the aquare » (1 +oj*=: I +2ii +a’; 

• (l+o)»#=l+2x0Cl0rt012 + (0<nn01?;». 

Sulitracting the ealoe of the original area from thi«, we fin<l the 
coefficient ol anperficial expansion to he 2x0tlW*112 + f0‘(lf<)012A 
Ai o ii a I mall quantity ita fqnare «il] l>c rery email, even 
tf an exact (fetermi nation of it were ma<Ie it viodIiI have nc 
apprecUhlo effect on the larger quantity ; 

.. coefficient of auperffcial expaniion « So sOflOOCtJI or 2'-! x 10**. 
In a aim] Ur manner (i -t-o)* (when a ix a imall quantity ooinpare<l 
irith valty) may be written aa f v ; 

.*■ coefficient of cubical expanxinti for the same material 
= 3a = n<in0fCC = 3C> I0-» 

Again, by multiplication, 

(l+o)(l+i) = l+a + fc+oh: 

when a and (> are Ixitli amall compiml with unity, we may 
write (l + a)(14-b) = l + a + b 

/>. 8. Fuirf the approximate value of I+Vi)i 1-07 
Here we have, 

(f+0<t’)(l+0'07> = t +0<lj*fKr7=l 12 
iforo accarwely 07) = 1 +003 . 007 *0W33= 1 12X'x 

Hence, the result ohtameil by the approximate oetboJ i« true 
to the thirxl liguiflcant figure 
frinilarly, when i* »nil i> amall cotnpired with I, 

(X + »)*a + hr-l + n+Bt». 
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■Wc collect tte preceding approximation formulae for refer- 
ence and add others •which may be proved in a similar manner. 

(l±a)"=l±na 
(1 ± a)(l ±13) = 1 ± a± ti 
(l±a){l±b)(l±c).,.=l±a±l)±c.... 

7 — IT! — " I + na. 

(l±a)’’ ^ 

On degree of accuracy. — In the various arithmetical pro- 
cesses of multiplication, division, involution, and evolution, 
the numbers which are dealt with are usually known to be 
^‘correct” to a certain number of significant figures, and it 
is frequently necessary to ascertain to what number of 
significant figures a result such as a product or quotient is 
accurate. 

Tims, for example, to find tbe product of 3*54 and 2*36, it 
being given that the decimals are correct to the second place. 
It follows that the four decimal places which are obtained in 
the product are not necessarily correct. Thus, 3‘54 means that 
the number lies between 3*535 and 3*545 ; and 2*30 lies be- 
tween 2*355 and 2*305. Hence, the product will lie between 
3*535 X 2*355 and 3*515 x 2*365, le. between 8*324925 and 8*383925. 
The product of the given numbers is 3*54 x 2*36 = 8*3544, but 
in tbe two extreme cases tiie result nmy be expressed as 8*32 
or 8*38. Hence the four decimal figures cannot be retained. 
The result is correct only so far as the whole number is 
concerned, and at the most we can only retain one decimal 
place in the result. 

Hence, in calculating the area of a given figure from two 
measured lengths, say in inches, it follows that if the measure- 
ment bo such that an error of 0*01 of an inch is possible, 
then care is necessary to avoid giving a result whiclf is 
apparently far more accurate than the given data will supply. 

So, too, in dealing with the square, cube, or higher power, 
of a number, the result must not indicate greater accuracy 
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than is oLtainahlc from the given datx As an example, the 
area of a circle is given by -c/*, -where rf is the diameter. If 
the diameter is O-OP, the area, true to five signifieAnt 
figures i-s 000.*)02C<^; but, if tl is slightly greater or less 
than the gisen amount, the coircsjionding area is greater or 
b*s,s. Thus, if (I is ODTO, the area is OtXMDOlB ; and, if OOSl 
is O-Oorjion, and hence, if there is any uncertainty in the 
second significant figure, not niore tJnn one significant figure 
can l»e rctainecl in the answer. 

Ai«uiiiing d to denote a mcasurctl length, and therefore 
liroliahts slightly id error, it will be absurd to use an aecunte 
s.sluc of T. Tins constant has l)een ealcuUteil to over seven 
htindn-d significant figures, its value is 31410 to five signifi- 
cant figures, and this number is usually sufTiciently exact for all 
practical purpoisea. A good s’alue to u.se for nearly all practical 
calctlh^tlon^ indeed, is the number ^ = 31429. Tlie numl>cr 
3 112 is usually u«e<l with four-figure loganthms, and it 
should lie noticed tint thtre are compaiatiicly few calculations 
outside the range of foor-lig\irc logarithms. 

A’r 9 r denote the ilmineter of a circle. A small error 

ill the measureil laliio of x may lie tlenoteil hy lx. Calculate 
the proportional error m tlie anva. 

For an alteration in the diameter denotesl by lx the correspond- 
ing change in the area may be denoteii by W. 

( 1 ) 

Also A 4 J.4 = ^ (x + 4x)* = + 2x!x + (Jx)*}, . (ii) 

.\s lx is a small quantity, lU square will be too small to affect 
tbe rcsult- 

Sobtracting (1) from (ib »e obtain 

8.4 = '(ar3x)4 . (Ill) 

Hiiidinp (lit) by (1) and omitting the last term u lieing too 
small to affect the result. 

the projs’rtional error In the ealenUted result U twice that 
made ta tiic measorement of x. 
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Ex. 10* Let X denote the radius of a circle ; 

the area yrzTrsf. - (1) 

Let the radius increase by an amount ox, then the increase 
in the area is given by 

ox )- ^ r { + 2xox -f (ox)^ (ii) 

or {2x0X4* (ox)- } 7 r* 

Subtract (i) from (ii), 

/. oy=T{2xox + (ox)-} ; 

5y=2rra:oX'f 7r(ox)-, 

Now if ox is exceedingly small, the increase in the ai'ea is 
simply the circnmference of a circle of radius x multiplied b^’^ 
the change of radius. 

Ex. IL Let V denote the volume of a sphere of diameter x. 
Then 

also r + ol’=g(x-f oxf = ^ -}- ^xxox -f 3a: {5a;)- + (5a:)’}. 

As ox is small, we need only retain the first tvco terms. 
Subtracting (i) from (ii), 

or=:^(3x=ox) {iii) 

Dividing (iii) by (i), 

0 r_3ox 

T'^T’ 

Hence, the proportional error in the calculated volume is 
three times that made in the measurement of the diameter. 
In each of the preceding cases, certain terms have been rejected 
when such terms were small in comparison with a larger one. 
It will be found that, if an exact determination of the 
numerical value of such terms is made, no appreciable effect 
is produced in the result. It is important that this should 
be verified by the student. It clearly applies in the preceding 
Cases, and it may be shown to apply always when, as in raising 
a number to a given power or extracting a root, one or two 
terms of a series are sufficient 



ZERO ANT) INTLVlTy. 


2S3 


Ex. 12. Find the fif»t fire termi ef the fcjuire rtyjt of 1+x, 
ttod «*« the result to obuin the *<ja4re root of 101. 

s'r+xa(l+z)5. 

Therefore, by using the Mnomul theorem, sre obteln 

(1 +r}^=:l+ + 5 ^ 7 *+... ; 

/. ■»,niiT=%''(lW + l^«10v^O+Tlu) 

= 10(l + TffTy-BT7arTr + TTin)fftnrff- 
= 1 0 ( 1 + 0 •0(« - 0 t)noo 1 23 + 0 <iO0ai(X«25 
= !0<vt0S75. 

Ity the sppro4im»t« ml* tl + *)' = l+Tw, 

we obuia 10(1 +0-005) = 10'03. 

Zero and Infinity. —ProliaMr one of the greatest difllculties 
met "with by ft l>egmner ts the meaning to be attached to the 
•words zero and infinity. lie « prolahly familiar with two 
meanings which may be attached to the former Thus, in 
reference to numlx’rs we miglit ray 4 — d is zero, meaning 
that by the aabtractmu of four from fonr •we obtain a result 
which has on magnitude. Another form may be roughly 
fthown by considering J-S'fifiO... , in which the difference 
lietwwn the two magnitudes may be made exceedingly small; 
or, BA It IS often expressed, when the magnitude of the 
number representing the difference w made indefinitely small 
■uch a quantity may lie called zero In ft similar manner, if 
X ftnd y are two prints on ft cairrc .and clo*e together, the 
distance njnrt may lie indicateil either by y-x or by ir, 
where ox denotes a small incretneni of j, which may either 
positive or negatire. Again, if one number be multqilied by 
another, the product Ixrroniea less and less as one of the 
nucilicra dmunrshes , hence, fix0 = 0, or is the limit of bx 
when X becomes 0, 

It Js imjiortanU al«o, to understand clearly what la meant 
by “infinity" Thus, 1 dindetl by ,lg is lOiT Similarly, 1 
diitdtal by xodJocu » milli'm. Hy diminishing the de- 
nominator, the result m ly l*e made of ana magnitude Hence, 
ft* the dia’isor approaches n, the quutient becomes an eacetd- 
ingly great numWr, and when the denominator ts actually 0, 
the quotient is Mid to have an infinitely large rmlue. or to he 
infinite (wnticn as « I 
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TIk; t'lDf'ciit of !iii fiDgl'; its tlic riiLio of Uio fiitio to tlio cosiiio 

un 

of UlC unglo, or tan (f>- L'i) ; v.'lion Uio ariglo approaolic-s 

ftO'', tlio b;uio Ml (Ki},o lOfi) boooino:'. cxooodin^'ly fiTnaU ; tho 
)if;'i^{lit bacojnoi) oijnal U) llic rufliiiH of tbo oirolo wboii the 
aiigio ifi !)0" and tbo bane i'm 0; tan 00'’“®, Similarly, 

^\tr.\KnO- a« Ujo angl<j 0 jippronclKiH tlio Hide BG ho 
^ ^ in(l‘;rmiUj1y Miurill, ?uk 1 in ilio limit, 

wlicn the :u4;lo beoomen 0*', the Hide JW 
in y.ero, and /, eoneo 0"' c=: o; . Convormdy, 
an the value of a fraetion dimininhoH hy 
jnereaning Ute denoininater, it foDov/tt that 
when the denominator becomen indefiidtely 
great, the value of the fraetion or itn limit 

in 0. 'i’liUH, tlie value of tlie fraetion 
v/hen :n hecorfren imleflniudy great, in znvo. 
Undetermined formB.— When given valuea arc auhniituted 
for .r in a fraetion, the expreH>iion nomctiineB aHnumeu the 

form hnovvn an an unaotormlnod form. There arc varjoUH 

methodfi v/hi'h may be nned to aeeertain tlie v/iltic of Hueb 
aTi ex])reaMion. One eomuHta in writing the given expreeaion 
in faet/u’H, removing fart/;ra corn rn on Ui both rinmerator' and 
<lenomi;iat<jr, ar)d in tliiii njanner Uur faetoi’ whieh redueea the 
numerator and diujoniinat^ir to the undeUn'rnined fonrt may 
he eliminated. 



AV. IB. i^'ind the value wijen of the fraction 
hV’J - 7 /-^ J VI 

f 0 

Suhatituting the value x -2, the given fraction aMKtnnea Die form 
. Writing Uie given exprefufion in the form of faetor/j, v/c have 

r'L Z i ^ ^ ~ 0 ) 

jr' - 7 x {X - -Bf 

Oncol il.c common factor - 2, then a,„l thi,,, when 


xr:2, becomen 


' 5 * 




LIMITS. 


Limitg.— Tl»e undctcrmiccd form ? may !>«• u«od to illu<trate 


. «*-&* 


(he meaning of a limit, Thu^ to find the limit of • 
when b approachen to the value of a and ultimately l>ecomev 
e<|iMl to it, 

So long b difTtra from o, the given exprevdon hai a 
ilednitc ^•alue "When b bcooniee e(}Ual to o, the exprea^ion 


BMunicH the form ■ 


But ax a*-i*»-((i + ii)(a-6), w© obtain 


a + b by division. 

When I’^a, thia liecomca 2a, 

It La important to bear in mind that 2 may have any value 
whatever. 

/Tx. 14 liCt y=a‘*t (i| 

and let x recene a alight increment denoted by ix, then y t»e«)mei 

y+SyS .• y+ay = (x + ax)’=x*+2x3x + (4xp (ii) 

Subtract (i) from (it) and ditidc by Sx; 

• + • {»') 

When the numerical ^aluea of x anil 2x arc known, the value of 

^?can at once be oblalnetl from (ui) A» 8 t ti made imaller and 
8x 

itnaller, the »aluo approichea 2x in the limit When ir is rere, ne 

obtain --=3 tlx, from which wlien x is known the numerical ratne 
8x 

cm lie found ; also when Sx is rero, the preceding is written in the 

» •h „ 

form =t2x. 

tlx 

KX^:^tCI^KS .VWIIL 

Find the saloe of 


I. 


x* + i*-.V-f .1 


r*-'Ax*-x*+4x - 2 

»»+2r*^4r-3 


when X 


cl 
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s ? s 

A Show that the limit of 5_l£_ when 6=a is 3a?. 

a-b 

6. Write dovm and simplify the middle term of the expansioi 



6. Pind the tliird term, also the two middle terms, of (a +5)^^ 

7* Exprnid 8. (o-dr)**, 

9, What J3 the fiftli term of ? 

10. Find by means of a series an approximate value of 

11. Expand ± 

Numerical value of e— The value of (^l+~ j in- 

creases without limit is denoted by the letter c, where e is 
the base of the Naperian logarithms. On p. 280 we have 
found that when n is a lai'ge number, or in other words when 

i is a small number and a is not large compared with 

^ / I \ rt ^ 

then (l-f-j approximately. 


Ex. 1. If 71 = 1000 and a = 5, 


I+J-V- 


( 


‘ + iooo='''>® 


1000 ; 

with an error of I in 100,000. 

The value of j may be obtained by the Binomial 

Theorem, p. 278, as follows: 




\iooo; 

1000(1000^ DdOOQ-^ 2) / 1 \3 


2.3 


Viooo/ 


1000(1000-- l)(100Q^2)(100Q.., 3) / 1 y 


♦fete. 


.3.4 


1000 y 




-f etc. , 


1000/ 


neglecting such terms a<5 rf~l_V 

gViooo; ’ 24\l000j > 


NUMKRICAL VALUE OK e. 


239 


ITfnc^, 
neglecting Icrtin 




liwi' WiTKJ' tJlOuU’ * 

( 1 \>*^ 
‘+T(^) =2 718 


wilb *n error nf Blxiut I In l^W. 


From tlie prwwling it will Lo fwn tli.it, if a apprracbwi 
cquAlity with ft, the equation (l+') ^ *’ 

Iwing tnic. 

Xow hy the hmomLiI theorrm, when n w » posith-c infoger. 



The (r-f l}th term of the senes is 


which is obvjouily positive and an increasing function of n. The 
number of terras a ho increases with n , benco 


i'^ir 


HI 


increases as n increases, 

< 1 +1 + r-„ 

< 1 el * 


’Tri r^Ta 

I I ] 


This IS a O.r. nhoac turn is less than 3 . 



so that as ft tends to mCnit>. ( * * j 

htnit which rs denoted by tho number t. 
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Hence from (i), as n is indefinitely increased, 

6 = 1 + 1 +^ + ^, + ...+^,+..., 

where r!==1.2,3...r, and is called factorial r. 

This series vriW give the minierical value of c to any degree 
of accuracy required. 


14 . 1+1 = 




^-^1^=0-008333. g-^±^=0-001388, 

-=0-000198, 4=0-000024, ,-1=0-000003, 
il. 11 ll 

by addition the numerical value of c is 2*718282. 


Expansion of powers of e , — We may now proceed to obtain 
a series which Avill enable the values of any power of e such as 
(F to be obtained. 

By the Binomial Theorem, if l/?i< 1, 


\ 7!/ n 2 n- 


1 




Li 




Putting = 


But 


('+’,)"=>+i4{‘-;)+- 

{(-4r=(>%r= 

= l+a:+l(a;-l)4-.... 


EXPANSION OF POWERS OF e. 
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llcncp, ftsauminf; th«>o remain c<;ual a« 

finitely incre.wtl ; when n tomU to jnfinit)', 


Ilenco it followB at once that 


and, putting a = - 1, 
e-'=l 


+e!£.+... 

II 1“ IL 




« inde- 


(i) 

(u) 


Kx. 3. Calculate to four decimal places the value of e* when 
x=l-2. 


From (i) we obtain, where 0 = 1, 


i+x= 2 -xionn, ^=0 72t'on. 

^=0-2SSOO, 

^=0-(WCI0. J^ = o-(m4, 

l± U 

,^=0WI13, 

Q=0'0n07i, ^=0-00011, 

the sum is 3 32000. 


Other values ol x, t g 0 4, 0'S, I'C, 2'0, etc., may in like manner 
lie a*siime<l and the corresponding values of t* obtained 


From the wriM for e* it will bo obvious tliat when x 
is O. t*«l. 

When X is indefinitely great, or (m usually expressed) when 
X is infinite, e* is infinite ; 


Also, since 


when X 


infinite, e* has a range 


of jiositive values from zero to <c, as x changes from -oc 
to +«. That its value cannot lie negative if x is real may 
Is* *e<>n from the graph on p 141. 

CrpoiLsion a* — The wnes for o* is readily deducei! from 
that of e*. 

Since e* can lua\e any positive value from zero to infinitv, 
it follows tLat if a is any leal positne «]uaDtity whatever, 
we Can alwaya find r, so that e's.o. 



n<;<)3i4is=2- e' = ®- C^+T?"^ ^ «Y 

V 49, \2 \5-„ _ (^^}o^+.- ’ 

I O' 

3vX 


i+«+\s a <«12^+-’ 

(a:\og;^+.-+ \I, Y 

. ^+jio6,»+^sr , 0210^+- 

•••“^ (b£}2|^+‘- already 

so- 

»nJ for veiovo- 

,,, codecs ^o' 

obta^iacd- .._^+o U- 

/ 


... '\S 

a-*- ' 

{a) 


1 + 4 .+ >2 \3- -r 

o 4 -^+—’ 

.,^ 1 +^ 4- ,3 ar^ 
® ' „ o a 3 x^ . +'-rr 


Qy) 'a 3x%^+-+ \t. J 

Cc) ® ^ (^£3-+^'-^'^ .,.iroto 

b* =1 +^’^ ^ ^ ^ rtie ?4eceA^^6 giving 

S'J'l .t ™ne«' oS oW'-a W 

, . is tbe ^ series ® ^.,-stitnt^®8 ® ^ 

tire '"'tire aeries 

-T^r vainea t« ^ ^ +xV'''^''^Y 2?0ogl^ + - ’ 

srtrcn ' . oi z"-0og^^ + '^3 

^+>ioe.«+'hr^ 

a = i + .rs 

and iet 


‘ 0 M^rV('+ — ' 

a-i + .rs .4.!:-\iogA^ + ''^‘ 

l'«‘ + = ^,,8 

' miaSn'OO'O’^’S*. 4 ^ 2 .^j 0 +... 

^ ' lU-lV”''*''*'''' E^, 3, ,(82f+S.<?’ + - 


\ 



CALCULATION OF LOGAP.miMS. 


Ttia n onlj true when x is less than 1, for the Binomial 
Theorem U odIt applicable in such a caws. Hence, if x 


ii < 1 , 


'-2-+3-T+6--}-' 




= 1 + rIog,(l 4-a')+^ {lo2.(l +x);*+ ... 


for all values of t. Therefore, the coefficient of any pow'er of 
I on one side of the identity is ef^ual to that of the similar 
power on the other, provided x is not > I. 

Electing the coefficients of the first power of r, sve obtain 
the senes 


log,(l+jc)*= 


TliU bolds when x is not greater than unity. Bat when 
X is greater than unity it is obviously infinite in value for 
an infinite number of terms. But log,(l+jr) is finite, if x is 
finite ; hence the above cannot be true if x > 1. 

Calculation of logarithms, — From the preceding series it 
is possible to calculate a table of logarithms to the* base e. 
£r. 4 In the preceding senes (i) pat and vie obtain 

Of log»3-lo5*2;S^ + 

==0 549105-0 H3S40i 
log,3-log,2=0-40>465 

In a similar manner, the senes may be used to calculate 
the numerical values of log, 2, log. 3, 

Tlius, substituting x*' J in the senes for log(l +x), we obtain 
log.4-log,3 = 0^87C?2, 

.. 21og,2-log,3=0-2'=iTCS2, 
lo?.3- log. 2 = 0 405405, 
by addition log, 2 = 0-093147, 
and log,3=.l-09«C12 ; abo log.4a=l-3SC294. 

Other selected values may be calculated in like manner. 
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Tiie preceding method is much too laljorious for general 
use in calculations. More convenient formulae may be ob- 
tained as follou's ; 

Tlius, 


log,(ld-.T)=x-|-+|-- ^ 

The latter is obtained from the former by writing — for 
Subtocting, 

A log,(l -f log,(l-;r) = 2 

1 4 r ( 

or — ^,=2 ! 

If X is small it is only necessary to retoin and calculate the 
values of two or three terms in the series (ii). 




4.. 


•••) (ii) 


Ex* 5. Given log, 9=:: 2 '197224, find the value of log, 11. 

If lcgf|-;|=logMl-log,9 

_of 1 1 1 

A series in which it is necessary to retain only a few terms. 

It will be obvious tlmt if a scries for \ogt(n-\-l) — ]og^. 7 i 
can be obtained in which tlie successive terms in the series 
decrease very rapidly, then it will be possible, when log,^ 
is known, to obtain log^(n4 1), and therefore the logarithms 
of all numbers consecutively. 

N ow log^ (/2 4, ] ) n — logf - . 


Let 


n 


-X 


(1 4/0(1 4ar) ; /. x- 

T* J- 

Now substitute this value of x obtained in the series for 
1 . 


271+1' 


lot 


1 ■\-x 

'rrj’ 


log. 


, i , 1 ^ 1 

n “ 12/7 + 1 ■^ 3 ( 27 ? + 1)1 ■^ 5 ( 271 + 1)5 


A senes in which tlic successive terms decrease very rapidly. 



CAIXIULATION or COMMON LOGAmilMS. 205 


Calctillation of common loirantbias. — ^To cilcuUte common 
login til ms or Jt;piritlinn i’o I<Lt« 10, vrc tiuc, is on 

p 64, ditido <lic logiritlitn of a tiutnlwr to base ♦ 

Thus Iog.2»=*OC9315 and l<«g. 10-2 50233 ; 


/. log, 


OC3115 . 
*2 30^33' 


=030103. 


Trocootling in this manner it would he pos-vihl* to fJiirge 
the logarithms of all nunil>ers calculated to hose e into 
common logarithms, 

Tlio number 4342943 is called the mcialua of 

the common sjstem of logarithms, and is often represented 
by t?io letter ft. 

nme, the series for log,^^ and the value of ji enables 
ns to calculate common logarithms directly, for 




The work is further eimpUfied by the fact that 

Iog,(i(lcrxfl)=r+lpigjjB, 

TI>a« log,, 1-0561 =Iogrt - 4, 


since 


^10561 


C. Calculate log„ 10-001 to 7 tJedmal phcai. 

logi* 10,001 = log 1 0 000 + 

^ •-’'tool 

=4 + 0<ifji/MS4; 

loglO-OOlal-OOfXVtAl 

SimlUrly, log,, 10,002 » leg JO OOl + * ' 2^1*^ 


sxrocJSEs. JOKIT. 




f**pe<5' 
“ arjf 
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2. Given log, 30 = 3-401197, calculate to 5 significant figures 
the numerical values of the logarithms of 31, 32, S3, 34, 35, 36, 
37, SS, 39, and 40. 

3. Find series for the expressions 

^ ^ 2 ’ 2 * 


4, Taking log«l‘l==:0’09531, test the identity 

(M}5=l+21ogM'l-t^^-^^|^^'+ ... 

to four decimal places* 

5. Given Iog3o4'1110 = 0*6139475, calculate the logarithms of 
numbers of 6 significant figures between 4*1110 and 4*1120. 


6. Take logjo3420 from the tables at the end of the book and 
calculate logs of numbers between 3420 and 3430 to at least 4 
decimal places. Compare your answers with the tables. 


ITviC, 


Use n=3420, not 34,200 as before; 


.*. logjo 3421 = log 3420 + 


2(1 

2{3420)Ti‘ 


Using the formulae (lia)^ = li7ia etc., p. 282. Verify the 
following : 

7. If there is a possible error of 2 per cent, in the radius of a 
circle, the possible error in. the calculated area 'vrill be 4 per cent. 

Given r5=5*‘23 in., show that the possible error is 3*4 sq. in. 

8. The area of a triangle is calculated b}’^ the formula 

If an error of 3 per cent, excess is made in measuring the side &, 
and 2 per cent, defect in measuring the side c, sho%Y that the cal- 
culated value of the area will be 1 per cent, excess. 

Given 6 = 13*1 ft. 0=7*2 ft., ^i=40\ show that the error is 
0*31 square feet. 

9. Thcjtorsional rigidity of a length of wire is obhiined from the 
formula V = 8r//'r If an error of 2 per cent, defect is made in 
the observed value of /, 14 per cent, excess in and 2 per cent, 
excess in r, show that the resulting error in the calculated value 
of V is 13 per cent. Given 7= 34,300, ^ = 38*2, «=G*28, r=0*04, 
show that the probable error in the value of V is 4*58 x 10^^ 



CHAPTER XIV. 

ItATE OF ISCRFJ^SF.. SIMPLE DIFFERENTIATION. 

IUt« of increase — Most etudenU are prolaUy familiar ^th 
suhat is meant !>/ sucli a Btatement as the follovring: — ^The 
p>I>ulation of a country m 1001 was 3,0i)0,000 in eice^ of 
that in 1601, thus giving an average rate ot Increase ol 300,000 
per year during the ten years. Tlio calculation involved is 
eiraply the increase of population for the 10 years divided by 
10, and this gives what is called the average rate of increase 
per year. This aieragc rate of increase, though useful to the 
statistician, is not sufficiently definite for matheToatical pur- 
po«es. Such a rate docs not, for instance, give the rate of 
increa.se for any one jear ; this might he 200,000 during 1898 
and 400,000 during 1699 without altering the average rate 
during the ten years. 

rrol«al)Iy a better illustration is obtained from a table such 
as the following, in which the relation between y and x is 
ys^x*, and in which for values of x corresponding values of y 
are giicn. 

From such a table wo arc able to ascertain the aietage 
and also the actual, rate of increase of a given quantity 


X ji 4-000 

4 00()1 1 

4 001 

4-01 

- 

y j If.-OOOO 

1" ICOrtWjOOlJ 

lO-OOSOOI 1 

1 iG-osni 

[ 16 SI 


Tlie amount by which one value of j* has increased, to form 
a Mcond value x, is callwl an Incxement of x Tims, refernng 
to the tal.fe and Ruhtractmg 40 from 4 1 we obtain 0 1 . 
this is the increment of x which is being considered , and 
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1G-8I- 10 0=0-81 JB tlic corresponding increment, of 7^. The 
average rate of increase of y, as .v increases- from 4-0 to 4‘1, 
is the increment of y divided by tlie corresponding increment 
of X. and is equal to 

Taking other values from the tabic, we have, between x-4i} 
and 4*01, the i‘atio : 

incre nmnt ofj/_0*0B01^ 
increnient of x 


8 * 01 , 


Between x=4’0 and j'~4'00l 


Between .r = 4'0 and r— 4*0^>0i 


O'Ul 

0 008001 
6*001 

q;oooaoo^ 

o*o66i 


-8Wh 


:B*OOOL 


Thus, the average rate of inr-rease of y is a vambie quantity 
which depends on the magnitude of the increment of x. 
Further, as tlur im-nunent is diminisljed, the corresponding 
increment of y aNo dirujuishr-s, and the average rate approaches 
a value B, llio appioximation becomes closer and closer as 
tlie increimuit <ff r is diminished, and ultimately, whe/i the 
increment of x is made indefinitely small, the ratio has the 
value 8, and tins is the actual rate of increase of y when x^4. 
The value H is thei^ said to l)e the limit of the ratio of the 
increment of y to the, corresponding incj'einent of Xs 

As tlie j'xpression “iruTement <>f occurs frequently, the 
syinhol oy irf used to denote an increment of ?y, and the above 


ratio is written 


<>y 

8x 


I he expression “the limit of when ox diminishes without 

ox 

limit is \vrittf?n in the form 

r\ 


Lt 


^ ox 


The final ruble of 6.r will he zero, and the result obtained 
i« called the differential coefficient of y. This is tlie definition 
in its algebraic form of a difTorential coefficient. 



HATE OF INCREASE. 


209 


Comparin'; Uii^, step bj' step, with the examplo given, we 
obtain for one particular case 


Sy-oen 
St=0'1 )’ 


the ratio having a numerical value of 8 1 or 8+5.r. 
Again, for a second ca‘»e, 5y=00S01 and Sr^OOl, 


and so on as fir as fiossible. 

It is obvious, howcier, that we may pivvcectl to make &r less 
and less, and shall not come to a stop until it is absolutely 
rero. tVhen this occurs, B + S-c becomes 8+0 or 8 — a perfectly 
definite result, which docs not depend on the increment taken. 
Or, in other wonls, we haie re.ached a limit to the value of 
and wo call it a differential coefficient, writing it 


It must l>e carefully noticed that in ^ is a svnibol of 
ax dx 

an operation just as — indicates dinsion, or x indicates 
niultiphcation, and therefore it rfocj uat inenn dx.x and rfxy; 
the symbol simply indicates a rate of increase. 

Tlie relation lietwcen two variables x and y from which the 
preceiling numliers may be calculatwl lieing given hy 


(>) 

I^t j-+Jlr denote a slightly larger value of x, and y + 5y 
the corresponding value of y. Then wc obtain from fi), bv 
•uleititution, 

y + Sy»{x+£r)= 

„ , =x«+2x&r+(&r)» (i,) 

Subtract (i) from (n), 

5y*2rdr+{&r)* 

Divide liotb sides by fix , 




2x+5x. 
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Comparison -vrith the preceding tnhulated numbers ’irill 

explain the meaning -when .7-— 4 of S-fS-r. 

and for the reasons already given -when S.r becomes zero we 

write ^ instead of ^ and sav that the ditferential coefficient 
dx ox' 

of y is 8 when x has the value 4. 


Ex. 1. From the definition 


dy ^ ^ ^y 

-3“ — 

UiX* fx7=:0 OX 

find ^ when y = 10 -i- 5^* ’f 3x^. (i) 

dx 

The equation (i) must be trxxe lor all values of y and .r. 
Hence y*f oy=:I0*f 5{x-f ox) + 3 (x-f ox)- 

= 10 -i- ox -f Dox -f -f 6x5x -f 3 (ox)^. (ii) 


Subtracting (i) from (ii), 


or 


5x 


= oox + 6x5x 4 - 3 (6.r)-, 
= 5 + Gx + Sox. 


Isow make ox = 0 ; this also makes beconie and we obtain 

5x dx 


Lt 

Sjc-o ox Ldx_ 


5 4* Gx. 


{iii) 


/ Expressing (iii) in words we may say The limit of the ratio of 
j the increment of y to the increment of x, wheix the latter is made 
/. zero, is called the differential coefficient of y with respect to x, 
^ and is equal, in the case considered, to fi + Gx,” 


Ex. 2. Show that when 


y-x\ 


then 


dx 


:3X- 


also when y=nx^. 


~ has been defined as 
ax 


U:zzaf\ V=zOX‘, 

^-lOr 

dx 

Lt % 
o ;:=:0 5 x 


and in order to find its actual value tbc relation between x and y 
must be known. This is expressed bv saying that y is some 
function of x, or 
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Ai before y + ty vtdx + ixmrt »imnlUneotrn ralue^; 

••• y*iy-/^r+^x) (iJJ 

SoLtract (i) from {{)) ; 

Sal>atitate tliU ralne in the dtfinitloQ ■iio\c, uid 
•*y t, /(■r+ar )-/(x) 

This is the nsntl cspression for defining • ilifferrntu] cocfh^iest 
and is more convenient for use. 

3 Given that y=3x*+Pr. find 

dx 

dv }3(r+ej:)*+P(r+«x)}-(3.H + Px) 

dj,- al 

„ ^ 3iZx^Sx+Zx(lx]^ + Hxi>} 4 PJr 

{Px»+9t3.c+3(3x]’4 0}. 

Apply the limiting condition, 1 1 . put ix=:0, and ^=Px*+P 
The differential cocflicients of certain expressions such saysr", 
ystmx, etc., are of the utmost importance; the rcsalts «heti 
obtained should Iw eomtnitie<l to memory 


DlfTerentUl coefficient x* — H then, from the defini- 

tion just gi'eh, the average rate of increase of y with iT“p*Tt 

to X is 


3i 


■'(■4V 




-{(■4V-1 

-■■'<- — s — 

Since — la < 1 wo lair apply the Ilinomial TJ»eorea 
(p. 278) to tho expnnsion of (l + ^) , *nd therefore 
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Comparison with the preceding tabulated • numbers 'will 
explain the meaning when .r=4 of ^==84-8^, 
and for the reasons already given when Sar becomes zero we 
write ~ instead of and say that the differential coefficient 

CLJO oa; 

of y is 8 when a? has the value 4, 


Ex, L From the definition 

dx Bx^q ox 

find ^ when y — 10 4- (i) 

ax 

The equation (i) must be true for all values of y and ar. 

Hence y + 5y ~ 10 + 5 (a; *f ore) + 3 {x 4 ox)- 

— 10 4 5x -f 5ox 4 3x- 4 6*rox 4 3 (ox)^, ,,(ii} 

Subtracting (i) from (ii)* 

6y = 5dx 4 6x5x 4 3 {6x)^, 

or ^=6 + 6x + 3oa;. 

dx 

Now make 6x = 0 ; this also makes ^ become and we obtain 

<.'«i 

I Expressing (iii) in words we may say ‘"The limit of the ratio of 
the increment of y to the increment of x> when the latter is made 
zero, is called the differential coefficient of y wdth respect to x, 
and is equal, in the case considered, to 546x/’ 

Ex, 2. Show that when 




y=x^ U -. 

=x^, 

‘k 

lO 

li 

then 


:Sx^, 

dn^ 

dx^ 

:4X^, 

1! 

o 

also when y = ax^. 


dx'^ 

3ax-, 


dx 

has been defined 

as 

Et 





Bxz 

=0 Bx 



and in order to find its actual value the relation between x and y 
must be known. This is expressed by saying that y is some 
function of x, or y-/(x) (i) 
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A t li^fore y + iy *ntl ^ f «r« ( intnl Untoiw rataf t ; 

y* «y=/(jr+ij}. (ul 

PaLtnwt (i) (») ! 

Suljifitnfc this salee {a the tJefinitiot] •!««, mJ 
5 • 

This fi the usual cxprcMion for defining * iUfTereatial cortEcient 
and is more convenient for use. 

/.> 5 f7ircnth.tty=3jf*+0r, Cod 

tix 

atf t. {3(r+aT)’ + P(r + ijr)}-f,1r* + Dr) 



, , 3 ;3U~lr 4-3T(ar)*+ 4 Wr 



{Pj^+Oj-jx+afSTr+pj. 

y\pply the limiting condition, 1 1. put ax^O, and ^kPx*+P. 
The differential coefficients of certain expressions suchasy = ir^, 
ystinT, etc., are of tbe utmost importance ; (he rrsolts vrhen 
ohtained should be committer] to memory 


Differentiil coefficient x’ -- If y= t", then, from the defini- 
tion just gnen, the average rate of inora.'ie of y with n-rpect 
to X ia 



Since ~ U! < 1 wo may apply tbe limoniul Tlieotria 
(p. 278) to tho eipansion of ( ) + . and therefore 
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and 


- (-1 


- nSx , n(n— 


-1- — +~ 
X 


£ 


4iy 


4- eta, 


& 




The remaining terms will contain increasing powers of 
as multipliers, and will therefore disappear in the limit, w*hen 
8x is made zero. 


Hence, the value of ^ is x^x^^nx' 
’ ax X 


n 


1 • 


.% when y=:r”, 

Differential coefficient of sinx- — To obtain the differential 
coefficient when y— sina?, we have, by definition, 

_ T 4 . “h 8x) - sin x 

and by Trigonometry (p. 28), 

sin {x -f o.r) ~ sin ,r = 2 cos 


dx 


cos 


= Lt5^=:D~ 


/ , 8x\ . Sx 


Sx ^ 


8x 

2 


■(i) 


Now the value of when A is very small and measured 

in radians, is very nearly unity, and when A is zero the ratio 
is exactly I ; 

&r 


sm ^ 
2 


= 1, also cos 


(-1) 


=cosa-', when &r=:0. 


Hence, ^=cos.r from (i). 

Differential coefficient of cosx.— Tlie value of -when 

dx^ 

y=:cos.r, may be obtained in a similar manner to the pre- 
ceding ; 

• _ T f cos (x 4- 8x) - cos X 

.. gj , 



niyFKnr.NiiAt coEFnciESTS. 


30Q 


and by Tri.^onometry (|x £8), this 


sinco 



• ^ 

dx’ 


— sin X, 


2 



§£ 


Differential coefficient of e*. — The differential coefficient 
of y«f* may be obtained as follows: 

By definition is the limiting value of 
&x dr 


when dr is niado zero, 




But, as on p. 202, 


-Lti^J 




Xow, when dr liecomes rero, all terms in the brackeU^ 
eieepl the first, disappear, 

rf.v 





a®*.'--'' ;. a®>«’e’t,V®«4 

•'• dx „ lotran'^*® 

„ o£ tvro iOo 

E»“"“,*f“(^%v- ,'+S-» 

*U- 'V'""'" '»Sl^ 

••• da: , §A 

==Ujx=o r^ (ip. 


■' ;.,A coeftcicB'^ o£ 




th^ 


^l\fiercBtva£ <=' 



TANOKNT TO A CURVE. 


W3 

Geometrical meaning of order to make the mean- 

ing of or of a rate of xncreate, dear, it may be neccasary 

to consider the proporlics of the t-angent line at a given 
jiotnt on a curse, particularly ■ftitli regard to the angle made 
by tlio line -with the axis of x, or as it is called the slope 
of the line. 

If avc take a line /'<?/►' (Fig 107), its mclination to the avis 
of X, or the slope of the line, 
may Ijc measiiretl by several 
different mcthotls. 

A length Pit may I>e 
mc.asured along the incline 
and the height of /£, A'7’, 
al»ovo P obt-ained. Tlien 
II T • /I 

the ratio or sin 0 is 

calletl by surveyora and 
otliens the gradient or the 
slope of the road it is 
usually expressed as n fraction having unity for its numerator, 
such us etc. 

A much more convenient racthml for mathcniatical paqio^es 
is gisen by the ratio of RT to PT; 

. ♦ /I ^‘7’ 

.. tany*=j7^ 

0 Is known as the slope and tan $ as the gradient of the 
hnc. 

Tangent to & curve.— Tlie tangent to a cur>c at a given 
point is defined as the straight line touching the eiir%-e at the 
{winC In the case of a curve which pajwes through a scries 
of plotted pomt-S the line joining two joints on the curve 
close to e.ach other can Iw d'‘tcnnin<vl hy diminisliing the 
distance Ittweeu them In this manner the approximation 
to the tangent at a jviint m.ay l*c made to any degree of 
aoeurary and the tangent is the limit . i c when the jioints 
f'<nning two conserutiic points coincide on the curae. 
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Gradient of a curve,— Tie gradient of a curve at a given point 
may be defined as the tangent of the angle (made by the tangent 
to the curve at that point) mti\ the ass of n. 

Meaning of differential coefficient at a point on a curve.— 

Suppose PSQ to be a portion of a curve found by plotting 

y— /(.r). Taking the algebraic form of expression for and 

ai)plying it to the geometrical case illustrated in Fig. 108. 



and since /(.r)=y and /'(.r+S.r)=jf+5)/ it may be written 

(.v+Sy)-.y 

• 

Let 1 / denote P^V and QM=^+8i/, then iVJ/ will be de- 
noted bv S.V. ^=Ltj. 

d.r ^-0 ^yjf ■ 

But QM-PiX is equal to QL and NM^PL, whilst 
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IJut tan h^^ been defined as the pradicnt of the line PQ; 
lepUcin^ ^onla “ the gradient of the line 

I’Q," \»c obtain 

^^=Ltir-o, "the gradient of the line PQ.*' 

Xow, &r decreav^ I'e aa npjiroache^ nearer and nearer 
to /*, J‘Q aK> ajijiroxinntM cbwer and closer to the tangent 
PTy and will become the Ungint at /' when Ojr=«0, i,e. 

“Lt{.«s, the alojw* of the line /*<?." becomes the slojio 
of the tangent at P. 

Aim, aa 51 = /'A', it fnUowra llvat the difTerential CoeRicient of 
py, with resjK-ct to X, n eijual to the alojx; of the tangent 
at P. 

Px. A. y=*a*. 

11/ the algebraic iinetho<{, 

tlx ix 


Now plot the tiirvc frnm y~0 to y=»l 

Thia is ebown by the curie in Fig 1(>9, p 308. 

Ihit the Rct (<quare in the i>osition indicated in Fig lOD, 
and draw the tangent at tho jimnt P as carefully as possible, 
i' liting the jinint for which 1 
Mea-suro the angle 0, and obtain its tangent from Table 
VI., or nie.a.sure tan 0 dirwtli' from the figure by making 
AT equal to unity, and inea-suring on the vertical scale the 
length of Jfr, this IS iteen to l«e unity , 


. tan 0= 


MT 1 




"VVe huve alrvaily found that ^*jr, and therefore for the 
point /*, where x= 1, I 





J‘jn<l tKr m Mrh of the fnllwirg coses r 

12 y- X* 13 y = cotr 

14 y-)i>^ajr 'JS y = a’. 

16 ty-»^nax*. 17 ”7~ 

18 r - V n* - 19 y = l»Tgi^ 

20 y-4r’+J.V-t4 21 y = r)x*-9x + 2. 

22 y-r*4^1x>. 23 y = Cj--^ 

24. i-r'**. f. fimi J' 23 s=}^, find * 

26 c«/>, find g: 


M r.x. 




CHAPTER XV. 

DIFFERENTIATION. 


The definitions and principles of the preceding chapter are 
probably sufficient to enable the student to find the rate of 
increase, or the differential coefficient, of any function with 
respect to its variahle, provided there is sufficient data given 
with regard to the function. 

The. labour thus involved may be reduced by the use of 
certain rules. 

[Such rules have an undoubted advantage from a labour- 
sa%dng point of view ; but, as they may in some cases hide 
the steps in the work, and as it is so easy a matter for a 
student to use such rules -vNuthout understanding them, it 
may be desirable to explain somewhat fully how some of 
these rules may be obtained.] 

Differential coefficient of a constant. — As a constant is, 
from definition, an invariable quantity, and admits of no 
variation, it follows that if y = then which denotes an 
Increase in the value of y, is zero ; and, therefore, all values 

of are zero, and consequently the limit Now, it will 

be obvious that y^c denotes a line parallel to the axis of s and 
at a distance c from it. Hence, the tangent of the inclination, f.e. 

^ IS zero. 
dr 

Differentiation of a sum of functions.— This problem has 
been illustrated in a former chapter, but the general proof 
may with advantage be given here. 

Let 

where if, r, and w are each functions of x ; and let u+Suj 
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*i]<l tP+cu* lio Oip values cf tliei«c funoliona when .r)u«l)C«>me 
r+Sr. 

Tlien, liv jlcfinition, 

{fv T. r(« + 5« + r + ip+»e+ite)“(tt+r+ie)1 



l5of, making £e zero, s*Iiich is an independent operation for 
each fnetion, see ohtain 

j , , T » . T4 


ffx' 


• r.v. 


liut 


- + Lt4^.0£^+IA4,.0£J,- 
j on for the otbere; 


‘^(ir tU' 
dv du dr dtr 
ds""'ds‘^'djr'^ dx’ 

Tills form is most convenient for u«e, liut it is often necessary 
to use moro cumbrous expressions than w, v, anti te for functions 
of tho independent s'arLsMe, and for this reason, the aime 
operifions are repeateti exactly as follovia: 

Iy>t y-./V)+/W+<f‘W. 

Svliere F{t\ f(r\ and denote functions of the variahla jr 
and do not contain the varubJe y, when x becomes x+&r, 
then y Is'comes 

y+iJy»«/’(^+ir)+/(j-+&r) + 9i(r+&r) , 

.. ] 




f(xA-t.r)-f{x)^ 
^ + 




Now Lf^, 
is esjual to 


f y{x + Arl - Fix') , f{r * f^r) ~ /{x) . 




bceanse it Is obvious that each term is independent of the 
other*, since Ar is put in each. 
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,, Tf F{x^r>x)~F{x) dF(x) 
AiHO -.3: — 

or iha rlifrercniial coofiiciont of F{x). 


Hence, 


dx dx dx 


Wc imy cxpreBB iho result in wordfs as follows; Tho differ- 
entlal coclficient of tho num of a nciics of functionB is tlio B\un of 
the differential coolffciontfl of each of tho respective fanctionn, 

dF(.v) in often written FXx)^ and similarly for tlic othciu 

J'Jx, 1. 

dx 

Ex. 2, y - a x -i- x^ ; 

= 0 'h I 2x H' 3x^ -t' 4x\ 
dx 

Difforontiatlon of a function of a function*— Tlic meaning 
of ilio t^;nn functio)! of a function of x will be clear from the 
following exrinjples : 

Ex. 3. I/U ..,*,**..(1) 

is a function of a function of x. 

Tf wc substitute a letter sucli as z for tlic quantity in the 
bracket, w-e obtain from (1) 

y^Jz\ 

wlierc z-\ 

z is a function of x^ o,nd y is a function of z. 

Hence ?/, a function of r, — winch is itself a function of x ^ — 
is said to Ijo a function of a function of x. 

Ex. ‘b Bimilarly, if y .-cojqar), 
let y- r : 


y " cnH 

ij ifi tlio cosine of n fimctioji of arul Ik ti function of a 
function of a:. 

We can obtain in each e.iRe, with Boine labour, tbe (lifTercntial 
cfmfiicient of a r.onii)lex function from firfit principicB, Ibjfcr- 
ring to ICx. 3, let i .— — ^ 


-.'..-.<i^[{..«^}'-.} 

Br fli® tirjfvmiAl tlicomn, 

/. . ^(2J+£r) l* ■ 1 £r( 2T+^) l(£f+&r>».j 

V+— I+P- ; f+P 8 -(1+?)^^+'^ 


. 

•• K" 


■’-K^)’« 


■} 


»ml lienc®, ^-fl +j^)^ — ^ - — — - — .. 

(£» ^ ^ l+x^ (I+^*)^ 

Thu miy be written in tlie fumi 

;g.5(l+^ l.lLr. 


Apim refemns; to (3), if 

then y»ti, 


&n<l 


^^.^,-i.j(i+^-i, 

ffr 

.G-iTi-'' 




f/y f/i/ 

eir rfr c/r 


l/et y ••/(:) wJierc j-Z^tX then .v/l/'u)} 

Jf X incrf4.*<^ to x + ir, jt «ill incrra*o to i + £j where 
.• + £.-/’(r + ix) 

*n<l £f •" f\r + £x> - /'(x) 
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Using z-rSz, we can calculate ^4-8y from 
This result will be tbe same as if .r-f So? had been substituted 
directly in 

Under these conditions we can say that 


& 

Sx 8z Sx 


Also ^ is 


because Sz is the same in the ratio ^ as in 

the same in the ratio SA as in This will be true no matter 
03 ox 


how small o*r is. 

If we now assume 8x to be made smaller and smaller 
without limit. Then 


dy ^dij dz 
ds dz * dx 


Thus, to calculate ^ -where y~f{z)-f{F{x)), we may first 
find ^ from y=f{z), then ~ from z=F(x), and the product 

uz j (ix 

of the results is 


Geometrical illustration.— The preceding considerations 
may bo illustrated graphically as follows ; 

In Fig. 110, (i) represents z=F{x), z=^x^- ; 

(») » y=fi?), y=C032; 

(“i) » y=f{F{x)), y-CQi5x^-. 

Take x~0p and a?+S.r=0y. Draw the corresponding 
ordinates of (i). Measure in (ii) Ot = Pp, Os=Qq, 

j.e. Ot—z and 05=a+5r. 

Since from (i) Pp=z and Qq=z+Sz, 
in (iii). 0r^0p==x, 

0v = 0q—x+Bx. 

Pr=T(=p, 

Vv—,S^ =i/ + o]/ ; 

A Vl^Sm and Rl=^pq, 


Then 




d- . 

a\60, ^ 

•■• di' ^ '■ . ^^.cte^scd, 

E’^- ’’• + + -••■■*e’ Aifferetvti-^^ co- 


231 •» 


Ex-. 


8 . 


Eiiid 


dy ^vbcn y 

(i,C 


=:s\nx'. 


^ =; .TT 5 




MX- 


Tut 






•■• dx''d- ^^COSST- 


blKFKUKNTlATlOK. 


3i: 


Ex, 9, FjB'I '•hm y = (a:*f 4)*, 
l*at 


Ilfn'X", 


y - , .. 

xix d-. S 


= STf^+<>*. 

Ez 10, Tinil when — • 

tc» + j-c=2r+I, 

dx 

dv^ -s-» 


yo-; 


dl~ 

SLr + 1 

rfjf“ ■(P+i + fT*' 


Ex. Jl. If X tnerca*«i uiifonnly Kt tlie r*lc of 0-001 ft per tec., 
•t wliKt rate w the exprrsitoR (I +xi* incrcA*Ing per wljen 

X B* 

L( t c > 1 X, ihcD y ,= ;*. 

I «<1 

dx di 

I'a^ntitutiog, j' - 3(1 + x)'* 

dz di dx 

When X liecotne* O ihU pirM Sut er y iner«»ei yX) times a« 
4{iiiik)y « ^ 

Ilut X inoreaee* OOi>l fu per tec , 

y iJtcrew* »t 301 • Ot»ttl i*3 ft per •ee 

Differential coefficient of the prod act of two functions. 

Ex I Ixl y-x»(v*x 

Tin* II « tjrpit^l (Tpre4fDUU«e of « Urge f*mily of funetiont 
Iti tlifferentul coefficient ii)»y t>o fo-nv-t >'j eitl-er of the followitis 
RtellMKli 


V r.M 
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Ex. 5. Tims, 5f i/=^(x^x-f. . 

Let then (i) becomes 

dz 


41 ) 


Then 

also 


Ex, 6. Let 

Assume 

Then 


also, 


dx 

dy^c,. 

^ = 2:(l+2r) 
dx dzdx 


-2{z^x^)(l-h2z), 

y^4\€F^). 


g=S£4'“=-'HM-^, 

== -*T{a2-a:T'K 


Aar. 1. When the temperature of platintim wire is increased, the 
variation of electrical resistance, with temperature t, is given by 

(i) 

The increase in the resistance is given by the difTcrential co- 
efficient of (i) multiplied by the small rise in temperature ; 


Ex, 8* 
Put 


Find when y^Binar-. 
dx ^ 




dz 

dx 




y = sins 



cos z* 




x2ar 
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rr, 0. Fin.l «hen y=={*» + 4><. 

dr 

F«t t=»* + 4 5 

lUure. = 

' (Lc d~ dx 


Kx. 10. Fimt when y = 
Ixt £«a:* + x + 


Lx. 11. If JT mcrcoMs luiifortnly wt the rate of O-OOl ft. per tec., 
at »lint mic ii the exprcMioa (1+^)* increasing per fccontl, when 
r licfomes 0’ 

li«i 1 = 1+^, then jr = :*, 

~ = 1 »n<l 
iix at 

Sulistltming, S “5- ^ ~ ^ ^ 

\\ hen X becomes 0 this gives SlVt, or y incr«iies 300 times as 
■laK'kly as x. 

Hut X Increases 0-011 ft. per tcc ; 

.. y Increases at SOi) * O-OOl = 0 3 ft per sec. 

DlirercQtlal coefficient of the product of two functions. 

fir 1. Let y = i:*Cosx 

Tills is ft typical representatne of a large family of functions 
Its differential coeffieienl may l>c found h> either of the following 
RiriWU : 


W T-K, 
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ay ^ 
dx' 


Lt2x=o 


t (y>f oa;)^co 5 fa 4 - 63 ;) -x-c os x 
ox 


0 


^ H'^-^cos {x 4- ox) - cos x} 4* 2 xox cos (:c 4- 02:) -f {o2:)“cqs ( a; 4- 02:)“] 

==Lts;:=o ; J 

= Lt^z 0 — 5215 i -j- 2 x cos (a; 4- 62;) 4- oa; cos [x 4- ox) J 
j*'x-x2vsin ^a?-f ^ j x ^ -sin—^ 

5x 77r~ 


Lt^afsiO I 


•f 2x cos (x 4- Sx) 4“ ox cos (x 4- ox) 


ox) > 


c/x 


= - x-sin X 4* 2x cos x. 


Instead of the preceding method of solution, the result 
could be obtained us follows : 

T 4. r + Sx) - x-cos xT 
2^- - L gj— j 

(ar+Sj!7)^cosx lias been added and subtracted in tbe numerator, 
then, by rearrangement of tlie terms, %ve obtain 

^//__T ^ / (•*^+Sr)-{co.s(ar4-S.p) -cosir} , (a;+8x)'~ 

.fT. — ■^r2rc:f) »' 0" — — J--- ^ 


But we have already found that 

T . f cos (x 4 - Bt) - cos x) 

Lt^x=:0 1 s / 


ox 


■ cos 


4 - 


6.P 


7 


is the differential coefficient of cosx, or — (cos.r). 

d/X 


Similarly, 


btg.-e=0 


/ (x4-ox)"-x^ l 


Bx 


is tbe differential coefficient of a--, or — (ar=). 

C/.T ' 

Now, in the limit, (.r+6.r)2 is x" •, 

•== X- sin 2x cos x. 
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oprrationn apply to any caw?, ami the following proof 
{■» only a rejutition, u»i'ng ayrpf>olR iVtcatf of the prcc^tng 
c^tnmto ca«‘. Comparison ahotild be luatle *tcp by atep. 

Tliu*, instead of x* and cosjr, write /(x) and /’(x), 
tbcly. 

Then, y = /"(x) X /’(x). 

Ilrnfe, y + Jy “/(x + &r) x i’(x + Sx^ 

/. L(^,^ n*+Rx) ^Ar ) X nx) J 

Tim may l>e written in the form 

/(x + &r) X f*(x + &r) -/(x + 8x) X /’(x) 

<f'f T. r +f(x+Mx/’(x>-^fx)x/’fx>n 



ie. th^ dilTirential coefiicicnt of F{x) s»ith respect to r 

At-o i. 

Similarly, /(x+Ar) becomes /(x). 

Henee +/Xx)^^(t). 

Tlte folio'* ing demonstration is aery general, and perbapn 
letter for con>jvar5«on with the esainple. 

Ix-t y»tixr, where u and r arc functions of x, 

When X increases to x+&r, y becomes y+Sy, « bccoinea 
« + 5«, and r becomoe r+Sr j 

y+fy..(.i+£u)(r + er), 

and V ~ B (M-4-0'jH r -ffir)-we 




A I.IAE'OAL — p 

^L,,T.d smancr, g 


^20 ^ ^ Braa^lcr, g chf 

l 5 o'V,asor ..Tid nearer to ca.’ 

SjL approaches r^earcr . 

Ai'T ^ rv 


^ ‘*'rA 

Sit^ -()ecomes 0 . 

an^ ~liX .. 


^ in the ihnit, 

Plcncc, itt ri 


chi ■ 




{ohov.B- Of tue V 

Asai'rstubO onst.x/C^> 

A riCcon^W. 

'Then J.r . • t o£ a constant is zer , 

But the .hlTereutial coeiheicn 

•■ (• fc and the 

if the same cons ^ -which 

1 product ot SunP^c exatnp 

may caady ’ ,^-20/', 

r.v *2 

... ^, 

t,. •. the resuit from W 

^ r e ^vc can aiso obtain the 
foUowH •• y, lOx + S^rX 

dx 

„A,pIl rif^ZXUWU 

lu a simiUr manner, ^ 


, dv 

dx ,L ntr he advisahlcj 

• f milhvity ^vith the easy example 

To obtain to select sonic fairly 

in the Pf ''f '^i/tho rule to it. 
mid nrocced to app y 
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Cr.3, Ut 

the 


ya2tx*«ae»<ir»x<j:«. 


«:9C^ + 72j^ + 4Sj*«216i*, 

■ml till* can l/c ^cnJie<l rcaililr, li«»osc if y=24**, 

^5^=9 X Sir* =216i». 


Er. i, A rcctansniar lUb of wrought iron in heated arnl its 
lireat dimenjiorn increase at the rate 0-01 inch per »cc. Find 
tJ,c rate ■! which >U Tolume is Increasing at the instant when 
the dimemium are 4, 3, ami 12 inches respectively. 

If y-iiune, where v, r, and ic are functions of t, the time 
itenoting three etlg^ of the solid mutually at right angles, then 


df ^ ^ djr 

d: 


{it) 


ISit y d'r'ites the roluaie of the solid, and ^ denotes the 

rate e! increase of aolome due to change of temperature. 

Hence, at the Instant 'when the three ilitncnsions are 4, 3, and 
12, tlie twlp of increase of the eolome la ohtained from (u) hy 
tuiistituting the given vatues, and is 


(3'lxOOl)J-(tSx0OIJ + (12x0-01)s:Mx00l; 
.*. ^ aO^OG cuK in, per see. 


£jr. 5, 


dtf , , 


hen y =:fr* + al(llr*+ fcj 


+ o)lt 


nr 

{t» + o)(iT + (ar* + h)3,rS 

llr* + 3»,ia-r(Vir- 


dljr»+a) 

dc 


tu. C Find 2 ^ when y = {« + 7K6a 


*»3r*+«taTt.*r)r-xah + ttc+lic 
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Fx. 7. 

Find 4^ v'hea 
dx 

y~a (bx-)*. 

Let 


Then 


y~az\ 


~=4az^ and ~~2hx; 
dz dx 

X 26x=4a {hx-f x 25a 


EXERCISES, XXXVI 

Find in each of the follo^ving cases tho value of ^ ; verify the 

doo 

result obtained b}" calcnlation from first principles, 

1, y=7ar. 2. y-Ssinar, 


1, y=/ar. 2. y-Ssinar, 

3. y-cos3x. 1 y = 5cos(2a:-f3), 

5. y rriog Oar. 6. y = log sc^. 

7, B. 

rfe 

Find the values of in the following examples ; 

9, + 10, 

11. s = asin{4/•^9}. 12, .5:=:7 cos-{0/3- 

13. 14. s=llc^sin(G 

10. s^Ac^'^in[c(^f), 


10, s — .4 if ~ -j- 4* c, 

12, cos- (0/3 •f9if+ 5), 
14. s=llc^ sin (0^4-7). 


Quot/ieut of two functions, — To obtain a general expres* 
sion for the differentiation of the quotient of two functions 
we maj proceed as follows : 

I {xy 

/Ml 




l\x) 


'"-'’L A(.-)/-(.r+^)&? J' 

therefore, 

r F(.r+S.rn 

^ J'i’r)F(x+8T)Sx ~~ J 
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In the numeratdr f(x)F(T) hv l>Mrn ik1i3c< 1 end suhtractwl; 
thw allows tn l>o put into the following form ; 


j'Xxji-'ix+cxy 


and final'y, taking the limiting valufs of the functions in 
the numerator and denominator, 

3^““ 1 

Altcrnativo proot — An alternate form of proof of tha 
precanling result nuay ho obtainwh 


Thus, let 


ITcncc, 


dr” 


dr' 


r«+Su u"l 



^ OX 


St" 



_ T(r+Or) _ 

du 

tiv 


dSr 


Or,tlis differential coetUdent of a quotient of two foncUoni U the 
product of tlie ffenoulnator anff tlie differential coefldent of tlie 
nusnetvVJT, minus tlis product of the numerator and the differential 
coefficient of the denominator, dlrlded hp the denominator squared. 
Tlas imj»ftrtant rule may be aa follows ; 

£r, I. y y Is really 5r*, but consider It u a quotient 

(ir ttlr-j* 

JU y^ir*, w* see that ^sslXIr*. 







I' 


tivU 


(Xt 


bx) 




d'X 










'‘V. 




mUSHI 


bx) 








a- 


Xn 


‘'V-O 




v; 


\\eu 


bx 


t\ift^ 


'(}■>■ 


.tocec 


a to 


■pro^o 


rB\i''>^ e<iS 

^■!>U/=«V. 38S^ 

rv.\u Y ^ 'V 
, \^ 5^ a 

.11/- 

'cos-* _\VeP’ 

'‘*^ H. 

^5, 

^ [^x 


y^y dcfto’'''”” 

,/j: 

cJ-'* srijttv' 


dy 


dll 


cix 


Ot 


TU< 




^osv ''r».'u'^a 

mcUOi'*^ '• thi 




iouc 


cl.'/ .' , 
(Jj: *^y 




^ 0 ^ 


Dirrrr.KKTiATioK. 


15«for* the limit in tikcn, m iijkI Lr «re f f tne kiltie mrre* 
e|iftn<linj; Mher, J» nrc al«o Ax Ami Ay, nml, a» we 

Inxc ee<n prc\iou»!y, llm limit irulependont t>f euch <iuin' 
titiw. Pinrr thi< the C3.«e, innVe Ay«-2y, AiiJ then A-x 
mil ■"ftx, ami wr Ime 

di r."'/ rVl , 




dy „ , , rtr I 1 1 

A and 


»liffc the ± »i?ni aprer ailh thf>v Icfore : 




Tx, 2 j, lfy5=l>p,r. 


Geometrical proot— A pf^metncal prtx-f tint 
vxxy Ik' ftlitainctl aa follo^t a : 

Ixt Ql'Q (Fi?. Ill) Ih* a jt^rtion td a curve repre-enting 


Tljen, a* on p, 3W, 


ii'E- ■>» 


Again, 
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Now, as gets less and less, O’ must get nearer to point 
P, and eventually PQ' will coincide w'itli tlie tangent at P; 
and the angle </) will become equal to 0. 



=cotf/>, and, thei-efore, in the limit, when <f> be- 
comes 0, 

LtAy=o[^|]j hecomes cot 6-, 


, (hf dx 
lix* dy 


[>,}/] 

—tan 0xcot0 = L 



The theorem that or }s very useful in 

c/y 

finding the rat^s of increase, or difTcrential coefficients, of 
certain functions as follows ; 
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th» itation, But th« »!«tan« »a<i time msr l-e taa^ie no ftajll 
th»t »eh3vp no ne»h%of towunn;; th^m. It wpqM therefore 
l«t it!ip«.»ihle to find exa<'tlr the limU of th> exfire-*ion ^hen 

fj-O. If nc o>-)uid g-t the limit ^which liy 

we ihould f.nd tl»e urtual rrloritT when the train a 

giren point at the eutlon. Thn^, if < ropre«er.ta the ejace 
no\r«l oter hr a l"vlr, and t the time mea.«urefi'froTn ror>e 
convenient instant, then the aetml rdcHtr, or the rate of 
in'Tra«e of spare with time, is denr>t«vl hy ^ 

In many cnse-i it is possible to express the relation l>rtneen 
( and I by mrans of a formnla, and hence to find the value of 
^ from the hno«n motion of the lirxly, Yor example, in the 
ca.«e of c falling boilv starting from rest at a time when l»=0, 
wrlavc 

a-!?:’, • 

where^iM3J2 feet per necond ]«r second; 
rfi 

-pr, 

A« ^ simply denotes velocity, we may reiplacc it by r and 
thus obtain the well-hnown Iw, 

re'/ff (i) 

In the precTsling consideration, r imlicated the rate of cli-mgt 
of sjace with time ; sn, in the same manner, the acceleration 
of a moving l>o<ly, which may l>c denoted by a, la tlie rate of 
chvtige of velocity with the time ; 

“^.TT 


Krom (iX 


. Qlt + fj ~tft 

• fj 


Tlius, we arrive at a result aln-idv well known, that the 
arcrlenition of a falling Isxly i* <7. a constant. 
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Subtracting (i) from (uX 

S*=32“2tS/4-^6*l(cr)i. 

Diriding by &, ^=3:2-5/+lC'l&. 

^Vhen Bt u made rero, then tie last term 16l£/ is zero, 
and (hi) becomes 



Hence, the actual value, when t U 1, is 32 ' 2 . 

Ex. 2. At the end of a time t seconds it is observed that a 
body has passed over a distance * Ie<t, reckoned from some start- 
ing point. If It IS known that 

» = 5t+Q6i\ (ij 

what w the velocity at the time f* Plot the curve. 

Find the average velocity at a time r=:4'i, 4-01, 4'OOJ. Hence, 
find the actual velocity at a time 
Assuiniug s'alues 0, i, 2, for t, values of « can be found. Thus, 
when r IS 2, s=5 x 2+0 5 * ■*=*12: 

Other 1 aloes of s are tabulated; 



When f is 4-1, < 4 1)-^ jO 5 x (4 1^} 

=23-905. 

. 3t is 4 1-4=0 1 and 2s-23-903-23=0-9Cfi. 


Hence, l*^2^-9-0d 

U I 

Similarly, when t is 4 ■01. =009003; 

Wben t is 4001, then 

s =(3 X 4 001 1 + {0-S X f4 001 1»{ »28 0090005 s 
d»=00090005 and *==0'001 , 

■ 5i — OWl 
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From (i), ^ = - 1 -2 + 0'4a: (li) 

To plot the two ciirvea given by (i) and <ii), we may, in the 
usual manner, assume values oi and calculate values of y. 
Thus, from (i), when r=2, 

y=s2>4-24 + 4x0-2=08. 

Similarly, when ar=2, from (ii), 

$^=!-.1-2+2x0'4=-04, 

, dx . 

Values of X and y and-^f fnay be tabulated as follows . 
ox 


X 

0 

1 

2 

3 

4 

y 

I 2.4 

1-4 

OS 

OG 

08 

dx ^ " 

-O'SI 

-04 ' 

00 

1 

1 04 


By plotting values of * and y, the curve oh in Fig, J17 is 
obtained. 



Kio IIT 

By plotting the values * and tbs straight line /j (Fig Itif 
psMM through the plotted pomta 
KJ*,sr. K 
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In man^ practical case*? the relation between apace and time 
and Telocity and time is not known, anti an approximate value 
of ^ or ^ 13 all that can be found. Tlie following, example 

indicates some methods which may be u<tcd to find such an 
approximate %'alue 

Ex. C. There is a piece of mechanism whose weight is 200 lbs. 
^TJie following taints of a in feet show the distance of its centre 
of gravity (as measured on a skeleton drawing) from some point in 
its straight path at the time t seconds from some era of reckoning. 
Find its velocity at the time 2 01, its acceleration at the time 
/=2'0j and the force in pounds which is giving this acceleration 
to It 


9 

0 3090 ' 0 4931 [ 0 C799 

0S701 

1 0&I3 [ 1-2631 

t 

1 2 2-02 1 2-01 

2-OG 

20 s [210 


Aa the values of t differ by 0-02 sec., we may take it=0 02, 
and St will be obtained by gubtracting consecutive values of a. 
This procedure enables values of to be tabulated. Thus 
0 4931-0 3090 ;-0-lS4I; 

other values similarly ohtaiued are given in the following table. 

Velocity at time 2-01 is 0 18414-0-02 
In a similar manner, by snhtracting consecutive values of Za, we 
may obtain the nnmerical values of S^s These may be tabulated 



i 0 3090, 0 4931, 0 C799, OSTOl, 1 06i3, 1 2C31. 

Zt 

j 0 )S4J, 0 JS&S. 0 1902. 0 1942, 0-1 9SS 

S'’* 

! 0-0027, 0-0034. 0-0010, 0 0040 


The mean value of «F* =i (0-0027 + 0-0034 + 0-0040+0 
= 0-0037 

-5!! Ot)037_0_0037 
“it«"(0-0-2)»~0-000i 
= 9-25 ft per sec, per sec. 


Acceleration = 175 — ,/i 


. . 200 
As mass is 


force: 


9 23 = 57 5 lbs 
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Hajrmonic motion —If a point P (Fig. 119) U moving in a 
circular path of radius r with uniform speed r ft per sec , then 
the acceleration of P at any instant is directed towards C, and 
its magnitude is given by 

The point J/ (Fig. 119). the 
projection of P on a diameter 
AA\ moves with simpls harmonic 
motion, usually denoted by the 
letters s.n.U. 

• The acceleration of Jff is the 
resolved part of the accelera- 
tion of P, and IS therefore 

— cos 0= wV cos 0, 

r 

where to denotes the constant angular velocity of P, and 0 is 
the angle PCJ/ 

Let jr denote the distance CJf, i.e the distance of M from 
Us mean position 

Then, the acceleration of 

J/^..Vx? = toV (i) 

If the direction C' to A' in the usual manner be biVen to 
be positive, then (i) becomes indicating that the direc- 

tion of the acceleration is from A' to C 

The maximum value of x occurs when P is at A or A\ 
where jc=f. Hence, maximum acceleration of J/ is toV. 

Since Force=:Mas.sx Acceleration, it follows from (») that 
the force A", acting on a body of mass m moving with 
8.I1.U, is given by ForniiAx. 

The maximum value of the velocity occurs when J/ passes 
through C 

When a point is moving with s n si, the maximum velocity 
may be obtained by multiplying its mean velocity by ^ 

If « is the velocity of the point P in the auxiliary circle, the 
maximum velocity of Jf occurs when Jf is at the middle of 
its path, and is then v or ur. 



Flo. 119,— Uxrmoalc taotloQ. 
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If T is the periodic time of a vibration, then 

27r 


mean velocity — 


distance _ 4r _ 2(i)r 
time ~"27r tt ’ 


also 


2ojr TT 

— X “ — o>r=:Tnax. 
r 2 


OJ 

voL 


/iTr. 7* A point luis two hannoruc motions, in the same line, 
rcprcHcnted by 


. ktI 
a Fin '2 


and* respectively; 


find the greatest velocity of the resultant motion. 
Lot 11 denote the resultant velocity ; 


or, if 
then 


/frrasin ^ •! 


. [ttI 7r\ 


/if =: a sin a sin 


To find the maximum value difiercntialo and equate to 7,c/o in 
the usual manner (see p. ,'t7G) ; 

. (in 


d<l> 

/, a cos (ft + 


a cos fji a cos ( 


or 


H)-’ 

cos^A= - = 

/. tan 0=1, giving 


T) CL a 
\^2 


T fen CO, 

We may obtain the same rcHuIt ns follows : 


asin 04-u sin ^0 -i j =aV2sin ^0 + - ^ ; 

/. maximum value is as/2. 

^1lc direction of motion of P in iiBually taken to bo in the 
opposite direction to the liands of a clock, or anticlockwise ; 
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but in dealing with (say) the mechanism of a direct-acting 
engine, no such restriction is necessary ; the motion may and 
often does occur in a clockwise direction. 

If, as in Fig. 120, a rod be attached to jP, the direction 
of motion of Q being always in the line QC, then the motion 
of Q, for uniform motion of P is not s n «. but approaches 
more to it the longer the link PQ becomes. The maximum 
values of the acceleration of Q occur when P is at A or 



Fio «o 


The maximum forces acting on ^ therefore occur when P 
is at or J', and are, in each ca<se, the product of the mass 
of the recipiocating parts and the acceleration. 

It will be noticed that when I is great compared with r, 
the term ~ becomes very small and may be neglected ; the 
acceleration may be taken to be simply wV. Such a case 
occurs in an eccentric and valve rod in which the motion of 
the vahe is often assunieil to be s n if 
Tlie case when the motion of Q is assumed to be 8.n.si. is 
usHilly referred to as a rod of infinite length, or more shortly 
as an infinite rod. When the rod is comparatively short, say 
2, 3, -I, etc, times the length of the crank, then the preceding 
equation may be used to find the magnitude of the maximum 
acceleration of Q, and hence of the maximum force at Q. 

In the formula where m is the mas-s of the 

reciprocating parts, (i> the angular velocity of the crank 
as-sumed to be consUnt, I the length of the rod PQ (Fig 121> 
and r the length of the crank CP. 




Fig- 
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Ex. 8, In A direct-acting engine (Fig. 120) the crank CP is 
0 5 feet long and makes 125 revolntions per minute The mass 
of the reciprocating parts is m. Find the forces acting at Q 
when the point Z’ is at a dead-point, A or A', 

(o) when the connecting rod is infinite, 

(h) when the length of the connecting rod is three times the 
crank. 

(a) Here u =t:iii^=5 radians per sec., 



=m>c857; 

( 6 ) 

e=mx85-7(l->-J), or otx 85-7(1-J) 
=n»x85'7x3, or mx85*7x:| 
slH-em. or 57-lm. 




F/o ISi 

Graphical methods, — The velocity and acceleration of Q 
may ho obtained by assuming P to move throngh small 
distances i’pPj, PiPrt dunng small intervals of time S/, and 
then measuring the distances QaQl^ QiQt, moved through 
V Q {F*g- The distances moved through by Q may 

bo denoted by x ; then, subtracting consecutive values, 
we obtain values of Proceeding m this manner, a series 
of such distances moved through by Q may bo obtained 
and tabulated. From such a table, values of ^ can be calcu- 
lated, Similarly, values of ^ or ^ can be found ; from the 
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By taking the differences of the various tabulated values of * 
ia column 2, a series oi \alue3 5x, as in column 3, are obtained. 
The ratio ^ giVes approximately the velocity of Q at each given 
instant 

In like manner, by taking the differences of consecutive values 
of t\ column 6, giving numerical values of 2p, can be obtained. 
Finally, the acceleration at each position ia approximately given 

If ir denotes the weight of the reciprocating parts, then W-^g 
is the mass, and ■when ir is kno'vrn, the force acting at any point 
of the stroke can be ascertained. 


EXERCISES. XXXVin. 

1, A body is observed at the instant when it is passing a point P. 
From subsequent observations it is found that in any time t seconds, 
measured from this instant, the body has described s feet (measured 
from P) where t and t are connected by the equation 3^2t+4t‘. 
Find the average speed of the body between the mtenal t=l and 
/ = ! 1 between t = l andt=l'001 and between and t~l 0001 and 
deduce the actual speed when / is exactly 1. 

2 C . . 1’ ^ .] 1 1 ' ‘1 V t' *. 1. i*,., 

. .1 . I ■ . I 1 i. ■ V ^ 

the equation ‘ « = + 2 1 1*. 

Give the numerical viilne at the instant 'when /=5 

3 At the end of a time t seconds it is observed that a body haa 
passed over a distance « feet reckoned from some starting point. If 
8=:25+150t-5t®, find the velocity at a time i and give the value 
■when 1=7. Find also the acceleration and the force causmg this 
acceleration if the weight of the body is 100 lbs 

A < r — I — 1 -1.- J- first, 

es are 9 8, 13 75. 16D5, 
riot a curve showing 
tween acceleration and 
time, deduce approximately the velocity and acceleration at the 
end of the sixth minute 

6. A body has passed through the space * feet measured from some 
*ero point in its path at the time I seconds measured from some zero 
of time : the law of motion is 

e=12'2-3 6i + 6 7r». 
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Given CP=5 w., PQ^ 16 in ; epeed 120 revolntioas pet min. 

Find by mean# of csreful graphical construction, measurement, 
tabulation, and calculation, the displacement, velocity and acrelera- 
tion ciQaa P moves through efjual distances of ^Ih the circumfer- 
ence. 

Complete the follovring table : 


rosition 
of F. 

Displacement 
of tf feet 

4x 

41. 

Velocitv 

OSxH'lt. 

^r. 

Acceleration 

«=4»-Sl. 

0 

1 

o 

3 

4 

00183 

0 07S25 

0-1542 

00183 

00542 

00-20S 

00208 

0 87 

2-54 

1-67 

80 3 


11. The sketch (Fig 124) shows a mechanism called a ''quick 
return motion,” where CP is a crank rotating with constant speed, 
the end of the rod PQ moving in the straight line Qd/. 



Given CP =5 in , /*Q = 16 in , and C3r^7 in ; speed 120 revoln- 
tions per min. } determine as in the preceding exercise the displace- 
ment, velocity, and acceleration of the point Q 
Set out curves representing these quantities (o) on a time base, (ft) 
oa a displacement base 

12 CP (Fig 121) is a crank which rotates clockwise about Gat 
a uniform speed of 1 5 radians per second. PD is a perpendicular 
on a fixed horizontal line The position shown is that for which 
the time 4=0 ; the figure is ^ full sue. 
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CHAPTER XVn 

MAXIMA AND MINIMA. 

Ma-rimA and minima — It ba^ already been fiho'vm (p. 306) 
that the slope of the curve representing y=/(j:) is equal to^ 

In Fig. 126 the graph of a function y=f{x) is shown, and the 
changes in the i.lope of this curve may he seen from the varying 
inclinations of the lines touching the curve at various points. 



Fio 129 — llaxima xnd mimmn. 


Thus at a point P, and as 6 is less than 90’ the 

as j 

elope of the curve at P h positive, t e. ^ is positive. At U, 

_^sstan«^ and is negative. If the curve has been continuous 

betn een P and V. then ^ must have had a zero value at some 
dx 

interinetliate point, or in other words, the tangent to the curve 
must have been parallel to the a'cis of x Such a ^unt is 
shown at Q. At each of the points S, F, and 11', ' must 
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POINTS OF INFLECTION. 


^=3^-iar+9. 

dx 

But when V is a maximum or minimum, ^=0. 

. mr 

To find what values ol x make ^ zero, we solve the equation 

3a^-12x+9=0, 
and obtain a:=l and a: =3 

It remains to Uetermine which o! these values makes y a tnaTi" 
mum and which makes it a minimum 
In E<j, (i), substitute 

/. y=l-G+9-I2=-S; y= -S 
Now, when a;=^0 999, a value slightly less than 1, find the 
value of y; 

.* y= -8 000003 
Also, when 

aj^llWl, 

y= -8 000003. 

Hence y increases, alge- 
braically, as X increases 
from Q'OOO to *=1, and 
diminishes ns x increases 
from 1 to l^OOl {smce 
-8 000003 js <-8). 

Hence, at x=z 1, y has 
the maximum value - 8. 

Another method of test- 
ing will be applied at 
x=3. • 

In Fig 127 it is evident 
that is positive for a 

value of X slightly less 
than that giving y a maximum, and negative for a value of st 

a little greater than this ; also ^ is negative for x less than, and 
dx 

positive for x greater than, that making y a minimum. 
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Otiicr values of y may l)e obtained in like manner and taWlatcd 
as folloiAS ; 


^ 1 

1 af ] 

40?* 

GO* 

80* 

1 90* 

^ 1 

1 0-0376 

0-203 

0 325 

0166 

j 0 


Rotting these values as in Tig. 128, the maximum value of y 
occur* at m u hen 6 = 60*. 



We ha\c j/=siu*0co9C, 

- sin^fl iin fl + 3 cos 0 cos 0 = - sin^d 4- 3 Bin*fl cos*?, 

de 

lor a maximum value this must vanish ; 

■ 3sin*?cos*?-*in-‘?=0. 

The solutions of this equation are ?!=nir or i»r + (-l)"*‘^ 

Tills gUes ?=:00’. 

Ex, 4. To divide a given number into two parts so that their 
product is a maximum. 

l«t o bo the gi'en number, and x one of the parts, then tJie 
remaining part is o ~ r. The product is ria - at). 

If y’X(a-r)=oi:-**, 

for a maximum 
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By difTerentiation, 


for a maximum; 
dx 

a 


A resnU winch gives a maximum value of y, as may easily be 
proved. 

Hence, the two parts must be equal. 

It will be noticed that this is the same problem os to divide a 
line into two parts such that the rectangle on the two parts as 
sides is a maximum. Hence, of all rectangles having a given 
penmeter, the square has the greatest area. 


Application to a beam. 



wo obtain 

dx 


'The strength of a rectangular 
beam to resist cross^breaking is 
known to vary as bd% where 
h is the breadth^ and d the 
depth. 

The value of the breadth 

of a beam of a maximum 

strength which can be cut 

from a circular log of diameter 
D (Fig, 129), may bo obtained 
cither by plotting or by dif- 
ferentiation. 

TIiur, if d be the depth, 
then and putting 

x{D'^-^x% (i) 


and therefore for a maximum ^i.e. 

D 






,(ii) 


Lx. 5. Ixjt the diameter D be 9 in. Tlicn, giving a series of 
values to values of y can be calculated and tabulated as 
follows; 


X 

0 

1 

2 



5 

6 

7 

s 

9 

V 

0 

so 

154 j 

21G 

200 

280 

270 

224 

13G 

0 
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By plottiDg the values of * and y a curve may be drawn 
through the plotted points as in Fig. 130. The maximum value, 
« e. the point on the curve at which the tangent is Jiomoatol, is 
seen to be between x=6 and x=C, viz. &t o. Also, from such a 
curve, we can find within what limits the breadth may vary so as 
not to weaken the beam more than a certain percentage, say 
10 or 15 per cent 



Fio ISO— Grajih of y=r(81-a*) 

Now, making D=:9 in (ii), We have 

a:=^=3v^=6 1% in. 

The maximum value of y cm readily be obtained' either from 
the curve or by substituting the value of * in (i).c 

Thus. y«3^^ (81 -27) = leas'd =280 58 

Btiffest beam. — The deflection of a beam due to a given 
load is inversely pii.i»monal to the breadth and the cube of 
the depth of the beam. 
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Ex. 6. If D is tho diuiiiet-or of a cylindricixl log of timber, and 
if X denote the breadth, then the depth d is 

lienee, putting 

x')^ + l-x [D- - X ( - 2.r) 

7)2 _ 4 ^ 51 . 

For the stiflest beam must vanish, giving the remaining 

value x^D being obviously inadmissible, 

E.\\ 7, Tiie txvo banks of a lake are parallel and 100 yds, apart. 

A person at a point A (Eig. lol) on one bank xvishes to roach a 
point B 300 yds, ahead of hinx on the opposite bank in the shortest 
possible tiine. If he can travel on the bank AC at the rate of 
5 mifcs an hour and can row at 3 im'fes un hour, at wimt point E 
in A C should he begin to row ? 



Draw CB perpendicular to .*IC and let the distance CD be denoted 
by .r yards, Then, A D = (oOO - x) yd. 

The distance yd., 

and time taken from D to B is 

-i:; — r=77r hours, 

•> X i < OU 

Along the bnnk the distance A D = (300 - x) yd. and (ime taken from 
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TbetoUlUme 

5‘>/Hi>>^+V+0Q0-3j; 

"' lOxlTt/O 
is to be a minitoom ; 

dt 5x4^(100*+z*Hx2x~3 ^^ 
'*• dx~' 15 X 17WJ “ 

lor & inaxiTniitn or mioimao). 


•whence 


-3=0. 


Hence, 16x^=9xl00\ ar=i7j>tla. 

* It IS obiiotis that the negative valae ia not applicable, hence 
a:«75 yds. 


£x. 8 Height of Tectangle of maxlmnm area Inactibed in a 
given triangle. 

Let ABG (Fig. 132) be the given triangle, the base AB eqnal 
to a, and the altitude ft. 

Let OD, One of the sides of the rectangle, be denoted by *■, 
and the base, FG, by y 
Height of triangle 

and h {k-x)=AB DJ? (similar As), 


Area of rectangle 

=xxy=i~{h-x)x 


A=ax~ 
dA 2 



for a maximum or minimum, 
giving ‘>4.=A ; 

which makes A a maximum ; therefore altitnde of rectangle mnst 
be one half of the altitude of the triangle 




fin A 3 


4'rrJi^. c cn^^ctv 

_ ot l the 

S”, «»»“;':« s *“ “”'■" ■ " 

be area :. S-- rfxi (i 


jiaxijia and minima. 


gnbstitnte in (i) 


From (ii), 


Hence x-y, or 
of tbe base. 




for a miDimum. 


-=ary’ from (ii). 


the height of the cylinder is eqnal to the radiuB 


"We may consider the preceding problem as an example of 
a more general method. Thus, taking the equations for the 
surface and volume respectively of a cylinder, 

5=ir.y(2j:+3f), 

where x denotes the height of the cylinder and y the radius of 
its base, r^iry^r. 

Two conditions are to be satisfied. ~ must be zero for a 
ax 

minimum. (Either x or y might have been chosen as the 
independent variable,) 

Also r is to be constant, or ^ must be zero. 


c-o S’™’ y(=+s)+<^+s'>s='’' ® 

® 

To find the relation between x and y eliminate 

ax 

from (u), 

Substitute this value m (i); 

••• J'(2-£)-(2'+y)£-o- 



: W'«»‘ ’" ". IMO •«'"’ ■ n rirt=»* *'■ _, „„„«, wi * 


®' 4 ■OOH>'''’^° .\.-» nr'’''' ., ntconc, <"' 

“'“::S 

“'■v!;r»'^''’‘“"”'°’ ofo<»>«=r/'-^"'.*’.'’ •?“''• 

, tl,o '”“ oi U- '« 

0 ,...'''"”"''” 

\Vlt '''' , 

vcq"'"'®'^’ ■’ 

d.V ^0 

Ti 


Froi« 




(iiV 

•4 ,r,nf ^ 



= 0 . 


0 ''^ 


(,iv) 

********* 




”' '■'“’ 1 U '• ‘'.ti ■» ''•’■'■'’'f''l'm “ '“S »»' 
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ijklue of tons of coal, and f)Iot on arjuare<l paper. About Mhat 
value of t* gbes the greatest economy! 

Let t denote the time (in hours), and a the distance described, 

then s = r/, t,. . fi) 

Total cost in tons of coal consumption 

= t7=t + {0 3+0001r»}t (ii) 

Also t may be expressed iu terms of r from (i) ; 

r=sr-»=J000f’-». 



Substituting m (n), 

Cs lOOOr-* + (0 3 + O'OOIt'*) JOOOr-' 

= lSOOr-* + t-». 

— a - I300 p**+2i’=0 for a minimum f - 
efp 

r’aeSO gives a minimum, 
tence r=8 66 knots, 

or, the minimum value for v may be obUined by plotting 
•josred paper. 
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Ex. 11. ' From a circular disc of thin sheet copper a piece in 
the shape of a sector is cut out in such a \vay that the remainder 
can be bent into the form of a right circular coniciil funnel. What 
is the least possible diameter for the disc if the capacity of the 
funnel is to be one pint? [1 pint=:34:*66 cub, in.] 

Let r denote the length of a slant side of cone, and a: the radius 
of the base of the cone. 


E=r volume of cone — ~ 


.(i) 


dV 


= 0 . 


and the volume has to be constant, viz. 1 pint ; . , 

But the minimum value of the diameter, or the radius, being 

..(ii) 


.(iii) 


required. 



From 

ax 

we obtain 

2r~-2x 

2x\/r^ “ .TT 4- X or 

Substituting from (ii), 




or 


''V 


I*. 


.(iv) 


From (i) and (iv), since 1 pmt=34:'66 cub. in., 
S4-6G=|xgr3(l-|)-, 
or ^_ 9v/3x. 34-60 . 

27r 

A r=4'413in., 

or the least diameter is S'8‘2G inches. 


Ex. 12, It is known that the weight of coal in tons consumed 
per Jiour in a certain vessel is 0 *3+0 '001?'^, where t? is the speed 
in knots (or nautical miles per hour). For a voyage of 1,000 
nautical miles, tabulate the time in hours, and the total coal con^ 
sumption for various values of v. If the %vagcs, interest on cost 
of vessel, etc., are represented by the value of 1 ion of coal per 
hoxxr, tabulate for each value of v the total cost, stating it in the 
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tjtlise of tons of coal, and J>!ot on stjuared paper. About what 
value of V gives the greatest economy ! 

Let t denote the time (in hours), and s the distance described, 


then «=r( (>) 

Total cost in tons of coal consumption 

*=(7«t+(0 3+0-OOU-»}il (li) 

Also t may be expressed in terms of v from (i) ; 



Eubatitoting in («), 

Os: 1000p-* + (0 S+O-OOlc*) 1000i>-‘ 

= 1300r-» + t'*, 

f/0 

-jjj;=s-130OP**+2t’=O for « miBifflum; . 

>•*=650 gives a mimrnum, 
hence r=8-66 knots, 

or, the RiiRiinuin raino for r may be obtained by plotting on 
squired papsr. 
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Tabulating each value of v, we obtain the following table: 


V 

1 

2 

3 

4 

5 

6 

.. . 

B 

S 

9 

10 

t 

1000 

500 

333 

250 

200 

167 

143 

125 

in 

100 


301 

lot 

109 

i 

91 

85 

86 

92 

101-5 

i 

114 

130 

Total cost - 

1301 



341 

285 

253 

235 

226-5 

225 

230 

i 


Plotting these values as in Fig. 134, it is seen that the total cost 
C passes through a minimum at a point where u=:8'7 (roughly). 


Ex, 13. Given, the perimeter of an ellipse, find the relation 
between the major and minor axes, so that the area may be a 
maximum. 

Denote the axes by x and y. The perimeter of an ellipse cannot 
be accurately expressed in a simple form, but when the axes are 
nearly equal a rough form is expressed by Mdien x and 

y denote the semi-major and semi- minor axes respectively. 


The area of the ellipse A—rrxy (i) 

If p denote the given perimeter, then 

p^^[x-hy); 


Substituting this value in (i) ; 


: rrx 


(p 






dx 





or, the pven ellipse must have its semi-axes equal, and that form 
IS a circle. 


Prof, Bojs, F.E.S,, has suggested the use of elliptical water 
pipes to prevent the pipes bursting during frosty weather. 
The expansion of the water due to freezing tends to make 
the internal cross-section become more circular, that is, to 
increase its area ; and the internal volume of the pipe would 
be correspondingly enlarged. 
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0. Prove that the greatest value of 
2jrs^»+5? .. , 

9 + 7x^ 

20. IHvide )2 into two parts, (i) m that the least multiplied 
by the square of the greatest shall be a maximum ; (li) so that 
the least multiplied by the cube of the greatest shall be a 
tnaximutn. 

11. Find maximum and minimum valuea of y s:cos(ax+h}. 

12 Find the value of z for which — t-hz is a miniinnin; find 

the numerical value when as=S, 6=2. ^ 

13 Find the maximum and minimum values of 

(0 y=(r-3)*(i»-3r-3), (li) y=a:^(x’-4), (lii) y!!=ir***^>(a:-2»i). 

14. Find maximum and minimum values of •/a+x+'Ja^r 

1$ Find the least area of sheet metal that can be used to make 
a cylindrical gasometer, whose volume is It) million cub, ft., tbe one 
dosed end being fiat Uivc the dunensions of the gasometer. 

16 Find the lolume of the greatest cylindrical ^rcel which 
may be sent by parcel post, Uiien that the combined length 
and girth must not be greater than C feet, 

17. Find the values of x which will make ein[x-<i)cosx a 
maximum or minimum 

18 Determine the maximum and minimum values of /lx) uhea 
/(x) = |x-2)Vr-4)< 

19. Find the lalues of x which make x(a -x)^(2a - x)* a maxi- 
mum or minimum. 

20. Find the least area of canias that can be used to construct 
a conical tent whose cubical capacitv is SOO cub, feet 

21 Show that the maximum and minimum values of y=y'^3 
are i and -J respectucly. 

22 Tlie hypotenuse of a nght-angletl triangle is given, find the 
lengtlis of the other sides when the are.a is a maximum. 

23. Find the maximum and minimum values of 

(i) x““Gx*+&x+ 10, (ill - 2ax*, 

24. A eyhndneal cistern made of sheet metal is required to hold 
300 gallons of water. Find tbe dimensions when (he cost of the 
matena] is a numraum. (a) Xo coier, (6) closed top and bottom. 
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X try+x' 

Sulwtituto tills value in (n), nntl we obtain 
dv V 
di^x 

For verification (i) may bo trcatwl as a quadratic for yj 
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-i±v^ri3) 




Ex. 6 . The equation 

xy=c^ or (i) 

Is known is the rectangular hyperbola; 

. ^ ^ 

dx~ x*‘ 


Xow, consulcr it as an implicit function, in which case wc have, 
by differentuting both aides (ry being the piwlact of two functions 
'f X). 


rf»/ _ V 

di' ~ r 


Substitute the value of y from (i). and wc find as before that 



Partial differentiation.— In the prccriling eT.iinpIe, tn 
which the relation lictwccen x anil y may be denoted by 
^(jy)esO, the rr^nlt obt.ained by differentiation is precisely 
the aanio would be obtained by differentiating the given 
cxpiXHsion, firstly wnth reganl to x assuming y to be constant, 
and scconiilv with reganl to y aMuming x to remain constant, 
and finally taking the (luoticnt with the opposite sign 
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TAYLOR’S THEORESL 


It 13 an easy matter to sec that tb^^ is so from a simple 
example as follovrs: 

Let y^j*. 

Then, when x becomes x+A, wo may write 

On tho supposition that x aTiries and A remains constant, 
we obtain 

Also if A 'varies and x is constant, 

^-3(x+V: 


Taylor’s Theorem. — A theorem of great importance, known 
as Taylor’s Theorem, may now be stated. 

Let y-fix), 

and let y denote the new function when x becomes t+A ; 

y'=y + .lA + m*+CA*+ (i) 

whose coefilcients A, li, C, etc, contain x but not A. 

Differentiate on the supjxisition that x U constant and A 


- §^=d'h2/lA+3f'A»+ (11) 

Next let X vary and A remain constant, then 

■ ■ <■"> 

Aa the left-hand sides of Equations (ii) and (m) are equal, 
tho two series arc identical, and therefore the coefficients of 
the Kime powers of A are equal , 

, Ov ^ 1 3.« ^ 1 c/? „ 1 2C 

..1=^ ^=2 5 ?’ ‘^= 3 ^’ 

Sabstituting in Z1 the value of A , 

• ""2Si = l 
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£!r. 3 hct y~ioStT, y'=lc>g«(i + A), 

^ 1 d^v_ -I tPy 2 rf*y 2.3 

dr~s‘ dP~~^' 5?*?’ 

SabstitQtiog tIjMe islnes ia !ra)lor’t Tlveorcnj, we obtain 

Jog,(x+A)s:Jog.r+|-.^+^-~4-.. . 

Sttbstitatiog unity for x, and x for h, then, »iac« 

tog, 1=0, 

- -j 

the Mme resalt u that alreaJy found on p, 293. 

3IacI.iun«’s Theorem can ea-iily be obtained from Tajlor'a 
Theorem, tbu? . 

/(x+/^)^/{r) + J/'(a-)+ ... . 

Now put .r=0, anti for A «Titc j*, and we find 

+ - ' 

The meaning attached to the aymboU may be ehown by 
/’{xXt which indicates that /(x) is to be diQcreotiated twice 
with respect to x, and finally put x=0 ra tie result. 

£r. 4, Expand the fonction y=ruax in a eene* of ascending 
powers ci X. 

y=ijnjr, wheB:r=0. (yj=0. or/ji-)=:0 
^ = co<)x, when x-0, y’(i'l = cOi0= I, 

Also /"(x)= -iina'. whenz=0. /”(i) = 0. 

/‘•"(jr) =5 - cos X, when t = 0 . f' x)~ - \ 

Siibstitnting these i aloes in (in) of MscUunn’* Theorem, 

Similarly, if y =C08 x, we obtain 

It aboulci be remembered that in each of these Bcriee, ir is In 
radiant and not degrees. 

irr 
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Exponential Values of sin x and cos x.~From the Bcrics 
obtained in Ex. 4 (p. .381 ), fiin ar and cos x may l^exprcsscd in 
terms of the exponential fnnetfon by the use of V- 1 or i. TJius 
cOBxi-iemx 


X"' X* 
I 

, 2! 41 



£’ 4 . 5 ? 

3! ‘ C! 



- , ix' xf^ . 

1-f -f. 


Xow -1 or 4^1 and according as r is 

odd or even (see pp, 112-3); J30ncc the above Bcries may be 
witten 


l+tx+ g-y +-tjj 


, 41 


A mnx^c^^' 

And (cos x^i sin x) {cos x - i sin x) - cos^x - mn^x 

/, (cos ;r - 2 sin ar) = I , 

or 

Solving (i) and (if) for cos x and sin x, 

2 cos a: = 4^ and 2i sin x = ^ 

Value oi sinx^ ihe vnluf* of sin .r <jan be nfjfafned to any 
requiKitc of acv*?iraey by using a few terms of the 

sd ies (p. 3 m 1), viz. : 

. 

+ .... 

Thus, for an fij)<,de of 30", as sin 30‘‘=0%'i23G radian.s, ve 
obtain by sulaitittition 

sin 30"--.0^'i2.^0--^2:^ + (25!M' 

G 120 

«nTi23G - 0-02.39 + 0-0003 =0-5000, 

Thus, Bin3Q"=0-.5, 

= 1 •047'’ - , (P0472y‘ 0 •0472)’’ 

G i20~ ” 5040 

■= 1 -0472 - 0-1914 + 0-0105 - 0-0003 = O’SCGO. 


Sijiiiiai'Iy, sin GO' 


VALUF^S OF TRIGOKO.METRrOAL FUNCTIONS. 3S3 


Calcnlation of the raloe of cos x.— The nutncrical xalue 
of the CMlne of a, given angle may aho bo determined by 
tneanx of the appropriate senes. 

Ex. 5 . Calculate the numerical ^alue of cos 30*. 

We ha\o cos2:= 1 -^+"- , 

and as .’JG.IG radians, we ohtaio, by substitution, 

cos 30’ « 1 - g-3C)* 

*1-0 137J+0-0031s0«0GO, 

In a similar manner other values may bo calculated and 
the results compared with those in Table V. 

Since Binar-a’-^+^-etC, 

we Lave, dividing by x, 


Small angles — If the angle a* bo so small that and all 
Biicccciling terms can be omitted, then from the precerling 
scries Bina:=»a-, or when an angle Is small. Its sine la approxi- 
mately equal to the circular measure of the angle and Ita cosine 
la approximately equal to unity 

Scries for tanx.— -Tlio seneH for tann may bo obtaineij 
from ilaclaurin’s Tlicorem 


Hero /(x) =• tan X , /{O) ^ 0, 

/’(x)»l +tan*x =•!+[/? r)J5; /(0)»I. 

/■(x)-2/(x)/(x). /'(0)='0. 

/~(r) = 2/’(x)/(x) + 2[/(x)J* ; /"(O) - 2. etc. 

/•'(O)^O, /’(O)-ia 

Hence, by siilwtitution, 

X* 2x* 

tanx»x+y + ^ + .-.. 




'rJ'Xs rr-S: T"St '»? 
?T"= '»“ T.-5‘" '■ "1 *“ Seco-»- !'“"T t 

'"'"■ «S '**'“‘■'’'11 ^°tor » '«"TS«»S" 

'’■>“ toctc»«S V „„„. I 

^}^\x(^^^^. •„ . vanes _. „,yi 

“”f " Von »' *° “''*' ,^\nnnn or otonges 

n ,.^0 no n j;-., gen Bonn 

anA pontnc .j^coxeTa. 

Ticgatn'<^ to y Tailors ^-e \n 

" „ X + ^ r^(8:KT- 




^ /(.v + S-r)-A-^'>^’t-" 

. _ 8.1', 

• c ^ ■bcconacs a ’ {'(^r^Zxf'-^-' 

A'‘»- ■' ■ ,,„m-A’->+'T^ 

^ ,r^CS.rT-+-- 

'1 .2^ 

•r <-'\>R sect 





. r^CS.xT-+-’ rfr'i 

t*enocona«™^^^ 

^ce at . pg oi tt^e ^ o 

fi'l and Oa). ' vessaons t^ae rj.^^evetoa-o ^ __g, 

Js:^.y?eS"V. Bo« '•■"»' 

vvo »%” r”* 0-' ;;:: e.nc ». , ^ » - 

” *A.„ no^ot il’ .„ A ;c oeiiatne, ve« t\iixs saav 


ativL-o ,.„ve^sioTX . passoiB TO\i\uxxa»'‘ 

V,:rS;vST'ro»^;;r 

;,:U. « % . v.no n -t-' 

s£€r"-- -*•--'" 

denote a an 


or 



^ ^ d"-!l t\ie 

u-va^® -g? zct®’. „^vo, „pav 


,<f s«'^ '",rw S': 

S* f„;S 't :,e 

is'"® 4iS«®” lte<>' ““'Tl!.®'' ' 

%'»)»“ jVtt " 

-Let 


Ex- 


^ ^•xCev-et' 




^ ^6U-' ^'’ 


;. 'i'®'" %.“'"■ „ , ..a >» „„ .0' -;„ *. c« 

,, S'-® rss r.;r'^s:-V-- 

4..,v a -.Ac ot '^' _ .v,c ..Amwaa 


"■■®" t-.„4 

Ex-^- 


. -cTO <, ci^ata- 

1 iL\s ^ rvttattaS. 

o\"-, aa 


d t^a® 


dlcacC' 


d'V^Vl'<^' 


EXERCISES, 


as7 


Again, 


(ir* 


= C4(j:- 2), and this b zero when *=2. 


tl*y_ 


In this case the first differential which does not vanbh Is ol 
even order. 

Thus x=2 giscs a minirnum ralne of y. 

Each of these cases, Eas. 2 and 3, can bo simplifieil ; the first, 
by the substitution of t for x-I, becomes y=z*-l2. 

The second, by putting x-2=r, becomes y=r*+lC. 

In each case the resulting expression may be treated in the 
nsual manner. 


1. Expand log,(I +T). 

2. Expand as far as x*t 

(i) log(i + s'?+7*)! (ii) (r*+e-»J-, 

3. Expand, by Maclaurin's Theorem, fan*a: in terms of x to 
three terms. 

Find the first and second differentbl coefficients of the following: 

4. ar*. 5 rr**** 6 tan"’j:. 

Find the n^** differential cocfficieuts of. 

7. a’log X. 8 a^c*. 

9. Expanit tan"'r in a senes of ascending poners of x by 
^factaunn's Theorem 

10. Expand iiii'’{x + A) to three term" by Taylor’a Theorem. 

11. Expand e*log,(l+jr) by Maclaurin's Theorem 

12. Expand smx in tenna of x by Maclaunn’a Theorem to 
three term.^ 

13. Show that the senes for cos z may be obUmed by differentiaU 
Ing the senes for sin x. 

14. If in Fig 55, p. 193, .1/1 =e, AD -a, C/l -r AndLACIt^O, 

ahow by using the sine senes of Ex 4, p 351. that e + „.) 

and 2i ^rlQ ~iiO*+ . ) 

Hence by neglecting powers of 0 higher than O’, prore that the 
approximate length of the arc A DB U 
J{8a-c) 



CHAPTER XIX, 

INTEGRATION. 


Integration. — We mny consider integi'ation as the inverse 
process of differentiation. Thus, for example, from a relation 

connecting x and ?/, the process by which ^ is obtained is 

called differentiation. Conversely, given a differential expres- 
sion,, the previous process may sometimes be reversed and the 
integral obtained, the object being to determine the expression, 
or function, from which the given differential expression has 
been obtained. We are able in this way, to write down, in 
many cases, the original expression by mere inspection. Or, 
wc may make use of a rule wliich is readily seen from the 
corresponding rule in differentiation. 


Ex, 1. Thus, if 9/=:ar\ 


dy 

dx' 


■ ?^x\ 


This may be written in the form 

dy - ^7:-dx, 

Integrating, 


or 


J^sPdx, 


These, and similar expressions, may be obtained by using 
the following rule : 

To find the integral of a power of x, add unity to the index and 
divide by the index thus increased. 

[As any constant quantity connected Muth a function by a 
positive, or negative, sign (indicating addition or subtraction) 
disappears during differentiation ; therefore, a constant, which 



LVTKG RATION. 


m.iy conreniendj' be denoted bj- C, mu«t be added after 
inte^n^tioa ; it? value is detennined from the condition? of 
the given problem.} 

An important exception to this mle is furnished 'ahen 
ns=-l, or the qinntitj to be integrated is This will, 

however, bo rccogniied to bo the inverse of the differentia- 
tion of logx. 

ThBs, if ; 

and if 

The a/mbol jy^dx is read as "Uie lAtegnl of wtUi respect 
to x." 

As illustrations of the moaning of integration consider the 
two progreasions, arithmetical and geometrical, 

Tho integral as the sum of a series in arithmetical 
progression.-^! n the iscries 

o*+2a*+3a*+. . + na\ (i) 

the sum of « terms h ‘**^’*(’> + 1) gCO). 

Now, as the number of terms may be of any magnitude, 
it is possible, if a is altered inverse’y as n, to maVo na always 
the fame, say equal to x 

Thos, the sum l>ecomes _ , ^ 

Now, os no is to remain constant, it follows that as n beeximes 
greater and greater, a becomes lcs.« and les-s, and cveotmilly, 
when a becomes zero, the sum of the wnes from (ii> is ^ 

We may with advantage rewnto the onginal senes and put 
£c inste.nd of o- 

(orP+2(Sr)»+ . + «(ir)*. 

But, as before, fidr"«x, TIiiis, we find 
(ir)»+. ,+x8x. 
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This is obviously an ordinary arithmetical pro^-ession, and 
the sum of the series, -wliieh may be denoted by 2, gives 

by the usual formula. 

So long as o.v is assumed to bo of any magnitude, the sum 
may bo found by the pi^eceding expression. If, now, we 

assume Sx to be zero, we may write the integration sign j 

instead of the summation sign 2, and also dx instead of &r, 
and we obtain 

/* 


/■ 




It may perhaps be easier to follow this proof if the various 
steps are interpreted graphically. For this purpose, take in 
the usual manner, two perpendicular axes, mark off hori- 
zontally distances equal lo 
o, and vertically distances 
2b^ nh^ as in Fig' 135. 

The area of the “i first 
rectangle, its two; sides AK 
and /iW, is or the fit's t 
term of the given series. 
Siniilarly, the area of the 
second rectangle represents 
the second term, and so on, 
the last term being nak 
AB is equal to na, and the 
assumption that nn is constant implies that AB and BG are 
to bo constant lengths ; the sum of the series is the sum of 
all the rectangles into which the figure may be assumed to be 
divided, and is equal to the area of the triangle ABO together 
wjtlj t)i6 area of 71 half squares* 


C 



/* sum of serie*s = 


ABxBC 
5 -f 


nab 

5 


-hi ) ab 

•2 2 * 

fe. the ordinary summation formula. 
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3IJJ ‘oivoaq M uoipuu; oip jo ttuoj oq> uaq jj 

•BAOjjoj sr jviaoojd Xvm otv *xwr mu 
/Jmnrr^qo pur uoi^rtitioja^jp jo fr-saaojcl oujdAUt oq^ sr popjr8 
•aj *nomu2aiui D33Aiy\ noipouuo) luianaS aqi mvjqo oj, 
•(j) puu (^) <yj parjoupai /urop 
-aeid »ir a a ‘aou jo ^uiod mumJ ssnjogti ‘jo ‘u^ouqim «i 
urns o'.oqA jf> Boua; jcajraqoSjr oqj eauas ifavui mb ajaqj to 
jna iwjqflpof} Bi (ij) JO ^rqj ‘praiwqoSiu ei (o) jo ja»aiurqo oqi 
‘jroi'jnapi oji* spoqjaui 'jBjg oqj luqj pwipo ll''^ II 

•asn jrjauaS ni oeoqi wu (a) pUB (<j) 
OAi !}SBi eqj ‘aiqiBScxlTOi ^puanbajj «i poqiatu :}«{} oip ■jnqj 
poapou aq pinoqa <}uq qranaap* oq Pinoqs spoqjafif aqj jo 
qoBa ^q noipuTij 'uoajS b SupraSamj jo ^p«ai aq'j X^moiAqQ 
•nontpaajajnp JO naaoxd aqi ^ari^Auj £a (a) 
-MX* mb 3ttnitni JO ssaaojd ain ia (ij) 

•^irmpriS 

jaat* noiaj eqj qapjA mj tajisi u jo ttonBmtmt aip £z ('>) 

Tiopaanj na\i3 b jo juiSajui oqj pug oj posn 
aq ^Biu qojqA Bpoqjam laapgq) aajqj Aoqs ea^dtuBxa osoqx 

5 /{OAi joadsa j ®x pur 0 »5B0 stqi uj ipirn jaddn oqi 3onnin*^ti* 

JO iiBsax Bin ^oxj tBiSajtq oin ^pan »aoi oqa anpinp* 

-qua JO axBBM otn vxuiqru aaqi OSBO Biqj ui 'ri 

tmina atn pau a«TJ :«t uonca3ajui ur qans joj oitu atix 
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If is plotted instead of wo should obtain a stepped 

curve, as indicated by the dotted lines (Fig. 137). The area 

of the rectangle is x or, 

0 <^ 

Now, y is the sum of all the .small increments, from the 
place where to the place where .x'— 


t.c. 


2 

s=0 





(i> 


and this is obviou.sly equal to the 

area of tlie stepped figure OOP^Ny (ii) 



Hence, make ox indefinitely small, and ^ becomes 

and We write dx instead of Sx^ and J instead of (i), 

0 

Or, wj’itc /X'f') for and the preceding becomes 
/■'(j;)d.r = area of figure 0CI\iVi, 

0 

the Htep.-i liaving di.Happeared. 

Shnilarly, the area CC'PjA, is 

0 

Hence, 2/-.yi=area 0GI\N'^ minus area OCI^iV.,, or the area 


«pq*j«d 

OTuqo 8K 'V **t/ fjmM atj; qSnoJtp 9un3 atji SmAWd 

•^ntoJ oqi nSnojifi 

Stnsard cittiipio Btp o\ dn atrq eiji /Cq pawpoa wja eq^ Satpnap 
aijna aqi jo 
-JO aqi ‘paui'ffjqo oq 
Xtut suns ti no rjaiod 
JO jaqinnn /iia ‘jau 
-unu »;qi m SaTpiaaojj 
"Cl 3C=r.‘i' Si * OCl = 
p3«opaa voja 5ci = d 
‘OSI = ^ a.vina 

atp no ^niod « ^n uttSy 
'(asocLind oqi JOJ ajTrov 
^ oqi Suijojp) 

cro = V'r ^viK 1 ! 

luojj BJHirisip luattioi 
-roo iCim in pun x Jn »ixn 
eqi «>l Plinjwl 
oirq iqSiTtJi* « 

•sr 9 =s-cr.’‘ 0 s « j 

iniod oi dn pouopna 
nainaqientjx 'pautrjqo 
»q iixMX JO eixn aqi pan 
'iujimI ^tro in ajnnipjo no *omj aq-j jCq pasopna rajn oqx ‘(SCI 
mSuo oqi qSnojqi Jnisnnd onq iqStrjp « si Siq^p 

qino3 + l==T7)(x)yJ = (T)/ ‘OCE ^ n® *V 
'“ = (*)y 1®! 'S '^,7 

aqi 01 uajpjA ri Tp{x)J^ j j ‘aaoamoAOOo Joj 

•SnnatJiqnt pzrB 'x jo tanrcA einaiiza aqi ipnai 
•qx o; Snnninwinf iipoiq ‘noptnnMaJnP jo tsaoojd maAor M 
paOTnqo sntu «in oj praba tj pun ‘r jo tpre ein pirn purr 
m fairarpjo am X^)J‘ oAioa aqi naamiaq naxo oqi d t^ba if 
**A’0 anpA Btn 01 \^q onreA aqi moq eanraiaTn x n •pejaaitri 
•qi JO «in oj wraiatn otu— *: uaijuu aq Xcta ajqj, 



see 


•X0UYUD31KI 
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It ^vill be seen that the value of the constant is unknown, because 
by moving tlie curve 0\PiQ\^i^i parallel to the axis of y we do 
not alter the slope at the points, and therefore the shape of the 
curve remains the same. The constant must therefore be deter- 
mined otherwise. 

If, however, the difference in height between and is 
required, then R\Ci — Pi^^y is the value required ; and the result 
is obviously independent of the constant. 

As in preceding case the value is 


/ 




:dx 






iy-?=o000. 

4 4 


From the diagram this is seen to be the area of A PPG. 


Ex. 3. Let /'(a:) = ^x 0*434. 

X 

Then, as on p. 389, /(x) =0*434 

= 0*434 log^.T + const. 

But 0 *434 log,^ X = 1 ogjoX ; 

.*. f{x)~ log^oar 4 const. 

Substituting values G o, 1, 1**2, etc., corresponding values of /'[os) 
can be obtained. A few values are given in the following table: 



X " 0-5 '■ 1-0 ! 1-2 ! 1-4 

i ' 1 

1*6 

1*8 

2*0 

1 ’’ 

! /'U'; ; ! 

j . 1 * 0*868 . 0*434 

1 “ 0 4,U — 1 

X 1 

0-3C2 1 0-310 

1 

( 

1 0*271 ^ 

0*241 

0-217 


Kow 0-434 ['lfi.r = f)-434 log.2 - 0-434 log,,!, 

i 

But tlie logarithm of 1 to any base is zero, and 
0*434 log/2 = logio2 = 0*301 ; 

which is the area enclosed between the curve, the axis of and 
the ordinates a'=l and x = 2. 

This result may be readily verified by drawing the curv^e on 
squared paper to a fairly large scale, and adding up the whole 
squares and partial squares enclosed by the cun.'e. 

bimilarly, the logarithm of 2*5 is the area enclosed by the curve 
from x=:l to 2r=2*5, and so on for the logarithm of any number* 





/q asiiS n 

_r: s:=^ k i 5 =r noj; (cct ’Stj) ilJXO »*U. 


• r **nr— wt "oy 



^ 

— = 

iUM aijj ni— Trtoq-BJCd V JO 50301233 JO roxv 

f,+»« - 1 +,/^) ^^=xp^J 0 

TBIJI JftOtJS 'I ^.7 


•to = (tl - tt) ? = »V] i 

\ 

■ -sgcoi^m- G>< u:t-o=j:*8oi=i^£*^oi]=^ J 

'^J “"r"^ P"’*-i '2 '"^.7 


D*2oi-q*2oi = ^J 


‘9 pim o oj« tjitmj oqt p ‘swaau 
•^ + iir»3oi s] i«j2»iuj »p(i03pu{ otjx 


•X0IX\''<103XKI 
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We may eliminate the constant a by substituting in (iii) 
the values of a? and y for any point, such as P, 

Thus, PN^axON-^’, 

PN 


Substituting in (v), we obtain 

^ X 0iV3= J OK 

3 X 0i\ ** 


Hence, tlio area of ONPE is oae-tliird tlie area of the rectangle 
ONPS, » As there are, for each value of two values of a:, it 
follows that the area of the segment of the paiubola FSO is 
5 that of the rectangle SOiVFj an important result 
Denoting OM by oto, and ON by then the area of 
MNPQ is given by 

A = j = — (vi) 

A I’esult from which, when the numerical values of a, 
and Xo are known, the value of A can be obtained. 
Integration of sum of functions*— When differentiating 
an expression containing a number of distinct functions 
connected by the signs plus or minus, it was only necessary 
to diffei’entiate each singly and obtain the algebraical sum of 
the ditferentiai coefficients. 


In a similar manner when it is required to integrate an 
expression consisting of tlie siun of any number of functions, 
the integral of each separate tei 7 n may be found, the sum of 


+ x2'tO 


these 

separate integral. 

s will be 

Kv, 

8. Show timt j 


Ex. 


* cuF 


3 



ax^ 


Wo have already found that any constant which is a multi- 
plier or divisor of a given function is a multiplier or divisor 
of the differential, hence a constant multipliez* or divisor 



n jtjaiotjTSQO 0^^ 




jt Vtiqx 

— -F 

.[-fJ-'J- J? 

/ { 



1 »P 



' t >j- Bjq* 


J^^. at* ^ xj> 

I ip 

‘x, nt»*=yr 

'x UY1 1 xpxfn* j 


‘r 

'Xmo- mixpxainj 

. -*7' 

‘xuis= : 

Up 

‘r eoo ^ /T 

‘X u;» >• Tpx 903 

'tboo— ~ 

up 




v-/f 


■ 

‘x2o(“>f 


. T + « 

1*.^ 


-a7>-r| 

‘^uipODouI orjj mojj ‘aaoajj 


. 'pyppv »<i 

p/na>/i /> ;i/r/«/oj py; pam> fuoiopo/ py; /;o tf/ 

*u«op u»iiut\ oatio (x^ uvo 
Kjtiiptjjvo jvptnnjjjp nwoti^ jo paivjnrit^ otj) jo Xub ipm 
i'lnjiiJ'B Hoipfinj >CqB JO [tu<^.i]Ui ofji gsn b tpna fMojj itrjj 
Bruit *q<» oq jjnv it J/jiwpoti jj popuajxo oq /[pro Xvtii isq 
ci(|l *|fijv<n vfjav ponoj oq (jui Bjuoioijjaoo (t’litmajjtp ataqi 
jititj Biioijouiij japlfiuti otjj JO oHjoB JO go:tt 01 (oj oqj, 
'UojitUj^ajtii JO u5i 9 oqj joqnftij aj 
j>n*|f] puB {xnotinj oq iCm ttSia uotirjSaioi oqi Sniwofjo/ 


CCS 


•X’OUVJIUMXI 
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Hence, reversing the process, we see tlia6 the integitil of 
nb.v"~^clx, written nb j 

==bjf'+0. (i) 


Ex. 10. 


Indefinite integral. — The expression (i) is called an indefinite 
integ:ral of the function the value of the constant C 

being unknown. In pi’actical applications the value of the 
constant and the integi'al can usually be determined from 
the conditions of the problem. 

The preceding integrals are important and should be com- 
mitted memory. The following may be reduced to the 
preceding forms by one or more simple substitutions and 


rearrangements. 


If 


a 


dy 

dr 


f 


1 


Binardx==^ — cosc^r. 
a 


The result may also be obtained as follows; 
£x. 11. Integrate ainaxdx. 

Let ax^z^ then or dx=^^t 

ax a 

jsinaxdx-^jainzdz. 

But, from the preceding table, 
r . 

' Sin zdz— - cos 2 ; 


/■ 

■■■ =/' 


ain 2 {/ 2 =: — cos 2 = — ^cosaa:. 
a a 


In many cases an hitegration may be readily effected by 
means of a suitable simple substitution. 



INTKCn.^ TIO.V. 


vo; 


•i-r. 12. i'liid the ^alu 0 of 
Put a+6x=z; then cfrs^cf:; 

_1 2 '-» 
“h 1-n' 

replaco a by a + hx; 

• r ^ / 1 1 

£x. 13. lategrato 

oxjsz, then (icss— I 
and je^dx=~jt'dz 


In soino coscii an integration may bo effected by more than 
ono method; tho results obtained, although pciha^M differing 
in ainicaranco, may by BUiUblo Biinplificalion bo re-iluced to 
tho Kiiuo form. Too buch methods aro Ubcd in tho following 

examples : 


i-'x. 1-i^ Find tho integral of 

x\ix 

P^;ix + 2 


It will be noticed that the numerator contains x to a higher power 
than tho denominator. In such a caro it it necessary to iliiide 
tho numerator by tho denominator until the numerator contains x 
to ft lower |»Mcr than tho denominator 


a:* 

jJ^ix + 2 


;= X + 3 - 


7 x *0 

■p-.'lxi-*.*’ 






Thus 
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Kciiolviin^ — into its partial fractions, p. 0, wo obtain 

x'** - ‘I - 2 


7.f ~ (5 


S 


I 


- \)x h 2 a' - 2 a' - I 
f 7x - (5 


Ilonco 


*’* j logbt'-2)~log(;r- \). 


Instead of the preceding solution wo 'could writo tho given 
integral us follows : 

J " 't '• •'■ i { 5 •‘' I ( X^lxTs) } 

= 2 + =*"■ ■*■ 2 i P^^T2 ■*■ !>] xnrirFJ 


put 

(}^ 


*• d.r 


Ir-a, 


also ‘2I l’cconR'3 .jJz<f-=hosz. 

Similarly j J / i — L-. 

-■ i - -) - II log(.c - 1). 

Collecting the terms we fiiui 

/.T^ •!,.- + 2 '''‘ ' 2 ^ •■*•'■ ' o>‘^^'^^•■'-v^•‘• + 2 ) + ^og(.t•- 2 )-§log(.l•-I). 

Iliis result appears to dider from the previous one, but 
,4log(.r^ Sr ( ‘J) may bo written ^log{r -2) +11 Iog(r- 1) ; 

■ ■ j >-:!.c + 2'^'*' "" 2 i ~ + *:> log (-i- - I ) + 5 log (-<-• - -) 

"ologlr-l) 


- 4* llv 4* S log(x* - 2) - Iog(.r - 1 ), 


LVTEOBATIOK. 
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£x. 15. If jiif—c where c u a coniUot, find 

j^lc. 

Here it U necesury to expreu p in Umu of r. 
Thnt, etnoo 
then 

eabstitnte for fples:efv~'do 



Tbui, kt «= 0 ' 8 ; then, p—co'*^; 

Li:t«=l; then cjv'^Je=cj^dc 
= ekg,r. 

Ex, 1C. Tlie mte (per uuit inerrue of \oliime)of the reception 
of heat by a it h, p \» ita prtwore, and r lU volume, and c is 


a Ltjuua constant. 

If rr*=e. (i) 

f and c being oonsLant, find A where 

‘-fni-S+w) 

If A IS alwaji 0 , find what s niust be. 

From (i) ;> = fr-*; (m) 



Sabstituting thia \alue In (ii), 

+•)?>} 

Subitituling from (ui) in (ir), we oblaiu 

A=;^( -fp+yp), 

when i«0 we have ^’7^ 

<-7. 


giTing 
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Automatic integration. — Mauy instruments are in use by 
which integnition is performed automatically. Familiar ex- 
amples are furnished by metei's of various kinds, such as gas 
and water meters. Thus, assume an orifice, or tap, in connec- 
tion with a water meter ; then, if r denotes the velocit}’ of 
the issuing water, the quantity which Hows in a time t may 

bo denoted by Q, where Q- j vJt. This quantity is duly 

registered on the dial in front of the meter. In a similar 
manner, the dials of a gas meter record the number of cubic 
feet of gas which passes throvigh the meter. 

It must not be infei-red that it is possible to integrate any 

, , . . r 

given algebraic expression for some, as f 

° ° ‘ ’ j C(1 +.1'')’ jv(a-' + 3) 

and others, have v^nly been obtained by approximate methods. 
Thus, the form of the differential cannot always be derived 
from an algebraical expression. In such a case the method 
adopted is to obtain an approximate value by tlie aid of 
series, etc. 

Approximate methods. —In practical cases, such as finding 
the area or vi>lume of an irregular figure, it frequently happens 
that the \alue of a definite integral cannot be obtained, and 
some approximate method must replace a more accurate integra- 
tion. Ilencix it becomes necessary to ascei'tain xvhat formulae 
may be used for the purpose. 

There are several methods by whieb, ^Yhen numerical values 

i>f .r and // are kiunvn, an approximate value of / ^d[.v can 
be found. Of tliese the following are important : u 

SUnpson’3 Parabolic Rules, viz,, the ouv-f/iird and the t/iree^ 
fu;hths rules. 

Wcadlo'3 rule, the trapezoidal and the inid-ordinata miles. 

^ Simpson^s First Buie.— Tliis important rule, also called 
:^impsons o^ie-thini rule, may be used when values of the 
ordinates of a given area, or volume, at equal distances are 
known, and when there is an odd number of such oixlinatcs. 
It may be written in the form : 



APfUOXIilATB ilKTJlODS 


40S 


where 2 demotes the .trta when {he ordinates are hnear^ and 
solumo when tLo ordinates denote an.*As ; » U the coiuiuon 
distance between the ordmatce, A the sum of the end ordinatess 
li tlto autn of the even ordinates, and C the sum of tbo odd 



ordinates. If, as in Fig. 140, there are seven ordinates, then 
the rule may be vviitten 



Simpson's Second Kula— Simpson’s second or tJtree-eijhlhs 
rule, may be uocd wlien there is an eren number of ordinates, 


A= /‘(a-)(/a:=^{y(,+y»+2y,+3(y,+yj+y,+yi)}. • 

Weddle's Buie, — This rule is applicable when there are 
7 e(iuidi‘>tant oidmaUs, and on the assumption that the 
boundary is .a continuous curve the results are probably more 
accurate than those obtained by Smiiison’s Buies The rule 
may bo stated as fnllows; 

X ?y,+y,+y,+yi+y#+o(y, +^,+^4)1 

Trape 2 oidal Buie.— The so-calkd trapezoidal rule is usually 
more c.asdy manipulated than the preceding formulae, but the 
results are not wi accurate as those obtained by Simpson’s 
and Weddle’s rules. The rule for 7 onljoates may be stated as 
follow 3 . J »3 1 J (j'e+j't) +yj +yj +y< +yi h 

*,*2*^ orliniUi, spjil/ tbe rule to the firetfoor 

ftAU fifAt I to ill# 
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Mid-ordinate Rule. — If h is tlie mean ordinate of an 
iireguiar figure DEFG (Fig. 141), then the product of h and 
the length BE is the area of the figure. 

The base BE is divided into a number of equal parts, and 
at the mid-point of each, as indicated bj the dotted lines, per- 
pendiculars are di'awn ; the sum of all such ordinates divided 
by the number of ordinates is the mean ordinate required. 
The approximation approaches neaz'er and nearer to the actual 
value as the number of ordinates is increased. 



The sum of tlie ordinates is readily obtained by using a strip 
of paper and marking otT a length equal to the first, and at 
the end of the first a length equal to the second, etc. 

l£x. 17. Find the area of the curve between the values 

ami a.' =7. 

Let A denote the area 



1 


Substituting the given liiiuts, we find 

To avoid mistakes it is advisable to write the indefinite integral 
lu square brackets as shown, and afterwards to substitute and 
simplify. 

It is instructive to compare the accurate result obtained by 
integration with the value found by using Simpson’s Rule. 

Ex, IS. To find the area of the curve between the 

values a:=l and 

lor values of 2, etc., calculate and tabulate values of y 

as follow's : 



Al’l'KOXIMATK METHODS. 




-•P 


y i 1 


Dy Siropton** Jtulo tho arc* c£ iho cune from 1 to 7, i» 
J{1 +49 + 4(4 + lC+M) + LM)+i5)}=-3^=ll4. 


'Ihe ariA obUintJ u tbatof » jjarabolA And thtrcforo tLo rciult 
a;;rci9 with tbo^t obla.iacil by latcgraUciu, tMnii>&ou’« {urabolic 
ruU« give accurate rcaulU ia inch casca, cveu if only three cqui- 
tli»tant ordinates arc Thai, in the preceding example, 

Uiing tho three ordinates 1, 1C and 49. Tlicn, as the common 
dutaoco IS 3, 


3(l+49 + 4=tlC) 312 
arca= j =~ = 1I4. 

In fact ^iinjteon’s Rule prtx^tds on the asauniption that the 
curve IS a jarabola, and conMxjuenily the nearer any given cl^o 
approaches to this form, the greater tho accuracy obtained by 
the rule. 


19 Find the vulumo of a log of timber 3G feet long, the 
ureas of cross sections at equal inUrvals of 0 feet being ns follows: 
iv*20, jUS, 4-Ot, ll-f^2, ‘2 IG, 1 31, l-Qi sep ft, reriicciively. 

I Simpson's First Eule. 

Sum of end ortlinatcs = 8-‘2«)+ lltlsO 22. 


M „ odd =4-04 + 2 1C = G-20. 

Volutne=;(a-2'2 + 4 K 10 14 + 2 x 6 20) 

= 2 X C2 18= 124 30 culx ft 
IL Slmpcon's Second Ecle. 

ra*Ll!5{s20+l'02 + 2 x 2-02 + 3(508 + 4-04 + 2 16-1 34 } 


= J (9*22 + 5 84 + 3x 13-42) 
= 121 47 cub. fu 


IIL Weddle’s Role. 

r=-jy- {8*20 + 4t>4 +2-92 + 2 10 + 1 -Oi- 3(5 -Cs - -2^2- 1 34 

= 13(18.74 + 30 70) 

9x09814 

s. i — = 124“272 cut), fu 
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IV. Trape 2 oidal Rxile, 

6 { J- (S *20 “f 1 ‘02) 4- 5 *68 4* 4*01 + 2*92 -r 4- 1 ‘54} 

;={>.\20*95 = 125*7 cub. ft. 

V. Slid-ordinate Rule. Dran^izig the niicbordiiiates the suui 
is 20*56 ; 

/. Volume = X 36 = 1*23 *4 cub, ft. 

o 

It is important to be able to use more than oue method in 
calculating the area or volume of a given irregular figure, the 
results obtained by oue method may be used as a check on the 
other. 

Ex, 20. Plot the curve y = 2*4oe^'*^ (i) where c =2*718 Find 
the average value of y from .t = 0 to a;=8. 

When values 0, 1, 2, 3 .. are assumed for x corresponding values 
of y can be calculated. Thus, when a;=0, from (i) 

y ^2*4oe^=2'4o. 



y=2*4o€"^<^-*=2*45€i-, 
log y ^ log --No r I -2 log 2-71S = 0-91036 ; 
y = S-130. 


When 




APPLICATIONS OF INTmiUTION. 


4(a 


Valoes of * aO‘I corrcijiouilLD^ r*luc» of y jiren in ibo 
following Ubio: 




> 

2T 3 1 4 1 3 

d : 7 1 8 

V ' 


js-GoCi 

5‘453j&136| t2 n| 18-10 1 

1 27 -01 1 40*29 1 GO 12 


Ihe corre It (boHn m Fig. l4'i> 

TJia area OAS m»y be obtained by Simjwon'a Rule a< folloiri : 

Sum of end ordmateisti 4o-i-CO'12 = G2 oT, 

Sum of even ordinatees.T'C^ + S'lofi-e IS 10 + 40"J0=T0 162, 

Sam of odd onIinatca=5 4SS+ I2'13 + 27'0l = 4l 533. 

A = J t&2 37 + 4 X :0 IS-2+2X U 393)= = Ul lG. 

AUo area = (average onlinatc) x (length of bue] i 
.. average value = — = 11>VA 

Tbo pri-ccding reault may Ixj obtained moro accurately by 
integration. Thu'i, if yw.fc", 

licneo Jde"f£r=-i.le“+C. 

AV. 21. If y = 2 43<***, find Uie average \aluc of y from ar=0 

to ar=8, 

(average valuo)x8= “ '*^**** 

= C-125(ei’-l) 

=G-V25 x 23 34=144 18; 
average values— y = ISOi 

Some applications of integration.— Many of the roles and 
foruiulao U'x.’d tn inenviiration arc cxtntneiv difficult or im- 
jxvssiblo to obuin by tUnicntary algebnieal nxtbods. There 
are very fovr. however, vbich do not vield to an elementary 
application of the calculua. Tlio proofs of eomo of thoso which 
are of rom>tant owurrenco in practical wori, are given in the 
following pajua, others may, if neccijurj', bo obtained by 
similar methoda. 
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Area of a circle. — Let 0 denote the angle (Fig. 143), 
then JjOB, a Hinall increase in tlie angle, m]\ be denoted by 

00^ and the are DE^rciO. Draw 
the chord DE. Tlie area of tho 
triangle DCj!?=^D/<7x CA' where 
OF h drawn perpendicular to EE. 
When the angle becomes in- 



0 varying from 0 to 


are, 


t'omcB equal to the chord EE, and 
< 'F l^ecomes r. 

/. are,a of triangle = {yrc/dx/ 

The sum of all such triangles, 
, will give the area of the circle. 




Surface of a cone.- Let r denote the radius of the base, 
I the length of the nlaiit side OX (Fig. 14^1), then if AD, BO 
denote two plane sections pei’pendicular to the axis of tlm 



Fig. nr — Surfaoc of a vnne. 

cone which cut the cone in two circles siiown by tho 
hues AIW, JiFC ravpectiveJy, when tiie.se planed Ho 
doM together, if y th-notea tlic radiua AE, tiio aurfaco 
•jScu footnote, p. lai. 
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of tlje Mice AUCD u Ssy x ajifiroxiniatclj, ami Uju *!*• 
pitK-icIica clu><.r anil clcxacr to the ai.tiu] ^aIue aa tie duUntc 
KF IS uiaJo fcniaJIcr. Wliea tlio two jioinU E a:i<l F am 
intlefiiiitcly nc.ir to each other, tho points .1 anJ B form two 
con-fcutne j/cinU on the surface, and tho eiprumion for tho 

aix.x bccoint-s tJryiZr. (0 

It H now nccc^xiry to exprt^y in tenns of x. Lit OA—J^, 
then, from tho similar tnanglts OEA and GJ/A’, 

X :y =*f : r ; 



Subatitute in (i): 

area of Mice = ^S^Jx. 

Tho total surface from x=0 to x = / inaj l»o dcnotwl hv *-N 



-^rl. 

Ilcnce, we ohtaiii the rule Tlie curved lartice 
0ue-2ialf Uia perimeter of tie base multiplied bj b**-* 

When the total surface is re- 
qtiiml It IS nmivhary to add the 
ana of the lo-sc to this ; 

% total burface«»urf-frT* 

-rr(f+r)L 

Surface of a sphere. — Am 
pHno w-ction, such as BC, cut« 
the sphere in a circle; ht .1/1 
1« any other M'ction drawn 
jarallel, and ladifiaitely near to 
BC and on the side of Df' r* .a- 

luaixst to the centre of the “ * 

spheic, then the radius of the cnTj? ^ 
tiiat <J plane BC. 
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Let X donoto the distnneo then, nyIvcu the two seetious 
arc iiuloliuitely ueur to euch other, the distance A A will bo 
denoted by dx. 

The portion ABGDh a ihit circular plate of radius BBund 
thichness di\ 

Join the points 1) and A to the centre U, then if the angle 
BOD be denoted by 0, the ani?lo DOA will be represented 
bv dd. 

Area of slice ADCD^^l^rx DExAB 0) 

N 0 w B K r si n 0 a n d A B — r dO. 

Substituting in (i). 

Area of A DCD^Urrr sin 0 x rd(l 

The sum of all such slices from d— 0 to will give the 

surface of the hcmisplicre and twice this suu^ ^Yill be the 
s\U'faco of the splieiv ; 

T 

surface of s}duTc -"-i? | :^;rr*siutWd 
0 

* T ^ 

- I sin 0dt)~~ iTrr* - cos 

Vohuno of a sphere. - Let AD and BC be two plane 
scctiiuis of the sphere when the tw\i planes are indehuitely 
near to iMch other, or a ihstance da* apart. The volume of 
the sliec A BCD is that of a hut circular plate of raduis BEf 
aiul thickness d.r. 

the v'cntre <) to j)i>ints B and A. Then, if 0 denotes 
the angle A(i/j\ the angle BOA^ a slight increase to (?, will 
be vh‘ noted bv dO ; 

/. volume of A BCD == a* x BE- x d.r. 

Lot r denote the raditis of the sphere. 

AA^-rsind, 

/LV I X dx ^ AD sin B. 1 .V 

— ri/dsin 0 ; 

volume of AAV/J==^/-sin-'dxrsm ddd 

— ■ri'^sin^ddd 
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Tlio sum of all such slices fnuu 0 U) - will gi'e tlio \oluiu« 
of tfio !iv]tiis{>hcre, aud twico this sum is Lie rolutue of (be 
siihcre. 

/. volume of sphere **2^^ TrT^tiin^0(W=-2s-i^j hin^0iI0 
sin 0(1 — tvs*^)(/fJ=»2r7^j^ cos’^sinftftfj 

or, let J/0 ho t.ikcn to bo the axis of x, and let r, y denote 
tho co-mvUnatu4 of U. Tlicu 

« ultimo of strip ==5ry^,’ 

if r denote tho indiiw and F the lolmue of the sphere, 


Volump of a codo — Let r denote the radius of the booe^ 
and 4 tho length of the q 

axis of the cone. Any _ *■ 

piano section jiarallcl to 

tho base ill bo a arclfe . Jj T 

Ixt Af> and /JCfFig. 

1-ifi) be two stirh sec- ^kCT - t 

tioiii ; llun w ben the r - - - -. 

distance between the sec- j 
tioua IS imUfinittlj small, 

or dr, the area of .1/1 is ^ 

nearly ctjual to that of ZIC. -Vulame of « coue 

l«tt OE=x aid radius EA =: ij. 

Volume of d/lCDs jry’dx. ... 


u.r.u. 
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The cone may be supposed to be divided into a large number 
of such small sections aud the sum of all such will be the 
volume of the solid. 

In Eq. (i) it is necessary to express y in terms of .r. 

Thus, from the similar triangles OHG and OEA, we find 




.r :y=/i : ;• ; 
Substitute this value in (i) ; 

volume of A BCD 
If V denote the volume of the cone, 

-,•2 ,-fc 


rx 
'' h' 




■dx. 






0 

Trr^h 


/. volmae of coae is one-tiiird the product of area of base and 
height, or one-tbird the volume of u cylinder on the same base 
and the same height. 

Volume of a paraboloid*— It follows from the equation of 
a parabola ir^ Ux, that for each value of two values of y, 

equal in magriitude but oppo- 
site in sign, maj" be obtained. 
Hence, the curve when plotted 
is symiiietrical about the iixis 
of .r. Further, as j*=0 gives 
the vertex of the curve 
passes throng]) the origin. If 
the curve be assumed to rotate 
about the axis of it wuH 
generate a solid of revolution 
called a paraboloid of revolu- 
tion. Two plane sections, such 
as AD and BC (Fig. 147) will 
cut the solid in two circlCvS whose centres are respectively. 
Tlie volume of the pf»rtion A BCD may be taken to be 

the approximation becoming closer and closer to the actual 
value as the distance &r is diminished. 



Kia 147. — Volume of a juraNtloid. 
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When or »3 indefinitely small the Tolume of the slice 
Jf7(?£>as'y*Zr = -lyiwtir, and the volume of the fcoHJ LetuiMi 
the idaiies (tL and J/A’ at distances b and d from the ongin 
rcsiMJctiicly, is gncn hy 

r=r-J' jx£r 

If the tolume ho eatimated from the origin^ then cf»0. 


if c*“-la6 

(c being the value of y tthen x = b). Tlicrcforo tolume of 
hcgiiient of paraboloid of retulution is equal to one-half tolume 
of cylinder on baiue base and Kamo height. 

AV. lu the cune 

0) 

find e if y=m «hcu x^b Let this cune rotate shout the axu 
uf x; liiitl the tolume F enclosed hy the surface of retolution 
hetttcea tho tuu section planes at x = a, sml x^b> 

Also hod the numerical value uf F tvhen >n = C, f*=4, a=2, and 
e=X 

Suhstitulmg the given values of y and x in (i); 

e=--wi'l. .(Ill 

It vvilt he sevn that as Kq (i) can l>c virittcn in the form 
yt=3cV, It follows that the curve is one lialf of a (larahola, and 
thtrcforc hy revolution it will genersto a paraboloid uf revolution. 

As in Fig. 117, the volume of a jtorliun A DCD is rt/^Jx , 

r=Fj‘y=dx 

Kow GXpreas y m terms uf x and tiie two consunta of m and 6, 
auhititute the value uf e from (ill tu (i|, and «e obtain 




op pp \nrr<Tr>, 

■■■ 

> and 7Ji • 

.-. P=Iil36(^4) 

S = 54n-. 


Prolate spheroid re ^ 

its n.ajor a.is, ft^Sf axis p. 3 ,- 

oeneiates a solid of revoJnf ^ 

R “ P^°Jate spheroid, 2 

axes of the aIi; -T^ seim- 

Two plane sections / /) ePipse is 

t"-o crcJe.s of n-adii ^iU^cut th 

from (i) 





' ^ „■> 

~~r («=-^v.,-.^=(-„,^^, 

‘•JP be no.;.„^ ., ^ sJo 


57ra62. 
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£r. 23. A cur\« whoso e<juati6n is 4j*«2:* is supposed to turn 
•bout the axis of x aod trace out a surface of rtvoIuUoo. FumI 
the Tolutne of the solid eiiclosod bjr the surface of rcrolotioo aaJ 
the two circles traced out by the ordioatcs at x=sl and x=4 
rcspcctiicly. 

Denoting the \oIume enclosed by the surface of rerolation, 
and the two circles traced out by the ordioates at and x~4 
by r, 

r=rJ*yVx = ^JV,ir; 

Tss^liotJ- = cub approx. 

SizQpSOn'S Hulo. Let /> the origin and pm U.c axis of j 
(Fig, 14U| If s (It-iiotLS the (liktanco pa, thin j/Jt will be ~ a. It 
Iho ixirtion of the given curse included botwc-cn the orJinaUs ood 
y, tan bo replaced by a curi o of the form y-a + lxt cx*, thm it u 
lu'ctssary to dclcniuno the three constanta a, b, c, so that the curve 
{>4a»es through tho three puinU D, m, r. 

1 iiu», at tho |iuint D, X = - s, y ^ y*. 


buUnluting, 

y,=a-»b+cs^ 

....(IJ 

At tUf 

x~n. y=y„ y, = a 


at r. 

x = s, y=yt. y,=a + *hTfs’ 

... i3) 

From (1) and (3) 

— ^* = a + c»* - y, + cs* ; 



... „. = ?t±».-y 

. (4) 

Tlio area hy tho luo onIii;Atc4 and y^ and tho axis of 

X and tho cuno is gic 

cnbj 


j‘ydx = 

: J *{a + bx 4 - fx^J ifx = 2as + |c»* 


Soljstituling from (41 and (2) 


•>yi+“ 



This IS Sitiiissin’a 

Uulo fur 3 ordmaUa, for 7 ordinates. 

os in 

Fig, 140, this Uienits 



^ (Vs + yj + 4y, + y, + y* + -ly, ♦ y* + y, + 4y,J 


=3{yi+y*+4(y,+y,-ry*) + 2(y, + y4)h 
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EXERCISES. XLII. 

Write down the values of 

X. /Vi., 1 ’^ 

^ I 

2. Jx-dx, j{co5bx)dx, and j^^xPdx, 

where a and b are constants. i ^ 

3. Piiid J 2{C‘hx)dx, when a=:lOj b^20, 

a 

Give the values of 

4. J 3(c-h7ix^y-^2/ixdu\ when a = 4^ 6=^6, c=4, and n=2. 

a 


(Hint, put c-f7;ar=j:, then 2nxdx = dz,) 
Integrate the following: 


5. 

J cos axdx. 

6. 

j* sec- ax dx. 

r. 

/vv.*. 

J 1 + a'X" 

8. 

l^dx. 

9. 

Ja vos\a + hx)dx. 

10. 

f 1 ^{a-h bx)-^^' 

11. 

j {p-i-qx)^dx. 

12. 

1 , where 

J N/rHSTte)2 


a -f har< 1. 

Integrate with respect to x the following functions : 


13. 

{a + bx’')dx. 

G03{a4-bx)dx\ 

dx 




X 

a 4 - bx 

14. 

4^,. 15. 

«“ -r X- 

xdx 


16. 

dx 


a- - 



X - a- 

17. 

x^dx, 18. 

xdx 


19. 

xdx 





'{x+i)(x+3y 

20. 

do 

21. 

1 -f cos OdO 


cos-b -- siu-0* 

(1-rsin 0 

— . 


22. 

xdx 

28. 

tan^arcia; 




{ai-jpfi 

4 4* tan-^:* 




Inti-srat* tlio follow 

2-t x^iie, ;c^(Ix, ‘Zc^dx, i'pdx. 

21- (•ic’ + *’lt + 5) Jjr. 2S. {nni + co**Jtf4r, 

27, (2*)n Ixcot^litr. 28. (tiia ‘Ji tta -J^r) t/.r. 

29. (isln^arwn‘ir}£ic. 30 {2cu* 4.ttx^l»r)tfjr, 

31. e~Ji* 3Z S3 (ai*+U-^e)Jt, 

M. W. o“+'iLr. 30 

sx^ + a‘ + 

37. j;^(l +i5rJ<ir. 38 39. ^ 

Jr^ + a* jr'(a-rtx) 

40.- 41, (Miaxt’dx, 42. 

s'1-.t* x*-4 

43. 2i^dx. 44. . 43. . 


40. There i« « curve whose shspe zmy be drswo from the fol 
lowing laluLi of x aail y. 



Kio«l the rcLitioa connecting jc end y. 

Assuming this curie to rotate about the axis of r, find the 
volume cnclotcil by the suifocc so traced and the end sections 
where .r— 0 and rsS. 

47. The shape of a curve msy be obtained from the following 
values of X and y. 

Assuming this curve to rotate about the axis of t, find the 
volume of the solid between the values x^O and ^-32. 




CHAPTER XX. 

CENTRE OF GRAVITY. MOMENT OF INERTIA. 


Moment of a force, — The moment of a foi'ce, about a given 
point, is tlio product of the force and the perpendicular let fall 
from the given point on the line representing the direction 

of the force. 



Fjo. rr.>. Moment of a force. 


Thus, let P be a force (Fig. 
149) acting at and 0 the 
given point From 0, dniw OA 
perpendicular to the direction 
of P. If a denotes the length 
of tliis perpendicular, then the 
Jiioment of P is Pa. Similarly, 
the moment of Q about 0 is Qb. 


If R is the resultant of P and Q, r\e. R^P-hQ, then the 


foivcs /*and may be replaced by Ry if Jtxv-Pa + Qhy where 


c is the length of the perpendicular from O on /?, 


Centre of gravity. — Any small portion of matter, of mass JI 
and weight )f\ at or near the Earths surface, is acted on by 
a force ir=.]/V; (where p is the acceleration due to gravity). 
As a body may be asstimed to be an aggregate of small parts, 
and the forces due these constitute a large number of 
piriillel forces, the single force (or resultant)*equal to their sum 
is called the woiglit of tho body. The point in a body at which 
this single force may be assumed to act, whatever be tho 
position of the body, is called the centre of gravity of the body, 
llio term is, for convenience, used to denote a centre of an 


area, a centre of figure, or even a linear centre. Such a point 
is in manj’ c:ises ecisily obtained. Thus, it would be tlie centre 
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of a circle, the i>oint of intersection of the diagonilii t.f a 
rectangle, etc. 

Tbo centre of gra\ity of an irregular figure, t*j*cctally when 
of comiiarativcly siuall size, may obtained b^ Gx|KriiiHiital 
method*. Thus, with a tcin plate, the exact shajw of iLe figui-o 
may be cut out of a »heet of Lin, cardboard, zinc, etc., and when 
such a template is freely sus{>ended, the oentro of giu\ite m 
in the rertical liae {las.Mog through tho {>oint of support. In 
this manner two vertical lines can bo drawn, and the {Mint of 
tbeir intersection is tbo centre of gravity of the figure. 
Another convenient method u to balance tho figure on a 
hnife celgo and mark tho line on it along which tho figuie 
lialances ; two such lints determine, as before, tbo fX>sition of 
tho centre of gravity. 

lliore are comparatively few bodies which have a centre of 
gravity, what is usually meant is the oestre of aaw, or centre 
of area. 

£x I. Find the centro of gravity of four bodies, weight* 4, 
'2, 3, and 1 respoctivcly, and arranged at in Fig. 150, their distances 
from a point O being 2, 7, 11, and 13 units of length rcsiicctivcly. 



Fio. IMl— C entre U tfrarltj 


Let the four weights in Fig 150 U assomed to be ngidly con- 
nected together by a weightless roJ on wire. To find the centre 
of gravity, or tho poiaUsvLcre a single force can bo applied so 
tliat they remain in e<iuilibnum, we may proceed as follows 
Tlie four bcalics shown pvo rue to four jiarallel forces, the sum 
of the moments of these four forces alout any line, such at oy, 
must lie etiual to the moment of the resultant about the tame 
line. Let i denote the dutance of the resultant from oy. 

Then, the sum of the moments will be 

(4*2)-H2x7) + {3x 11) + |J X 13) = ta 
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Tliii mo(iit:iit ol till! ri!iiult:uil in 
(■1 

or i'-Ai-H. 

Jfciii;!), Uiu roniilliiiit ai;t:i nt n. jioiiil d’H from «y. If ii iiinglo 
U)iwai'il fi)i'i!(! wiuid to 10 worn niiiilioil nt thin [loint, tho iiyiititiii 
would roujulj^ in crjuilibriuin, 

o (joutt'o of urea of tiiu T- 

nuelirju (KIg. ir>I), 

d'ho pouition of iho (Uintro of area nuiy ho 
obUiiunl by tukiu;^ uioineulii abo\iL tlio upper 
oibMj, liOl ;i; doj»oto tho (llulaueo of Iho coulro 
of iU'oa froia Uio uppui' odf^o, 

'I'lio at'citH of tlio two routangle/i aro ti'^x y, • 
un<l or I and 2 wp in. niKpec Lively, 

iloneo, it': x I] * I x | -I' 2 x ii'o ; 

lOo. jrn, r'uuhu uf ;\o;a 

.1 

y^V/. .'k Find iJm ccnti'o of ar<'a of a of a ouiit iron girder 

of tiiu followings dnnenjjio/ja : ihingna, Tx I" 
and U"x|"; <lrpth of girder, ; web, l'^ 
thieUneaii. 

'IN) liiul ilu! j>o!iition tjf the eijutro of urea, 
wo ilividn tluj area (Fig. 15*2} into tiu*ec 
roolangl'^J dhouo unulo by the two Hangup 
and by tiin wtjli, 

'rin; an uii of the ilangtut are *2 / I and 
llx 1, untl that of tlio wnb in 10/ 1 ik). in. 

Ifonoo, if .r <U;notu i Ibu diidnnri) of tiio 
eontro of area from ibo biitui 
'riwn 

i{:i .11 1- 10) OxO'd I IO/. (( i.dxlLr); A il 

or X 4*5. I'No. nvj.— Bcutlon i>f abdur. 

Ifeneo, ilm ronlro of area of Lhu givou'figuro, In ttt a diiitaiico 
*ljj incluM funn tin; baiai A/i, 

U A/iUf) (Mg. 15b) rniinuiontn un irregular ifguro of uniforia 
tliicluteuH, iboa iho weighin of tho nnnill ntripn into which the 
liody nniy bo uiLuiineti to bo divitloil may bo dujiotcd l>y 
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Vj, iTj ... and t)ie dUianctd of tLtir «ntn« fnim A’ 1 >t j*,, 
■*■*1 ■••• TLcn, if i !■» tbo distance of the cciitte of gta\Uy 

froiiiA; and H’ the total "tight. 


- _ 4- tCf T, + ICfT} 4-.., -(^) 



Tlie preceding c*iuation will ditcniiiiio the jiiiMtiQu of iho 
Centro when the gnen l>od/ ia H^Minnetnoal alxmt a hue imth 
aa A'/l ^V^Je^ thia ia not the eaxo, two cikulatinna which 

are cjprcased must be nude. 



I'lO. ItO.— Ce&ln of ana of an IrTretiUr t^ure. 


In iho general caae, the co-onliiiatca of the rentie <if gravity 
are obtaincil from 

_ SfifJ-) - if tv) - ifT.-) 
i.r • i-T • *" i..r 

It U fnxjucntly c<*tninicrit to appiv th* trrin 'entre ..f 
gravity to UabcH which haw no weighi. ‘to h a* m. il 

ilgtirea, Imca and plant*. In »uch caw* w* nn m ih< pout 
which would bo tbo >ccntre of gnmtv if thf U-h wa* of 
uniform dciuitr, or its weight wa* pn>p]rtionAl lo lU bngTh 
area or rojurac: Tt> obtain the weight »>/ 3 IskIi fii.w iJj 
an'a of cTosa-pcction and length, it wf.ulil l»* iu'»->*s.»ii !•• m 
troduco comnioa facUrni m Ixj (ii». the^- ('..iild fh. n )« 
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cancelled, leaving simply volumes, aieas, or lengtlie instead 

of -weights. , . 

Application of Integration.— The centre of gravity of a 
surface in -which the boundary consists of a curved line may 
be obtained approximately by Eq. (ii). Strictly, however, the 
sub-divisions should be made iudetinitely small, and the problem 
i.s therefore one requiring the integral calculus. When the 
process of integration can be applied, it affords the most rapid 
and also the most accurate method of obtaining tbe centre 
of gravity. Thus, if x, Jj, ^ have the same meanings as before, 

I xcxdx / vixdx 

then or , -where 7n denotes unit mass. 

I'wdx j 7?idr 

Similar expressions hold for // and r. Expressed in words, 
the integral of the zaoments about a lino of the small portdoas 
of mass into whicli a given body may be assumed to be divided, 
must be divided by tbe integral of tbe sum in order to obtain 
tbe distance of tbe centre of gravity from that line. 



Fx. L Tbe half ordinates in feet of vT. symmetrical area (Fig, 164} 
arc 0, S’O, 9'0, 10‘S, 11*0, 10*2, S*0, 6*0, 0; find the area and tho 
position of the centre of gravity, the common luterval bebg 4 ft. 
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Tlic&na uf a *tnp ot Uiu lunc of HidtU ilx and tioight y U ydr. 
Its niuinciit aliout a lino i»cr]andicuUr tu the axis of x and ]i.i»King 
ihruugli K IS jydx. The sum of all such terms is expressed Ly 


jxydx. 

inU’gral 


Simihrly, thu ana cncIoMd hy the curve is j ydx. Tlia 
m well cam) Uing tahea Lctwi^cii sui table limita 


i « j^ydx T 


Tabulating the gum values, wu obtain 


(I)x 1' 0 1 4 

S 


10 

uo 

... 

28 1 32 ! 

(11) y 1 » 1 

9G 

10 8 

n-0 

10-2 

8 0 

50 j 0 

(ill) ay || 0 1 .12-0 1 

70 8 

I'JO 0 

170-0 

2010 

200 4 1 

11041 [ 0 

(IV) y* 1 « 1 G4 

1 »2 10 

1 110 0 

121 

101 

731KJ j 

1 -25 1 U ^ 


Tliu values in (in) are obtained by niultipl^ing the nuinlier* in (i) 
and (ii). The sum of the numbers ut (in) can bo found by buu|na)u's 
rule. 


Thus, 


f , 2'>10 8x4 

, , / . 104 4x4 

(u) jy<^= — jj — ; 


approx, hifflilarly, from 


- 2040 8 
■'"104-4 


= 15-13 


where X denotoa the distanco from A' of a line ivarallel to the axis of 
y niid jiassing through the centra of gravity. 

Tlio volume of the solid gene rated by the rotation of the curve 
aliout the axis ol X l» rj y*{tr. The sum of the value* of y* in (iv) 
Is found by SunpKon'* rule to l>o (XVl-C2x 4 ; 

Volume of ikihd = 4r xUd'22 = 7od3 8. 


Ouldiiluas Theorem.— Supjvuso an area no (Fig 155) is 
eviinectcd by means of a thin bar GD to an axis 00 in the 
phine of the area. 

If the area lie made to revolve about the axis, it will generate 
a ling, the cjxiss section of vvhich vvdl be the ai-ca BG Let 
.1 denote the area of BG, and I” denote the volume of the 
nng. If li denotes an cxccedingfj small area at a distance, 





Tlli:OKKMS OF fiULDlXUS. 


Con\t‘n*cly, when iho of a cune ainl lltu nuifai-u 

gcuvratL-d by tlia cur^o aru 1kiiQHa>tUQ jkisUuhi of Use tuvlits 
of aica or wntro of gi-a\Uy can K* obUiiiuU (m-c ji -J’l) 

If a rvctauglo AllCh (Fig loG) |•L•^o^t3alM)ut one of itsMib'S 
aa .1//, it Mill traco out a c.^liiitUrt latltu* .!/>, and length ML 
When uno side, aa C'A* ta a cur\cU 
hue, the Volume tiacwl out by the 
ftguio may be obUiucd to any 
ix-quiied degree of accuracy by 
using any of the ajjjsroximsto 
rulta, Siiiijvton’s Mid-ordiuate, etc. 

llie volume, traced out by the 
figure ECU (Fig. l-'iC), may bo 
found by dniding the figure into 
li iiumlier of parts, then, denoting the common di»tanee .)// 
by &r and the succt.'«i\o radii by y„ etc., the \oluiuo 
traced out «Sxjr^yj*+ry,*+...}. 


DSC 



E A R B M 


Kl... 1>4. 


Ex. a. Find the soluuio traced out by tha semuircle in Fig. ISd. 
As shown in Fig. loG, the gueii figure is ili tided into four e<jual 
parts, tha uinbordinatcs being 1‘3, I'D, I'D and 1 3, the common 
distance 1 : 


\olumo=srx2(l 3» + l-&*}=.10 Cf 
31 


Ex. G. A circlo If Indies radius rotates aliout an axis T inches 
from the centra of the circle. Find the suiface sud eoluiiic 
generated. 

Length of cur\e=:2F x 1 j, also .e = 7 : 
aurfaco generated = 2 f a 1 J x *Jr x 7 = 19 f* 
s-i.s 4 s<i 111 
.1 =fx(I 2)* k^] in. i 
\olumo = 2ri-4 =‘dF X 7 X F X {1 4 )* 

= UF=tl 75i*=<23 5 cub in. 


Ex. 7, There is a curve whose shai>a may be drawn from the 
following values of £ and y: 

X 111 fe^, 3 I 3 J , 4-d -I 8 

y in indies, f 10 I j 12*2 13 I Il^O | 
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^Vrca of stiuicirrlfj = “ ; 


2r^cna:OyinOJOi 
x>c“_^=£r*| 0t/<? 




— -04244raM)n 
.IxHxx 3x *' 


(0 


Hcmisplicrc. — C md;; iJjo Jioutioa ttjul dugnm of tho j*it>- 
rcding ca>«, tho (-cvtiuna made hr the tuo |iIant-A .!/> and 
RC »ill Iks circles of diamotom .!/> and RU 
Tlio .ireaa of tho two circlti may be taken to l>c tho Mine 
when the distance het^^Ttn tho plama is mdiliniUly siiidlL 
Tho \olunio of tho jx^rtion A ROD will l>c that of a ilat 

circular dt^c of radius " = r, and thiukntss i£r. 


volunio of J/>h7>“sr,*x <Zr, 
r, ^rtoat? and d/feus reus ; 
‘ mass of dZ.’C/J-MxA.WaV^, 
niouient of nnus a1>out base = jsxr’ixia'tk/t^x/i, 
and = r bin ; 

iuoiiicnt“inrr*t'o»’flhin OdO, 
Also, mass of himisjihero=»5””''* » 

A XX lnirT^= I* tAxrr^-^d tin tkiO, 


or 


tnrr* I \i,^'0nn OJ0 


4 ‘ 

. ^ ««st*x3 

'*^"’>1 X -1 xirr*** ’ 

or, the centre of gravity u gths of the radiuv measured from 
the haso of the hemisphere. 
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Oojitro of iji’avity of a right couo.— f.ct tho axin of tho 
couo i)<j horii^ontal and coincido with Uio axis of a' an iu 

151). Lob 7t‘ dojioto 
tho ilintaiioo of tho contro 
of gravity from au axis 
IHutHing through tho vor« 
lox 0 juui paraitol to tho 
i)aHo, 

I'lio Hia'.tions inado by 
two ]>lanoa AD and nt\ 
pandlol to tho baso of tho 
oono, will bo two circles 
having slightly dilVoronb 
radii, 'I’ho radius Ah\ when tlio distanco butweon tho planes 
v^ iudolinitoly small, may bo taken to bo tho same m JJI*\ 

M'hns, vobnno A D(>/) - (/.r, 

wluu'e r denotes tho radius of the base and 4 the length of 
tho axis at tho eono. 

If )ii is the mass of \udl volume, then moincnt about 0 is 



If a*‘ is the distance of the centre of gravity, thou the total 
mass oi ihe eone multiplied by ,r is 0 (|nal to the sum of the 
moments oi all the iudollnitely thin slices into which tho body 
is lucsumcd lo 1)0 tlividcd. 


a/rr'V-' 

a 


X.r 




r-'''T DiTrh'r'^ 

'■//•‘■■■L-t J„ X'" ■’ 

01', thi! ooulio of gravity is at a point tho length of tho 
axis incasnroil from (). 


ItXonioub ot Wtioii tho uuiou of ovory oloiuout of 

a boity io inultiplioU by tlio acinaro of ttu illutauco from a glvou 
axti]( tbo proituot lo called tUo luomcht of iuortla about that axia 
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Momoat of iacrtia of a thin rod. — T1 k> tiiomrnt of iniTtia 
of a thiu hkI A/J (Ft^. 100), of length I, alxmt an axK jAXMiiig 
through one end and |M.r}>ondicuh(r to ita Uiigtli, t« ohtaiuctl 
a** fuliovt 9 : 

llto moment of inertia of a rniall tlemeot lir at a ili<'L-inoc 
X from the axU la ythvro m tiinoU* (ho tust^ of iinit 

icngtlk I fence, the moment of inertia of the i\a 1 'Ktll Iw 

j ourilx. 

Iknoting this cipn^^ion 
by /, we liavo 

If Jf dcnQUii iho total mass 
of the rod, then, since 

^') 

The value of / for an axis {cLf^sing through the middle 
point of the rrid, or through its centre of gravity, would lie 
obuinetl in lihe manner, the limits of the integral Ixung - 
and — 





MP 
”■ li” 


. ...{11) 

£r. 1. Find the moment of inertia of a thin rtxi weighing Slba. 
and G ft. long 

(a) About an axis jcvaxing through one end and perpendicular to 
ita length. 

(t>) .\bout an axis }aMtng through its middle point and parallel 
to the preceding axil (j;»3dl. 

Here M = -i\ 

s . c* 

(a) iiabititute m (i), 3 • . 3 ’ ** 

(0 /-xVj:-: 
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A convenient notation is to denote the moment of inertia 
of a given figure about an axis passing through the centre of 
area, or centre of gi’avity, by the symbol /q, and about any 
pai-allel axis by the symbol L 

Thus, the preceding result would be written as 

The moment of inertia of the rod about a parallel axis 
passing through one end may be deduced from the value of 
the proof of this theorem is very simple and may be left 
to the reader, i.e. the moment of inertia about any axis is 
equal to the moment of inertia about a piu'allel axis passing 
through the centre of gmvity, together with the product of 
the mass and the square of the distance between the axes. 

/=/o+m^x(^y 




T “3“ 


3 ' 


Moment of inertia of a rectangle. —Let b denote the 
breadth, or width, of the rectangle and d its depth (Fig, 161). 
Tho moment of inertia about a horizontal axis G lying in 
the plane of the rectangle, passing through the centre of 
area, may be obtained by assuming the figure to consist 

of an indefinite number of thin slices 
each of r he th ick n ess cLi\ The momen t 
of inertia of such a slice at a distance ^ 
fnnn the axis (Fig, 161 ) is bdjc x and 
the moment of inertia of the rectangle 
1^ the sum of the moments of inertia 
G of all such slices ; 

•i d 

A / bdx / '‘^d.v 

"a 

rr — 7J- 



Fio. 101.— *Momc:ut of inert M of 
a reouniglc. 



Slonicnt of inertia of a T^section. — Tlie section, as in 
tig. 151, consists of two x'cetaugies. The moment of inertia oi 
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cax.h rectangle alout an atU ^uAsing thD.(\igU lU ccnlic <.f area 
can bo obUinwl by subitituliun in tho fomuU 

Kx. ^ Kind tbe enoment of iscrtU of tLe T-»ccUon (Fig. 131) 
aliuul Au AXIS in tbo )>Uue of tho llgure, Aiid (ixsAiDg through tho 
centre of atia. 

llte talue of / for the upper recUnglo is iV tV> 
for ibo low ir rccungle ' 11 * 3 ^ 3- 

Tlio iiiojncnt of iiicrtiA of the whole section cun now lio oLtaiiird 
sliuut Aliy AXIS {VirAllcl to the fircceding axes ; one of the miat 
uvful axes is tne line pooiiug through Uie centre of area ot the 
llgure. bet /, ilcnute the rooincnt of luertta of the tignre 
the centre of Arcs, '/he disUnce between the axis ot tho upper 
rccLinglo and the line through the centre of atca of the whole 
figure IS Is'^n** Tlie corrujiondmg dutonce for the lower flAUge 
It 4 't Also area of upjicr re-etAngle is IT a 1 111 ., and U.e 

lower is 4 x JssSwp in. 

, = inch units. 

In A siuiiUr inAnncr tho XAtue of / for an axis |■AUlug through 
(sA}) tho outer ctlgo of tho up^icr reebuiglo nu^ l>e obtsiiieJ. 


Kx, X Find the moment of inerUa of the giiiii creM tectioo 
(Fig. l.'id) about An axis in tiie plxne of the figure, and {uusing 
through O, tho centre of area. 

Ihe {lositioii of G liAS sircoily been found to be at a dutsuee 
of 4 3 inches front .4/h 

Tlie given section may bo sssumeel to l>e diTidc<I into three 
rectangles, the value of / con lie ubtsinud and finally /, 


For lower rectangle, /a— j-i ♦ 

/, = 3-*,-+9s U4*»144 75 inch uniU 
For up]ier rectangle, /=^-pp t 


For web. 


/,= } + 3 . > 
, 1 » l(i> 


/, = ij "+10*1 Ml 3f*^!>3 33 + -J;>5^1Ci5-h3. 

/^=.t44 75 + 147*35 a lu> (13 = 307 S3 inch units. 
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Moment of inertia of a tMn disc.— Tie moment of inertia 
of a tliin disc, of radius r, about an axis passing through the 

centre of the disc and perpen- 
dicujar to its plane is obtained 
as follows : 

The moment of inertia of an 
indefinitely thin annulus of 
thickness dx, and at a distance 
X from the axis (Fig. 1 02), 
would be its area 27rxdz'^ multi- 
plied by the square of its dis- 
tance from the given axis, or 

^TTxdx A (i) 

Fig. I 02 .--Moment^ot inertia iti a TJie Value of wdU be the 

sum of an indefinite number of 
such annuli, or the sum of all such expressions as (i) from 
to 




Tne moment of inertia of tiie area of a circle about any 
diameter is half the preceding result, or This value is 


re(|uired when dealing with the bending of a beam of circular 
section, and may be readily obtained by taking, instead of 
annuli, strips or hllees parallel to the diameter. 

Moment of inertia of a cylinder about its axis.— If >• 
denotes the radius and I the length of the cylinder, 7 )i the mass 
of unit volume, then, as in the preceding case, the moment of 
inertia of au aimiilus of thickness f/.r, at a distance x from the 
axis, is the mass, 2-xdxlAra^ multiplied by or and ^2-mlx^dx ; 


lii-\ 2- == 2- ml j J = 




•in) 


^ Hence the area of a c:rciu U :Iie iutc;^ral of 2zxdx between the limits, 
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If 21 dcnoUJi the t^til &f tbo riliodtr, then 
/. frwm (u) 


Moment of inertia of a hollow cylinder.— He nK>Ri«Qt c>f 
iiKitu of a hollovr cjliutKr, citcrnal and inUituI radii It and 
r may l>o oLuini'iI by iho invt^ding luetbod, or 

iiifciiod from (ii)l 




but 


JZ-s-o-ffAi-r-*); 


It uill bo Dotici'd that tills result reduces to the {irecedtng 
wliea r“0 

^dius of gyration. — It u often oon^onient to couMdir 
tbo total mass ol a liody os tbousli it vruo conKiitriled at 
a {loint in a bodj. llic duUnce of this |Mniit from tbo aiis 
t« ealkd thu nOlos of ernUon. 

TIiun, tbo luoini'iit of inertia of a rod about one end is 

iJZZ*. 

Ix-t i denote tbe diolaneo fnuii the axis of a [Mjint such tliat 
tbe Mthole mass of tbo nsl may be OMUiiied to be colbeted, 
Kc to act, at tbe point i then, 

%3 

Miiiilarly, os tbo polar snuntnt of Inertia of a circle of 
radius It IS tbo radius of gyration is gictn b^ 



In the case of a LoIIow circle or o>lindcr radii 11 and t 
rtsjKxtn cly, 

+ i--!- ^1?^. 

- s '2 



'^enl tto°con««Ja by »™%‘°,;«r»Sy “'“‘ 

1- -it" -- -S 

tUcu the.mcw w''“ ' ' involved m 

of ay“«»"' ,„ „,ev»\« "dod „( K o«d .' »ve gW®- 

U i. o»« to ,„ag.du.de» of « 

tlji-, ;ussuiuption N'lun 

Ex. I- 

Then 

■fo"- -2 

5v'2_7-q7 

= -or- 2 


upeiem ■■ 

v„»a>o 

U* + rl = M> + 3 ' = '’''- 

.VCVoV- 


giving 

r^ui 


\ 


' ^> 

s - 


s-i" 


k 

h 


;3 o3S ; 

^ ^ o ^ 


{ o Trtpi* cent.. ^ 

“ “■’ „, i,«r.i» of - 

-, FiiiJ iko n'o'”"' '’ pi„, iiSI- 

;’,,,i.., „i ,l» lovm .1.0" » >" d'o 


Kx. r>. 

section 





Fu; liU.- Mouicui 01 

X1.0 .ij'tt :' 


momi:nt or i.vertijl 
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In lucJi a <»*<*, ttc may tMUino the pvta Mction to lio^ made 
up of tht\-« c>!iiiili.r», ific liUmctcrt c£ tht outer one tcing -d 
ibchLS and '21 iuchca rMp<.*.lncly and the length C The 

iiixt u » cjlifukr <tl length or thlclntM I inch, and ot 2* i»thc* 
external and 7 Inchea inUiD*! JumtUr; and the dmicn»5ons of 
Iho inner tvro 7 inehe* and U inchc* dianiettr ,rcnK.cti\cly, and 
6 inUici Jong. The muinint of inertw of the ajattci w the «oio 
of the nionuuta of lU »4-j>arat« |urt«- 

Tbo \alue of I for a hollow cylinder about lU geojnctfical axis 
is gt\en by where Jf denotes the mass, S and r thtj 

external and iat«.mal radii res pec ti rely. 

Tlie mass of a hollow cjlinder is *•«(/»*- r*)f, where I denotes 
ibe length of the cylinder, and in the mass of unit Tolunie of the 
mafenah 

Mass of outer ring = (^) 

SuniUrly, the mass of iho ring i! is given by 

and mass of nng C li 

(7* - .'(*jG = 2C»7/», 

Tl.o luomcut of inertia of the whole will simply be the sum 
of the ranaua rings into which the figure beta assam-ed to 
be divided. 

= Tn(‘at75-t-ltr37..333^ 

= rin K 34101 

Aa iha weight of 1 cub la, of cast irr.a U Ih. * 

0'S 


nua* of 1 cab la. 






KXKnClJjtij. 


*33 


Also, if J/ dLiiotcs the ma)w4 of the cylinder, thco 
J/-" Twir^f. 

SuUttituto lu (i), ami oLuin 



It follows at oDco from (ii) that if tLo railtus of iLc cjlimlcr 
it %cry small com]>ai\4 lU iL'iigth, thin tLo first utm 

III (ii) may bo lirglocUti ami tlio taluo of /, U-comta 
at oil 1». 431, fuv a tbm rod. 

:?itmtarly, if I is vory siiiall oum{-aixil viitli r, »e obuia 
Jfr* 

thb \aluo of / fur n tliiii di>OL 


KXbucisns xua 

Jo the follouiiig exiriiM* tLe letter* Ca. (IluuLo centre of 
graiity or icutro of uua, and the kiur /<(ltiiotoi the tnuineut 
tf inertia aIjuui an axii [kiaxirg tliruu^b llie centre of graiiiy oml 
111 the jiUno of itic tigum. 

1. Tlie ilinicti'ioiii of * T M'ctiuu, a* in Fig, 131, are a* follue*. 
tliC iil>]icr tlaii„o I* 'J* X 1* aiiit tlio Meb 3*x J*; biitl tljc tiaUnio 
of tEie Cil. from tlio extreme isigo of the up^nr lLin,;o &I><1 tbe 
\aIuo eif /^aUiul an axii jeeuing ibruugb tlio cc in the plane of 
tlie ligtire, 

S The Jiimiixiunt of a rectan;,iilar »tnp of xteel are- mkIiIi 
0 7\ depth or. If /; r.Ttl X Itf ami fuij the laluc of r 

from the formula 

3. llie brt vltli or w idtii of » rt'ctangulor lieaoi ii t**, it* depth 3*; 

timl the tolue of / from the formula 21 • giicn .l/ssbOUO 
and y-I. ^ 

4. The tUngei of a pnlrr of the form #hoirn in Fig 133 are 
4’x 1* ami C*x I', and the »ch 1*. the depth of (he gmler it 10* 
Find the distance of ihe C.o. from the outer ed^e of the larger 
tlaiige and the loiue of 
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6. A form of rail section is given in Fig. 105. Find the area 
of the cross-section, the position of its c.g., the value of /q, and 
the radius of gyration L Width of bottom — 6 J"* 



6. ABO {Fig. 166) is a segment of a parabola cut off by a chord 
AC normal to the axis; if b is the length of the chord and h its 
distance from the vertex J5, show that its area is ^hb and its 
centre of gravity is from B. 



7. If A BO (Fig. 166) be assumed to be a circular sector centre 0, 
dius r, and angle show that the distance of the centre of 

avity from O is 

3 0 


8. If the cylinder (Fig. 164) be replaced by a rectangular prism 
xt bar) of length /, ^w:dth h and depth d. Show that 



CHAPTER XXr. 


I.VTKOKATIO.V IIV I'.VI'.TIAL KUACTlf)\S. LVTKfiltA. 
TIUN’ nV PAUTS lOUniElty roL'IUHi> 

THKOnKM. 


IntcjraUon by partial ftactioaj.— Wbtn u u t<» 

j'nlc^to an ciprc^^oa i<f the ffitTjj . , , in Mbirh tl.f 

I ^Ikt + Uf 

«Iciif*rnmator can Ijo into the [jn«Juit “i a Knr« '>1 

Jinear or quJ^Iratic facU-m, as in ihi* cim', (1 -.T«){l~irX *1 
lit often the licht \ray (o break the fraction u]i into a xrita 
of lartial fractions GL 

. /(7r-l ,U [ rfr f ,/a- 

J I — tur* ilr* J I - Ir ' I - ir 

J J. 

~ 3 J ‘jj-i 

f-’lr-I)* 

rr. 1. ^ 

litre the «lc»o-nin*l< r t* ir 1"^ SUr 

. / fx^-TxalWr f i f. 1 , » .H > 

y a-* - or* ♦ 1 1 jr «i J ) J * I r i - f 3 f 



tioi^- dx ■ 

esa^^V® , . i\n 3 : + ^^’ 


B.”- , 4 -v 

, , ^ anA TjrV)' , ior 

«”“• ““■ 

n% ' ' „., 

*-«* - .' ,..;E. O' ® „J c '!“oroW='J 

" - A va\ec5 ot * eqnaUO g^cicn'^' 

T.0' »='■■ . , *e t>«<«"'“'„ (SV. !o' *'ii(Ser»»t'o'' 



^'Ss:ss- „_,..r--t 

1 . .*. 


„*.i««‘"'e *"“' 7'"'. -nra* «^'’' 

5COCS. . -ttWi’'-^*'" it il* 

\ I o UX -- ^ » 

f ' "■ \ :l^ 


. — \ ♦♦ 
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4\ J 


Ex. 5. Integrate e*siiixc^\ 

Let tt—sinx and 

dll 


dx' 


: cos X, 


i;=e\ 


Again 

by repeating the operation ; 


^ e* sill xdx = sin x- Je^ cos xdx. 
cos xdz^ cosx'h jc^ sin xdXf 


[' 


... f. 


sin x<ix ■ 


e“(siux-*cos x) 


4i) 

m) 


by subtracting Eq. (xi) from Eq. (i) and rearranging the terms. 


It will be noticed that it is often possible to obtain a 
solution by repeated integration by parts. Especially is 
this the case when one of the factors is of the form x*\ in 
which case the application is made in such a way as to reduce 
the index each time ; or, in other words, is denoted by u in 
the forjuula. The method indicated will now be applied to 
obtain \Yhat are known as reduction formulae. 

One of the must important formulae of reduction is that of 
the integral being made to depend on another, 
in which the indices ax'e reduced by two, and thus, by sue* 
cessive applications, the complete integral is obtained. 

Since j shV"' 6 cos'' 6 d0 = J'cos"^'^dsm”'dd(sin (i) 


we may, in the formula for integi’utiun by parts, assume 

7J1 -f r * 


— COS”~^^, 


/. /si 




hi * 




f . 


sm"'*-dcos"-"ede. 


Also sin'“*-0=sm”‘ll x sin2^=sin"'^J(l - cos-0. 
Substituting, we have 


j sin'^0 cos'’ddff^ 
co3’’~’0sin''*'*'^l; 


cos’-'^.sin'”'^’^ ii-lf. 

eos'-=.^0 sin-0 cos^ddd ; 





,M f^"* 00 Itu .f, • OO 

0) txjuM I t«u 7 “'" '^‘r, ,„ ,- ti^ 

"'H :f / " *-*'« J|»^, 1 

"“"‘I'- : ■ '" 

,. •* "-.(..m,„ .™'--'' /"•■""^ 

(„, ^ tl., 

, ( “« '''tv»i»l. 

/ ,11 , '' ’*'*■ 

„ * (-'.wi. “»)f..-.ij 

*l''wun» . 1 ., , x.i- 

, '* 'll, II I , ^, , , 2 »»• 


0 »«? <|iiiiu,|, .j , 

----m::: 

0 Lci „ . , 


"' >'‘il » 


” 'Ji 




A 

ij". 9 


, f 


/^ ■ 

/ ^•'••‘t*,/,* ^ • » i , 

* " ' ‘ J Y . 




' ^ ' -.o 


.r.K. ' '» « -'L*-*’^ ' 


-r nv -PB\CTICAL ^ — _ 

- — — T -Kr taken 


Ix-vtegratin„ yV - 


L"M9 -W. 

COS 0sin;!7^^'ii::i f sm'‘--0<^^’ 


and 




..(«) 


•J CU3 V /t> 

^ , • bv successive applications, 

l^vorn Ci) 've obtam, b> suc.e 

|’sin’'0d0 (n-l)(«::i5)sin"-®0 + etc.) + ^'. 

.Je^llst teen, in tbe bracket is 

when n is e'cn, (/i-l)C» 


+ (» :!)>-' bracket is 

,Vben a - odd, tbe last term 


, even, tbe last term m 9. 

(«-l)(«Jl?1^4sin0, and A- 7i(.«-2) — 

(« — ^)(a — -1) • • • '“ _ , ^i-Rh 13 
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i.e. thft aroplitude is increased six times, the period remsi&in" 
the same 

Therefore the effect of dividing into n parts and superpos- 
ing is to ehininate all terms excepting those of the form 
<»s»m(rjir+a), where ni=m, which terms remain of the same 
periods, but are increased in amplitude n times. 

From these results the following method of analjsing a 
curve which represents some periodic motion, such as the 
movement of a piston or slide valve, is deduced. 

Let tho relation betiveen x and 9 be supposed to be 
/(x)«a 9 + a sin (0 + a) + 5 ain(2fl + j3) + c sin (30 + y)+ etc. 

In order to simplify the expressions wnte »0 instead of 
a8in(0+a), 

/(x)=;(Io+«0+«20+«30+«40-I-«50+s 60+ etc. 

Dividing into two and superposing, calling the result /(xj), 
/(xj)=2(ao+*20+»40-l-«G0+s80+ etc.) ; 

.'. 2/(x>-/(x'2)=2(«0-|-«30+s50+s 70+ etc.) 

Dividing into three parts and superposing, 
/(xj)=3{oo+«30+«€0+s90+ etc.). 

Similarly, 

/(x4)-4(ao+s40+«50+sl20+ etc) ; 

•• -I/Cxj) - 3 /(x4) = 1 2 (s 30 - *10 + *60 - *80 + etc ) , 

.-. 6{2y(x)-/(x2)} -W(T ,) - 3/(x4)} 

= 1 2 (*0 + <40 + *50 - *60+ etc ) 

In thus way we may eliminate the i-functvons on the right, 
until the uneliminated terms after the first are bo small that 
they may be neglected. Wo can now calculate the value of the 
fundamental, then, using this result, proceed to find, in a similar 
mannei, the values of the other <-f unctions, one by one, so far 
as may be necessary ; when this has been done the curve assumes 
the form of the sine-curve. The distance between any two 
points of its intersection with the x-axis is a multiple of the 
period, jr, ileasurement of the curve w ill gii e very approxi- 
mately the constants m }’’s=12a8in(x+a,). Thus, I2a is equal 
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to the average amplitude; if are the abscissae 

of tlie points of intersection of the curve and the ;r-axis, then 

(u 4- 1 ) a ^ 4" j TT = Xq 4- -h . . « 

from which iimy be determined. 

The student has now a choice of three methods of proceeding 
to detennine each of the remaining terms in the Fourier’s 
series : 

(1) Determine $20 by a process exactly similar to that 
adopted for s&, 

{2) Subtract from the curve /(.r) the part aam(a;+tt^) as 
previously found. 

(3) Subtract from the curve /(a:) a new calculated curve 

usin(a'+ai). 

When the terms ^Oy ^30^ etc., have been determined 
so far as found necessary, it is advisable to re-diuw these curves 
and by adding the ordinates, in the usual manner, to deter- 
mine the curve 504-ij2d-h^30-i-etc. Comparison of this 
(calcidated) curve with the problem wid give some idea as to 
the accuracy of the calculation and of the hypothesis of the 
ix^lativo small ness of Tcjeeted terms. 

If the form of the calculated curve is sufficiently near that 
of the ])rol)lein curve, then there only remains to find k which 
is the vertical distance between the horizontal axes of the two 
curves. 

If the two curves should be too much unlike, take the 
ditlercnce of the problem curve above the calculated one and 
proceed to a fresh calculation. 

The a]jpUoation of the theorem to a given curve (Fig. 168) 
may bo seen from the following example : 

Taking eijual intervals ^ for 0 along the base OX and 
setting up the twelve ordinates, 

— Z'-f c< sin ( 0 4- a) 4- h sin (20 4- /3) 4-0 sin (30 4- y) 4 - etc, 
=:i*4-*s'04-d204-i?304- etc. (with the previous notation). 

Dividing into two and superposing, 

/(0.i)-2(/:4‘6'204-ir404- etc,), 
2/(0)-/(0,)-2(.-04- 6-304-^504- etc.); 
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■wbeo 0=0. /(0)-O, 

/<0,)=O to G- 

'trliiclj result simply meaos that to the ordioat^ patiiug ihrwugb 
0 must be added the ordinate pa.’aing through 6, SiiuiUrh, 
to the Jst ordinate add the “th and so on ; draw a /jir turre 
through the points and obtain /({?jX The sum of the 0 and 
6th ordinates is the particular onlinate here nienlioned j 
ordinate of ( 0 , 30, 50-)=^(C to 0); 

•arhen /(^=0 to 1, 

/(0j)=(O to 7)+(0 to 1); 

. ordinate of (0. 30, 50)= J?2(0 to l)-(0 to f)~(0 to7)} 
=A(7 to 1; 

In this way we get all the ordioatea of ( 0 , 30, 50) as 
4 G to 0 1 0 to G 1 
: to 1 1 to 7 

8 to 2 2 to 8 I 

0 to 3 ^ 3 to 01 
' 10 to 4 4 to 10 1 

11 to 5 .'itol l ! 

1 + 20+40+60-1-610.) 

Dividing into four parts and suf>eipcsing, 

/(0O = 4(f +40-»-f0+ tto), 

. 2/(0j)-/'0J = 4(20+G0+lO0+ etc), 

when 0=0, /’(0;)=O to G, 

f(et)^(0 to 8)+ 0 to 3) +10 to 9) . 
ordinate of (20. 60) is i{2(<' to G) - W to G) + n to 0) + 

=^^10 tor, +3 toO-i-y t.>o' 

^^(3 ton, 9 to r.) 

The ordioates of the (’20, 80) are 

StoC, yto G 

4 to 1. 10 to ‘ 

5 to 2, 11 to 
G to 3, f' 

7 to4 ( 

e t J 
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Proceeding 

ordinates 


in the same manner for (30, 90), we obtain aa 




2 to 0, G to 4, 10 to 8 

3 to 1, 7 to 5, 11 to 9 


± 


GrapMcal metliod of hamonic analysis. — It has already 
been seen (p* 138) that motion in a straight line, which is 
compounded of two simple harmonic motions of the same 
period, is itself a simple harmonic motion of that period. 
The tlieoi’cin may he represented by the equation 

y=o:sin(^^-f a)‘risin {qt -h (3) === A sin (i) 

where y is tlie displacement from mid-position at a time 
When the component motions a, b, a, /3, are given, then 
for any given value of ^ a parallelogram having a and b for 
its sides can be drawn, and the diagonal will give the 
amplitude, or radius. Ay of the resultant motion. As qt 
denotes the amount of turning, or angle, in radians it is 
convenient to write Kq. (i) in the form 

y ^ u sin (0 a) -f i ^in (0 + (ii) 

The parallelogram is inapplicable wlieu the periods are 
different, but in such a case two sinuous curves may be 
separately drawn, and their ordinates added togetlier will 
give the resultant curve. 

Thus, for example, the motion of the slide valve of a steam 
engine generally proves to be a close approximation to a 
simple harmonic motion. The deviation from this fundamental 
motion usually consists of a small superposed octave, or a 
simple ))arn)onic motion of comparatively small amplitude 
and of twice the frcfjueney. If y denotes the displacement 
of the valve from its mean position, tlie above Eq, (ii) may 
bo wnlton ^ = «sin;6'+a) + 6siu(-20+/j) (iii) 

iho (liiii^nurts of clisphicoment oonaist of two sinuous curves, 
tlio first having an ainplitudo a and anguhu- advance a, the 
ainplitudo and angular advance of the second being h and ft re- 
spectively ; the period of the second is ouedialf that of the first. 
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1 y =2 61D ( 0 + 30*) + 0 3 sin (20 + 46"}. 

Let yi=2sin{0-r3O*) and yj=0 3 6\u{20+45*), 
when 0 = O’, yj = 2 sin 30*= 1 ; 

and when e = SO*, = 2 sm 00*= 1 7a 

In a similar inaouer from y<=0 5sm(20+45*), 

when 0^0*. ya = 0 5sia45" =~ = 0 3J; 

and when 9=30*, y, = 0 5sm JOo* =0 5sm 75*=0 -iS 

Other values of d may he assumed and the values of yj and y. 
calculated *nd tabulated as follow a • 


Values of 9 

0* 

30* 

CO* 

90* 

120* 

yi 1 

1 

173 

2 

1-73 

1 

! 

0 .33 j 

0 43 j 

013 

^-0 35 

1 

-0 48 

1 

y=yi+y* ij 

1 3j j 


2 13 j 

1 33 

0 


Plot the values of y from the last vow, and the curie passing 
through the plotted pointa wid show? the value of y for any value 
oi 9. 

Qrapltlcal method of composttion. — Ylie process may Le 
easily earned out graphically as follows 

Draw a circle with centre (’ and radius 2" (Fig 168); 
through C draw a honzontal line CL Make the angle JJCS 
equal to 30° Dmde the circle into 13 equal parts, and 
from any convenient point A’ on the lino CL nieasuie off 
12 equal divisions from A’ to L , at each point draw 
the ordinates qp^ fh, pei pcndiculars to CL Each of the 
equal divisions oa the cucle and on SL will denote 30*, 
numher the points on the circle and on A'Z, 0, I, 2, II os 
shown , then, points on the icquired curve can he found hy 
projection, the projection through 0 on the circle cutting the 
ordinate through A’ at £ etc la this manner the dotted 
curve (i) can lie obtained 

Draw another circle with centre C and radius 03* and 
make the angle J/CL»45* >Vs the point IS rotates at twice 
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tlie rate of A, it is only 
necesscii'y to divide the 
circle into si:x equal parts, 
as shown in Fig. 16S, 

By projecting as before 
the curve (ii) may be ob- 
taiued. The final curve 
(iii) is obtained by adding 
the ordinates of the two 
curves at each point, thus, 

(jp^qiii-hqn ; 

{.e, by means of a paii' of 
dividei's, or the edge of a 
strip of paper, add (pi to 
q?ii, and in this manner a 
series of points is deter- 
mined ; joining these by 
a fair ciu've the resultant 
curve (iii) is obtained. 

The converse prob- 
lem. Resolution.— The 
converse problem to ob- 
tain the elements of the 
component motions of a 
curve such as (iii) (Fig. 
1G8) is of great import- 
ance. Such a curve is 
easily set out if the di^s- 
})lacements, or ordinates, 
corresponding to given 
angular intervals are 
known. These may be 
marked on the edge of a 
strip of paper, or thin 
cardboard, as indicated at 
P (Fig, IGS). For this 
purpose a line i.s dxuwn 
through the initial point 



459 






l,er«i >• tl.e'^^“’*“*'’t: «teli the Mt"»'' 

"“s: a-'y“'rrutaed u uw»»^ t:.d h^ m. 

j- ^"SUed by ■“'■'>? “■'°”aVffl+»'“‘=«*’''^"; 

-t? ;“ 1^^-“'“ V'::::: ' 

^rabenug «ive f ^ ^the prinoplo of 

»u»b««o„ auccest^ ve p^ gn^ploying Sm. 

represent t'^e ^ ,.^.n on p- 

jeoramg t. ^ ^^,,e at the resulU g ^ a 



vn Ibe ?“ 

9 being numcncal values 

Lot. SUte the ac 

£eb oi th.«^' *„e6h >• ”,“o,dh.*« ‘"'“f „,V“ “" 

tbe distance 01 • ^lag vn this 

02. 


, 0. 

„ . OF v»___::: — — 

*“ ■ 




Divide ^ iuto three 


Divide A into t^o I equal I 

-t-t '^ut add. 

superpo-^ cat,. \ 111 -^g are 

' \T aud there lemaru g0, 90. -)• 


i auu V 

2Cfc, 20, 

B. 


Vi 


i/3 


Vi 


Z/5 


ija 



^ superpose aud su.. 

=== 1 6(30, 90. 1'^®’ •••'• \ 

Dhdde B iuto Uo p I 

1 — 

i t t obtaimug _ (ih 


obtainiug 

.IC20, G0, K'O, 


Divide .1 h>to tw° I 

subtract 

\«“t-^VrUcre result ^ 

2(0, 30, oO. ■■■)■ 1 

D. 


?/t 'T '/; i'X* *' . 

that is 




r that is 1 

■^1 I 

., ..»s ft. .im. 


''o--0''\ or ll 
!/i"0r \ applyiuj \ -2 
\ -.3 

- i/.« ! ' 


0 to 0 
to 7 
to S ‘ 

3 to y' 
\ to 10 ' 
5 to 11 i 


(H„-;'jW(^- - - 
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0 to 3-6 to 0 

lto-l + 7tel9 

2 to 5 -r 8 to 11 - 




-i/ll^ 
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Siiuilaviy. 



Draw a tangent to thi3 cune at a maxinium or mmimura 
tkea the emphtaJi' a i$ one-half the disUiBte from to 
the baae line BX, or 0'2S-2=3 U 
The magnitude of the angle a can he obtained by pnxiacing 
the cati.e to cut the line B.V, then, a» the distance »uV dcnotee 
ISO*, the distaoce On la projiortionatelj =151° S 
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EXKUCISI'.S. XU\'. 


Tntcgnvto tUo following: 

2, *rov>:s 

** Tm' 4 * t> 

S. 

10 . O^iwOdiK llv .rVo^xcfx* 

2 A (tki*^ r Ulr *loW*i' 

i‘i, ’rho motion of n point in ;v j^traighl Hue is anupouiulod ot 
two sitttplo huvnnmio motmus of noorly equal periods^ ixq)rci?t>nted 
hy I ho equation ; 

X 'J’l sin^l)/ * ^ 

\vl\oro ,1' is the vlispluvinoiu in incites from the mOvUt position, anil 
t is lime, 

V.et iho oovnploto period of the viUratiou ho divided into ttiuo 
equal luteeviiK d'akuig <udy the ttrst, fourth, and seventh of these 
iniervalsv in eaeh ease draw n eurve in which ahsciss,^ shall re* 
}u'cseut limes, and ouliuutes the eovvesponding vUsplaceuunUs Ot 
the point. 

Let the tune o{ one of the intorNuls he represented on tlu: paper 
hy a lengtli of S’, In <loterinininii >uoco>sive ordinates, the method 
of pjxijeetion from the ivsultant crank may he used with advantage, 

15. rhe displacements of a slhie valve aotnated hy a thweh link 
were uuMMiro t at eight intervals each of -LV, and found to he as 
follows, Iw^^iuning with the eiauk on the inner dead centre: 

2 \ \\ inkv, 0. -i‘dr, • 1 sr, I'dTk 0. I'tkv. 

Assuming that ti:e nmlion of the valve is couqmunded of two simple 
lutnnonie motiv>nSj one i>f \louhle the freipieuey of the other, a^s 
represented hy the equation 

j/ -• k + u ■» h siupjd 

where t* is the crank angle. Find the values of k\ a, gJ. 


1 , siua,rsiu 6 x{f,v. 

Lr^'nUx-/r)’ 

5 , 

.r* hdsr ed 
4 , ,cHh»ga')V,r, 

rt 

' U-dKavKdr 

p:x--r>h/x 
i- h'K.r V iK 



CHAPTER XXII. 

DIFFERENTIAL EQUATIONS. 

Differential equations — Any equation ’^hich connects the 
variables x and y, and the differential coeflicitnts 

dx dx^ dx^ 

eta, is called a dlferentlal equation. Such equations are of 
great importance It mil be found, for instance, that the 
majority of the so-called “Ians” in dynamics, etc., can be 
expressed in their most general form by means of such 
equations 

It 13 only possible to give a few of the simpler cases , 
for further information the student is refei red to larger 
books, such as that of Dr Forsyth 

A simple form is furnished b_i the equation 


d-ji 


(») 

The relation expressed by (i) lepresents a senes of straight 
lines making an intercept a on the axis of y and having slopes 

^=Un 0fFig. 171). 

From (i) tve obtain 

</y dv dx 

y-a«x^or,^^=-. 

Integrate each side ; 

log,5^-a)=slog^+r, 

let c=log^, then log,(y-a) 

=Iog/&a:X 

or y»<^j-, 
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From (ii) the equation to a steiiglit line, we 

obtain by differentiation 

dx 


'■h. 


Hence, we see that h simply denotes the ineliuatiou of the 

line to the axis of a’, or, shortly, the gradient of the line. 

?•> 

Again, from (ii), constants have been 

eliminated, this is the most general equation of a straight 
line. 


Ex. 1. Given 

dx 

This jauy be written dy^hdx. 

Integrating, j^dy =^b j‘dx; 

y-bx-rC {iii) 


i 


This equation denotes a family of straight lines \Yith constant 
gradient. As already indicated, any constant connected by the 
signs -r and - disappears durirui differentiation, and therefore 
a constant denoted by C is added to the indefinite integral 
to give the iiiost general value to it. It will be noticed that 
it is unnecessary to add a constant to both sides of the 
eipvatioa. 

Elimination of constants. — One, two, or more constants 

may be eliminated from a given equation by introducing 

tfy <i“v . 

and etc. 
a.r du^ 


Ex. 2. Minfin ate the constants a and 6 from the equation 


+ 6 = 

(1) 

t/ = ax~-b 

(i) 

o 



(ii) 

■ 

(iii) 

Divide (ii) by x iind aubtmet {nm\ (iii) ; 


• 'Hy 

dxr X iix 
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Thus, let a=:hj, b= V, and c=0, then Eq. (i) becomes by sub- 
sfcitution the well-known formula 

S — hli-+Vt‘, 

••• 

and acceIerauou=^y = ^==i/ ; 

Uierefore the acceleration is constant and eqnal to g. 

As a simple example consider the differential equation 

This denotes that the acceleration of a moving body is g, 

(Js 

Integrating, 

To detei'mine the value of the constant (7 it is only necessary 
to know the value of v when <=0. Let this be V. 

Then, = (i) 


= ^qt-r I . 
dt ^ 


Integrating again, s = hgf 4- -p 
If 5—0 when ^ = 0^ then 

(ii) 

Obviously in (ii) the direction of the acceleration and the 
initial velocity are both vertically dowmwards ; if Y is upwards, 
then the space described in any time t is given by 

From the relation Force ^massx acceleration, 


ry d\> 

dt 


fPj 

dt- 


(Hi) 


The work done by the force F through a distance ds is F,d^\ 
from (iii) 

dt' dt dt' 

Hence • Ffds~m f vdv, 

or Fd-^mv'-i-C. (i) 

If when s=0, v=0, then (i) becomes Fs~hnv‘i 
„ s~0, v=u, „ (i) becomes F.s—lm(v--u-). 



SniPZ.E DIFFEREaXTIAL EQUATI0*VS. 4C9 

Hx. 5. ISro unequal ■weighti of 2 and 3 lbs. reBpccttuIy are 
fasteneJ t»> the ends of % string paastng over a smooth pulley (Fig. 
172). The equation of motion iS 


’tU*~ 

Find the equation of motion if one n eight is 3 ft. 
from the ground and is moving with a velocity of 
2 ft per SCO. at the given instant- Also find the 
position and velocity one second latcri the time 
which has elapsed since starting from rest, and 
the position of the weight (^=.322). 

From the relation 

_ force causing motion 

s moved " 

(Pt 1 


0 


Q 


a = accel era tion = — 
vve obtain 


dl* 5'^' 

e^iirt+C'. 

Now v=£ when t=0; ' 2=C, 

v^\$t+2=6<U(+Si. 
' — + 2t -j- Oy 




(i) 


Also 

Rut 8=3 when t 


t=^jfgP-t-2t + 3=^3 22P+iU+X , 
Put t=), «=8-22 ft , from (ni), 

^nd »=5 ft per sec , from (ii). 

2 1 

RrTiea n=0, *“~ 644 " 3^ 

= -0310; 

.'. position of the weight is then given by 

8=322x0^61-0 620 +3 


Simple differential eqnations.— The follovnng are a few 
of the more commonly recurring simple differential oquationi 


Typo ^ 


^^J+2}Jf+Cj^+I>^+- 


The eolutton 19 

172 ^ HT's '*'3. 4 

trbero t, i’t are constants of integration. 




^ already ''‘®® ot X, ■»» form j-' 

to t^e ,,e dealing 

„!aLsreoo't»ay^e-W'‘'^ , ftee 0.4- 
■aeoce, ttto ^^"^ttatecL loa4 at t s ^ dia- 

,vitt tlie deft tlie deflection 

, trSaoto *e '«”g* “*e 6«Val“““'“‘f 

nt n r tflen, tfle -Or^z^.r) ; 

IToiV tlic ■ section 15 


} 

\ 


dh, Zii-^)- 

tiieasui*^ 

frrat^ng. TT7 / 

o ,r 


I *,:;t,ly--^“®v -i' 

v' w\thcoiiceu- ^ j^ij 1. r* we notic 

To tod tte '»'»; Y ,,c-o. 

n =^v > 

,bat, •'■' ’ 


djl._ 
dx 

;a.vj •■ ' 

Xgaia 




y^Ti \ 2 fl ^ 


=-^V -3^6’ 

^0 ^==0-, ••• 
igaia, "■teo a-O- 

j£euce> 


•Ci: 


, . 1 

^crain, 

° • V^^-eA^- required, an 

i^oSa^y o-a« ‘'Kit-^4 -£/■ 


Ij oVio»“J “— 't( -- - ^ V 5 '£/ ‘ 

o- eccUou =*° '■ 

V ol inerto {'vcn(ii»a-i 


C4.YmKr£B tJNirORif load. 


Cantilever with mufona load— If I denote the length of 
the l«jm (Fig. 174), and v the load per unit length of the 
beam, the bending juoment at a section distant x from the 
fixed end and y mtsasured down- 


wards 


^rmcnavrrnnr) 


■■■ 

Integrating, 

/ <7/7.2 Ta\ iri.— CaiitUevcr wjli DDiform 

To obtain the numerical ^alue of the arbitrarjr constant 0 
notice that ^^0 when j:=0; C=0, 


dx 

Integrating again, 


ie /r-xi „ 


c,=o 


As in the preceding ^ase, y=0 when x<=0. 

Hence, 

The maxiinuin \alue of y obnoush ow.ui's when x«»t 
Substituting thU value in (1), we obtain 


w 


or, if ir denote the total Icad^irf, 
then, 


_1 UV 
^ 8 AY 
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Beam supported at each, end and loaded uniformly. — 
Let .liS (Fig. 175) denote a beam carrying a uniform load of 
magnitude w per unit length ; if I denotes the length of the 
beam, the total load will be icl. 



Fio, 175.— Beam supported at each end, uniform load. 


Take the origin at the middle of the beam. Let i) be a 
section at a distance x from the origin, measured down- 
wards, then the bending moment at 1) is 

wl( I \ I wfl- A ^ 

" dx- BJ 2 \4 )’ 

or, mtogr,.tmg. 

-"’ en .r==0, U is 0. 

igaiu, integrating, 

£I 2\ 8 12 / 

lince, when a'=|, y = 0; 

2£I\ s 12/‘^3S4A;'/’ 

ho maximum \alue of i/ occurs at the middle of the beam, 
where a-=0. 

ubstitutiug this value for x, we obtain 


n-e ir=efL 


5 1173 





Also !/«’"■ ^<5^ t ev>as 

»"35S i' . ^ Vivm “«e 
i.fleclio" °' A oE "1"''^ 

• ^ , A^ea\3a ni c'veav 

■^■'Sv '>* “ * A d»*'> »' 

a iJEteiest '‘’■'^r'ctc., « 

bo «■ *° r b* 

‘ 5 .- ■■« 

S- rSS '■'■ " .c.o*o E. "S 

, t ^ T t\^e tliC 'V ’-,- {qUo'' 

r'Soo»‘} ‘' 

■>»•«“' °' Sf aro E''‘"^!a r po'' “"‘J obPU»=a >« 



,.„lbo pv'O !>,= '’.i' + }f]',«o„a sooo- is gi'-o 

iV'i ' p^seFi^^ + IOo)" 


o’ 


COMPOUND INTEREST LAW. 


475 


Substitute the value of /», from (ii) and (his becomes 



Similarly, at the end of the third year 

Ileace, m a ye.inj 

If instead of adding the interest by annual jiicrcments the 
interest is added monthly, then at the end of t years the 
principal or amount A is given by 

Again, if instead of at monthly intervals, the interest is 
added at n equal intervals in each year, then in t ^ears 

<■> 

As the number n is increased, the interval of time t becomes 
shorter and shorter, and if n be indehniUly great tlie interest 
would be added continuously to the principal. 

If n = Eq (i) may be written 

.1-/^0 ((i+, 7 , • • • • <") 

In the limit when w and therefore m become indefinitely 
. great, Eq (ti) becomes 

jjThe value of ^ hen m is imlehnitrli great is, on 

p 289, shown to be equal to cj 

Tins result niaj be obtained in a m>>i>' dnect manner as 
follows 

If /’ be the princip,il at the end of / lears then for a 
small increment of time, denotMl l\ <>, the rorrespondtng 
increment of P may be dmoted b\ n/' 





dT 

(i) 


reaoMug normally, 

EUminating It -Hre Lave 

This is the compound intereot law. 

Integration between the Innita 7^ and Tj of iT and 0 and 
0 of 6 , girea 


losTj-losTi’=tt9, , 


If b denotea the \ndth, and t the thickness of a belt, then 
the area of cross-section is calculated for the maxim om tension 
Tt with a maigifl for safety. It will be noticed that when 0, 
the angle of contact of the belt with the cylinder, and the 
coefficient of friction (i are known, the ratio of 7) to 7\ can 
be calculated from (iv) fThe rajne of / for a lungle leather 
belt is usually about ^ inch and the safe stress about 300 to 
330 lbs. per sq in.] 

Sx. 6 A rope passes three times round A post and U held by 
a force of 10 lbs. at one end. What pall at the other end will 
be necessary to cause the rope to ahp, assuming the coefficient of 
/notion /< to be 0 3 f 

Here, if 7’, denote the forc^ required. 


log 7’j » 0 3 X 6r log 2718 + log f, 

« 5 X 0 4313 + 1 = 3 43&4 = Jog 2SeO ; 

r,«2S«)lb3. 

Ah electrical example.— If T is the voltage, It the resist- 
anca of an electneal ofcuit m ohms, C the current lo ampirw, 
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then for a constant eurreut Ohm’s law, applies, but 

when the current is not constant the law becomes 




.( 1 ) 


ilO 

dt 


is the rate of increase of C, and L is called the self-in- 


duction of the circuit. 
If in (1) r=0, then 


or 


dC_ R 
dt~~L ’ 


Integrating, 


C~~L 


dt. 


R 


\ogC^~2i + R\ 

where K is a constant. 

To Jlnd the A'aluo of K, let bo the value of C when 
f=0, then 

logro = 0 + /t; 


Hence, substituting, 


/!:=loge„. 


loix 


c n 

' L 


0 


again tlio compound iutorost law. 

hence V:=:^RC- IW^c ^ . 

lleiicC) i incvcases, the eiloct of a constant self -induct iou 
decreases. 

Ex\ 7. The current V 


i-.r, Ihe current V amperes in a circuit follows the Iiw, 
<7^ iOsiuUOO/ ; if t is in seoomls, and if 

r=;jc+if 

where R is 0’3, tuid L is 4.v; 10' <, wimt is F? 
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then foi’ a constant current Ohm’s law, V—RG, applies, but 
when the current is not constant the law becomes 


V^RG+L 


dG 

dt'' 


•( 1 ) 


— is the rate of increase of U, and L is called the self-in- 
dt 

duction of the circuit. 

If in (1) 1^=0, then 


or 


Integrating, 


O^RC-^L 

dC R j-i 
dt~ L^’ 

0 L 
R 


dG 

dt' 


logC7=-2f+ir, 

^here K is a constant. 

To find the value of A' let Cq be the value of G when 
then 

log A'' ; 




Hence, substituting, 


1 


C^C,e S 




again the compound interest law. 

'Whence r^AC'--AC7oe 

Hence, as t increases, the effect of a constaut self-induction 
decreases. 


hx, 7. The current 0 amperes in a circuit follows the law, 
C'= 10 sin ()00i ; if t is in seconds, and if 

F=i?a+z,f (i) 

where R is 0‘3, and L is 4xlO'S what is F? 



AN ELECTRiaVL EXAilPLE. 


m 

From the relation (7=lQ«mG00t we find 

~=moocoi(mt. 

Hence, substituting in (i), 

Kc 0 3 X 10 sin coot + 4 X 10*^ X 6000 cos coot 

3 sin coot + 2-4 cos COOt (u) 

Assume that (ii) may be written io the form 
^Uia(e00t + F) 

This, on expansion, gives (p. 27) 

cos A'b in coot + J sin E cos COOt (m) 

Hence, comparing (in) with (n), 

AcosE^S, and A6lo£~2‘4. 

Situating and adding, 

A !*(sin»A’+ co3*£) = 3> + (2 4)»= 14-76 ; 

.. A*=14 70, 
or A =3 6b 

Also tan - ^0 8 =33’ 39 5', 

Hence, lowest value of C= - 10, 

„ „ r=-3-S4; 

highest \alue of 17=10, 

„ „ r=3S4 

Variation of atmospienc pressure with altitude, — 11 
p„ ia tha pressure, the density of the air at seadeiel, and 
p the pressure, and p the density at a height A, 
dp= —pdA 

The negative sign indicates that the pressure decreases as 
the altitude increases. Hence 



To express the density p m terms of the piessure and 
density po sea-level, -we ha'e, fr'JUJ Boyle’s Law. 


or 


p=£iia. 
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then, for a constant current Ohm’s law, V—BC, applies, but 
when the current is not constant the law becomes 

F=i2(7+Z^, (1) 

— is the rate of increase of C, and L is called the self-in- 
dt 

duction of the circuit. 

If in (1) l’’=0, then 


or 


dC Rf, 
dt~~ L^' 


dt' 


Integrating, 




R 


dt. 


R 


logC^-^t + A' 

where A” is a constant. 

To find the value of A', let be the value of C when 
t=0, then 

logUo=0+A; 

A=logCV 

Hence, substituting, 


..1 


lo" 


R 






again the compound interest law. 

-ft 

Whence V^RC-RC^e f . 

Hence, as t increases, the effect of a constant self-induction 
decreases. 


Ex. 7. The current 0 amperes in a circuit follows the law, 
(7=10smGOOf; if t is in seconds, and if 

V=ItC*L% (i| 

where R is 0’3, and L is 4xl0'‘, what xa F? 


AN ELECTBICAI, EXAilPLE. 
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From the relation C^lOsmCOOi \<o find 
^^0000 cos COO/. 

Hence, substituting in (i), 

r=0 3x 10sinC00/+4xl0'‘xC000cosCOW 

=3siaeo0/+2 4«w600;. (u; 

Assume that (n) may bo written in the form 
A sm (600/ + E) 

This, on eirpansioD, gires (p. 27) 

A cos A'sia 600/ + A sin iTcos C(X)/ (m) 

Ifeuce, comparing (lii) with (lO, 

AcoaE^S, and AsiaA’=2 4. 

Squaring and adding, 

A®(6in*i^+ co3*£) =3> + (2 4)*^ 14 76 ; 

A*=14 7G, 

or A=3 84. 

Aho i;= tan - > 0 ‘8 = 38’ 39 5'. 

Hence, lowest lalue of C= -10, 

„ .. r=-3'84; 

highest lalue of <7=10, 

„ „ r=3 84. 

Variation of atmospheric presstiro with altitude. — If 
w the pressu.'e, the density of the air at sea-ic\el, and 
p the pressure, and p the density at a height /i 
dp— — pd^ 

The ne^mtive sign indicates that the pressure decreases is 
the altitude increases. Hence 



To express the density p in terms of the pie^sut^ and 
density p^ at sea-lerel, vre Lave, fjoin Bovio I.aw. 


or 
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Substitute this value in (i), then 

dP-- -P^Pn , 

dh Pa 

... it^ZJbdh-, 


P Po 


lOf! 


d^h+logcC. 


Po 


~PII , 


Hence 


p==:CeT<l . 

To obtain the value of the constant c wo notice that at 
sea-level, where A=0, p=Pa'> 




■JSli 




Differential Equations. — Type II. - - Fs, where F is a 
constant. 

To solve equations of this type, assume that s=AV‘ where 
A' is an arbitrary constant and a a constant to bo determined. 
By substitution, ^ 4- i’) = 0, 

so that a = ± s/ - = ± i\Q<\ Avhoro i = ‘J ~l 

the complete solution is 

But from (i) and (ii), p. 382, by expressing the exponentials 
in terms of sin x and cos x, the solution becomes 

5 = A cos s/1'7 + J3 sin Vl'/, 

where A and B are written for A' -fB' and {{A'~B') respec- 
tively. 

Tills is an important equation, and is a typical case of har- 
monic motion, occurring, for e.xample, in the small oscillations 
of a Hprwg or of a pendulum. It is also used in the so-called 
. Theory of Struts and may be written in the form 

The solution is y = .4 sin sC'x + B cos •dCx. 



VIBRATION’ OF A BAR OR SPRING. 


Ex. i 


AsO, Ba 


t g~3. Then the ei^usti'an beccrae* 

• =*7 co«3t; 

this is referred to on p. 135, 

If the differential equation ie 

the solution ia #— 

as may be proved by obtaining the second differential 
A particular solution of this equation is given by 
s^A<rK 

The reader should refer to pjx 141, 145 in which are given 
figures of the curves 

»i=Aei« and y* Je**sin (ix+c). 

Vibration of a lax or spring.— The deflection of a bar i» 
proportional to the load, and a bar when loaded tuay be made 

to vibrate The penodic time is eqnal to where to ia 

the mass of the load, and F the force required to produce 
unit displacement 

The periodic time T ot o weight P of mass » suspended 
at ono end of a spiral spnng, the other end of which is 
fastened to a suitable support, is in like manner given by 


Let iJ’denote the force required to produce unit d^plarement 
When/* is displaced a distance .r from its equilibnoci position 
the resultant upward force is The acceleration in a dowu- 

iPx 

ward direction (i,« in a direction tending to increase x) is 
The accelenitioa in the upward direction is 
As force « mass x acceleration » - 


where m is tie mass of the body at P ; 

. 




0 ) 






iS. — — 

— ■""^r /J-J3C03p^’ 

toaol'O ,.^.v ,^npsinf«. 

dt ^ _ j7o3cC 


d( ]3p'C03p^ 



^0 ^vv•vttcu 

<iov.' W d'^^-'-* 


Bo»»=.“>’''''“'''"° Jt, „,- Y O'O 

. J^lf + BCO^'N ,n 

. N -a 1^,; « J^sUi'N! .„i ■ 

denotes VO, or 

^•oXoclty ^^•^^en ^ 

-SJcnco ■ c. 


C'') 




,?.r _ .o ^v\\cn 

d£ , I^^oVv-Bcos^NFi / 


a-«' 


A.\30 


0 


{vow ) ’ 


J’’ {vow ’ 

.< 

'C\ui3, JL-^' >- c=ncc 

;V == “ > la ,^.-A bccouW= a 


-VO oV)UV‘“ 

:\W3, C = nCC 

;V == “ > la , v'v') bccouW= a 

I'K can 


VIBBATION OF A SPRIHO. 


<SX 



Hence, as nt increases from 0 to 2?, the body mores throu-rh 
a complete cjcie into the initial position; 



where T denotes the penodic time. 

Similarly, the variations of tba velocity can be traced by 
reference to the values of 

at 

Ex- 9. The result obtained for the periodic iniie can eaiily Le 
verified by expenment When a load IF of 10 j lb#, u *u«r»ended 
from a spiral spnng it is found that 100 awing# are made in one 
minute. Also, 10 8 lbs is required to stretch the string through 
unit distance one inch. [ii—Z2.'2 fa per sec, per #eft) 

As 1 minute^bO seconds, 

^0 3153 sec. 

Also, 

where ifi = 10 5~^ = i0 Z-ZiH 

and F=10SJ1 jS 

(as the unit distance la 1 inch, 7 = 32*2 :< 12 ins per sec per sec.); 

It will be noticed that in the preceding solution the mass 
of the spun" itself lias not been taken into account ; in fact 
we have made the aisuiuptioii that the weight of the spring, 
and therefore its mass, is negligible in compan-son «itb the 
vibrating mass at the end of the spiing 
Allowance for the weight of the spnng may be made by 
adding a fractional part of the of the spnng U> ^ 



V t'o?S.t»>‘' "” “'’‘■"“u^ voloaty «E *“ .p .J. q 

^ ,.„V==W+) 

.'. w««‘'' 4 pix 

„s, of *° ‘'’‘'t®tte>“-'® “' ‘"° °' 

Be""'. *” “Std »» „„ e«a, »"' 

;*"•>* r.5"' 

^'in^ upposin. ^1.1 to tbo T 

Ivi, 

^ .,.> .=1 

VI- -i-i -l p^ 

r 7 

,-lon2 + '°15^''- 
, „a of 

,T ,r t\lO _ 7-2 

,tf«B:rr>+'.V2-2 


-7 0-2 _l4U, 

,Af = 7j;r:2'^'S5^''32- 

— “^ fT *if>iP.. 


^=2>r^ 


_^0-335 sec. 
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A periotlio time T=:2Tr’\j^-^~-=0-2iS2 second, 
or 4*03 vibrations per second. 

The formula used may be readily proved by the student 
ill a manner similar to that used in finding the time of a i 
vibration of a mass suspended from a spring (p, 481), In fact 
a beam or rod loaded in the manner indicated is only one 
form of spring. 

Simple pendulum, — The nearest approximation to a so-called 
simple pendulum consists of a small heavy body, such as a 
leaden bullet, at one end of a fine string, the other end of 

the string being fixed to a suitable 
suppoi’t and the pendulum made to 
perform small oscillations in a vertical 
plane. When the arc of vibration is 
small, the time of vibration may be 
obtained in a very simple manner as 
follows : 

Let P(Fig. 178) denote a small mass 
at one end of a string of length the 
other end of which is Listened to a 
fixed support C\ 

Let denote the mass of the par- 
ticle at P, and 0 the angle DCP. 

The two components of the force 
mg^ one along the string PCy the 

Fig. n3.-simpio puudulnui, other at right angles to it, may be 

obtained. The former component, 
mg cos 0^ produces tension in the string, the latter, mgdndy 
produces the acceleration of P. 

From the relation, force = mass x acceleration 



acceleration of P^ g sin 


The relation between airjoleration and displacement in 
s.u.M. is furnished by 



SIMPLE PEI,T>ULUiI. 


displacement**'**^ ^3>); 


2V* 7Pin 0 

f*~ 10 ' 


As the an;»Ie ja supposed to be email, tbo sine of tlie angle 
is very approiiroately toual to iu cbcular measure (ji. 3i.l). 

-'^_9 . 

2'i ~r 


Hence we obtain 




(I) 

•where 7 denotes the periodic time of a vibration 
In the preceding case the arc of swing lias bttn as^ninul 
to ho very small , when this Is 


not the cose, Eq (t) cannot be 
used to find the periodic time 

Tlie relation betw-eeii force 
and acceleration is 

c 

V 

forcc^niais x acceleration, 


'W 

oi torque =(momcnt of inertia) 
xfangular accele ratnm), 



the former being ezpn ^ised uj 
lioear, the latter in angular, 



motion. 

Let la ho the nias/i at /’fFig 

H 

: \\ 

1 ilie OI t / , £ j auii ^ 

P two positions of P, the angle 

^ 0 



l)CP^^e,and r^CP^dO F.., j;i. 

ibV perpendicular to f>C 
Then, torque = 1/1 x py-mHin 0 

Also, moment of inertia of P alyiut i mP , 


my/sm 


d(* 


The aegatite sign denotes that 0 is decreasing, dindiiig hy 
flip, ve obtain 



^ vt. OT /cl0 ^ 0 , 

jtottVt'y '>» “'%r««''‘**' °' 

, ... a « tAiO O _ a.-) , 


-• 'S't" .^n .. 


^■Aao ctveates^* 

^ \a tuO D , t 

Gco 0- Q •^isUi*!’- fl=0, 

fl-a slvv‘f>=^'^ 2’ ^.,^d0. 

A»«'“'''"“" ' Stot«S''“'''®‘‘”^ 

,|,=0-,*“"T’(,„a4'=®'l’‘'‘'’'’ 

, , Jtcoas"" *, 0(14, 


;. > 0 \ 1 ^ 

J -A 'l\\core"^ > 

° , . t\xo 

a(+ 

. •.„i?iA\-"Ar ) 


fi rh+-^«^r“* ' ^ 

» ^ a(4> 3 

J (-+V'"’5) 


Ck™«"''"'‘ 




4 W 


If ^ ii Sffiall, $ ma/ be writUn /or sin 0 ia liq. (i), and 
the formula for a simple pendulum otuinedi. 

£r 12. If / u tbe len^b of a ^ecoeds {ic&dulam, Gn>l tl<e 
uomber of seconds L»t ia. a da; «'Lta the arc of ijbratloo U U\ 
TTe may denote ly T the periodic time of a secoods fandulnm, 
aad by T' that cf a peadolum frbicb sirin^s throc|[Jj an an„Ie 
of 3* on each side of the terticaZ, 

Aa a botirs U seconds; 

loss ia seoocdjsrSIxSdOpr^i 

4) 


=^2iyXuo(^i~ 
=- 2 txr^Oo/l 


Z-c, 13. A unJana si _ 
upon a rough fcorLMI:^ll cyLuder, w.e 
pWk being perpeaiicalar m ea<.h other 
to be slightly d*?pLiceil 
so as to remata 
in contact vrith the 
cylinder without sliding 
determine the periodic 
time. 

Let 21 denote the 
length of the plank and 
r the radins of the 
cylinder, and let m 
denote the mau of the 
plank. 

Assnme the plank to 
be duplace<l throegb a 
smat) angle 6 so that 
the plank and cylinder 


io lU'lo, 1/* 

plank rtjta with its middle pomt 
of the cylinder ar4 
SufypOi.ng the j'lank 



Pr*w t/; f/'F-'M 


are in contact at a f>oint .i ffig* ui*” ■* i t » 

to the vertical line paamiir lU centre of tie cjU.. r. 




. ^ t\x‘5 ’' 


, .vh0)i 
il U>' \- 

. „ „g iu'tyV'^ l-.VJ-'t+iJCOa 

jYvvu'o _ jivu -n] (i 


Srt; 

v'C- 


, j.erw'lio ‘''““'■iia' »«* ^’;. i\,0 

' .aicato'-''” ,.: ;i« °'"“''frvi'.-""" 
tion »' “ti'"’ ■'''' 'iv«■l“'':'^l<: *» ""i 


__.,.- 0 ' 



C *V 

1^- 
^ pve33''^ 

•,n ^ P 

„ hvvP'd . ’ „ rod, 

■:.< ‘"mO 'S:; 
:'tT " 

\ai''^'^^ . ., M F- 
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and rod including the link BD and one^tliird tlie mass of the 
spring. Let / denpte the moment of inertia (in ft. lbs. units) 
of the le\cr ABC. The initial position of the leier is at A(7, 
■When the piston iao\es through a distance y, the position . 
of the lever may be denoted by tho line AC making an 
angle Q with AC, 

If c denote the compression (in feet) of the spring per 
pound of load, and a in the same units the initial compression 
of the spring when the lever is horizontaL 
Let F be the compressive force, tending to move At? only, then 

where I denotes the moment of inertia about J. 

at* 1 

. p / m_ I ^ 

■ ABdi^ H^diy 

if 0 is BO small that y^dxAB, then, from the relation 
iiiassxacceleration=force acting, 
we obtain the equation for the whole motion 



This gives for the periodic time 



. 25- KilxAli^+iyi 

^ AD V C 

It will be noticed that the mass of the levrr and its length 
are taken into account in the moment of inertia. 


Struts. — A rod of length 2f acted on by compressive forces 
in the direction of its length (Fig. 182) is called a stmt. 

Tho equation connecting the force the deflection y, and 
the curvature is exprcbaed by 


Fv 

Ej'^ 5?' 


•(<) 


’ then, as in the preceding case, (i) may be wntteo 


(i*y 


-nV* 


yssal6inn.r+.ffcos»x. (ii) 


Uence 
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^Jvolll 
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'dx , _ ,.ui'Vo 


3^onv 


^\vo 


“', to I'" '“ri'oui* ''f 

,«<fonfc , tvo tN'>« , _ 






, !/ 


-^0. 


at 0i d]l 'au^ ’ 
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^0. 




][-lence, 


hu' 


i\)Htitu£^"° 


in (.^‘0’ 


y 




j3co 3'N iil 


ii’ 


^7» 


Civ) 


3 


ilei^ce, 

^.^0, y==‘''^;„. (\eftccU00; ^ 


the 

IW, 


tivo ivo^ivC^v), 




,te»>“-"'"” 

0==/3co^N 3d ci 


(.V) 


it foWoV 

;j=.0 ov 


s ivt 


{voin 


\iq- 


[jitivov 


tVa.t 




ivow' 


/ l<’ A==0. 

cosi^-N iJT / 

A / ' (Ac 
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In this case ^“0 when j;=0, also '«hen and when 
Let a:=0, then 

J = 0; .•. y=Sco^‘\J^x, 

Differentiating, 

Now, when x=?, ^=0 ; 


Hence, either B=0 or &in i=q^ 

V Bl 

Therefore, aa B cannot ho 0, the angle must be s- or 2s-, etc. 
Taking the smallest value, have 



The formulae for F and are known as Euler's fomulae. 
Hence, a strut fixed in direction at both ends is four times 
as strong as a strut in which one end is not fixed m diiectiom 


Ex. 14. Find the breaking load of a wrought-iron cylindrical 
piUar or strut, 3 inches diameter and 0 feet long j?a:29x 10*. 


-js-; ' 


, g9xI0«xr*xa* 29 xI0«xt»x3« ^^^^ 

log F= log 29 + 6 log 10 + 3 log r + 4 log 3 - (3 log 4 + 2 log 72 + log2240) ; 
F'ssOS tons, appro r 
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Differential Equations: Type m. — The differential cqxiation 
given by Typo II. (p. 480) is of groat utility and importance, 
and is that arrived at in very many problems on vibration. A 
more general form is, however, sometimes wanted, as in the case 
of damped vibrations (p. 142), and the equation may be UTitten 
in the form 


5 + + 

dh at 


We may surmise that s — will bo a solution. Trying this 
value, we obtain 

—Aae^^t and 
at c/i- 

or s[d^ k^) = 0 . 

Solving the quadratic 

a = - F±\'F^ - 1*, 

Now the solution assumes three forms according as F is greater 
than, equal to, or less than k\ 

(i) Let F > k, then both values of a arc real, and the solution 
is 

5 == A A 

(ii'l Let F then the two values of a are equal ; 

whore K = A -f J5. There is thus only one arbitrary constant 
instead of two ; henco the solution is not complete. To deter- 
mine the complete solution, lot where u is a function 

of i to be detenuiued ; then, substituting m the original equation. 



which, on integration, gives - 7 ; 

ut 
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and, integrating again, «=C{+D, -where C, I) are the arbitrary 
constants of integration. 

Hence the complete solution becomes 

s={Ct + D)e-Ft, 

(ui) Let F < I, then a= - J’ ±tV0' - F*, and the solution is 
5 c ' (A + i?c - 

Usmg (i) and (n) from p. 3S2, the solution becomes 
s=e-^{0 COB \fL-~FH+D em s/i* 
where C = A+Ji and D = i(A-jB), 

If F 13 zero the solution becomes • 

sin iU+JS cos ti, 
and the difierential equation is 

i.e. the equation of Type II. 


Ex 15. Solve the differential equation 

Put and -we ohtam 

+ 3ct -f* 2 ~ 0, 
or a= - 1 and o= 
Solution is y = 

Ex. 16 Solve the equation 

Here the roots are equal ; 

Substituting, -we find 

a*+4a+2=0, 
y=e-='{Ae*v'* + J5e-»V2). 






EX^VillNATIOX QUESTIONS. 

MISCELL*\NEOUS. 

Section L Antlunetic, 


Compute l>y contracted methods u ithout using logarithms . 

2. 23 07 X 0 1354, 2307 -r 1 354. 

Coniputo by contracted methods to four significant figures only, 
and without using logarithms or slide rule 

3. 8 102 x 35 14, 254 3-0 00027 

4. 34 05 X 0tX)9123 and 3 405-r0-09123. 

5. 003405 X 0 9123 

and 34 00-^0 09123 

6. 0-01230 X 0 5024, 0 1239 - 50-24 

Section IL Loganthms. 

1. Given 01=3 741, A=53'9-2, e^OOilGS, 
calculate the values of ^ s.'aU' 

2. Eialoato ^ ^ 

whui pall 78, 9=5 67. 
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''■'\rvc-'V^> V^'-'’-^’ i'v . v-4 •' ' 
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EXAMINATION QUESTIONS 




14. Gucn ^J=a(5+//j*, where p is tlio i>rchsure o£ i 
quantity of steam at a tcmi>eraturo &, 
il ii=2!iii3 when flalJa, 

auJ ,, 


15. On cn ysat^* where < = 2 718, 
if y«7C95whLa;esl2, 

y=I2'07 „ x=30, find a anj i 
16 Given rj= Tie"*, 

if when S=2t, 

and ?*j = lC2 „ tf=3v, find t‘~ 

17. If ](' IS the load in tuns cam column of length {and diameter (/, 
and k/'", then giien that when 

d=3, and/=12, »'=13 37; 
d=3, and/=8, »'=27 -(j 3; 
find C and « /Uso find ir when f=^ 16. J=l. 

18 In a certam countr) the nmnher of births in any ^oar is 
and tho numlar of deaths if of the {smiulation at the bCft^nnlIl ' of 
that j car If tlio number of emigianUs in aii^ >car is just ujtuJ to 
the liumlict of nninisn.nt9 in tliit jear in how manj jearS woull 
tho iioimlation double itself ’ 

10 Comnuto 

ia*.-»» 


21. State the loganthnis of 37240. 37*24, 0^721 
Compute, using lnjant hms, 

437 25; 372 4‘“, 0 3724-*“ 
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22. Compute, usiag log.iritlima, x 1G'07, 

Explain why wc atkl logarithms when we wish to multiply 
nunibery. 

23. It bojs bcL-n found that if P is the horse-po^yer %va.stcd in air 
friction ^vhea u disc d feet diameter is revolving at n revolutions per 
minute 

If P is O'l wiiea and n^DOO, find the constant c. 

What is the diameter of a disc whicli -wastes 10 horse-power in air 
friction vriiea revolving at 5S0 revolutions per minute? 

24. Compute, using logarithms, 

{2'354xl'G07p^5 

and (32-15)-^'^^% 

25. TIjcto are tu’o formulae used to calculate ^ ; 

^/» = log<f 

which is only approximate ; 

,^. = l-05G5 loge~ + 9 X 10-*^'^- 503t^ +0-0902, 
which is correct. 

If ^=r^*^273 when 5 ==53, find the two answers: what is the 
percentage error in nsiz3g the approximate foz-mula ? 

26. If P is tlio present value of an annuity the first pa^mient 
being due 1 year from now/the hist at the end of the ztth year from 
now, the rate of interest on money being at r per cent, per annum ; 

t"“ ^=>«'7{'-(‘+ra5)'")- 

If the present value of an annuity of (ji)L is C27f. and r is 3h per 
cent, per annum, what is the supposed number of 3'cars’ duration ‘of 
the autiuity ? 

27. If a = 5, 5=200, c = C00, </= -0*1745 radian, find the value of 

ae^^^biidct *f p), 

(i) when / = 0'<X>1, (ii) -vvhen/=0'01, (iii) when/ = 0*L 

28. In any class of turbine if P is the power of the waterfall, and 
I P is the average radius at the place where the water enters the 

vriieei, then it is known that for any particular class of turbines 
of all sizes 

n j: //-ra. 

In tlie list of a particular rnak 1 take a turbine at random for a 
fall of C feet, 1(X) horse-power, 50 revolutions per minute, 2*51 feet 
nulius. By means of this I find I can calculate 7 t and H for all 
the other turbines of the list. Find u and P for a fall of 20 feet and 
75 horse 'power. 
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29 What IS the on ■which compound inUrcit la calc.ula.tod! 
txplain, as if to a Lcgiimcr, how it 13 that 



t'J be addctl on to principal crery instant } State two natural 
plipnomcna which follow the compound interest law. 

30. If pr* 13 constant ; and if p = 1 , when r =: 1 , find for what i aluc 
of r, p 13 Oti IX) this for the following laluca of I, 0 8, OD, Hi, 
I 'I. Tahulate j our aasw era. 

31. (al If 0 = 0 Sr, n=0 3and if (.Y-d/) r=30<wj;»; 

if 13 30 and 1' 1 * 5JiJ ; find X. 

(5) Find the value of sin(2ryi + 0 C), where /u 225 and f 

13 0-003. 

OlJserve that the angle la stated in radutn*. 

WB = + 

andi£-l=3f whcnT-=3i, find n 

32. The population of a country wa« 4 35x IC^ in 1620. 7 3x JCl* 
13 ISCO. ll“20xlCP m 1S90 Tist if the population follows the 
compound interest law of increase What is the ]<rot>alilo jwpulation 
m 1910! 

33. At corTti>))Owiuir) high spewls of modem ships of the same 
clasa, if V 13 the speed in knots, I> the displacement in tons, P the 
indicated horse power, T the time spent in a particular jiitoagc, 
and C tho coal consumed, 

paeZ>*, P-rVh^, CxPT, 

show how P, T, and C depend upr,n D alone 

A crtteH- Allan lie atcamer of I(»,(3)0 tons at *31 knots eT»*scs in 
6 daja its power being 20,000. using 2,520 tons of coal . wliat roust 
lie theUispiakment, the speed, the i)ow< r, and the coal for a 
which makes the passage in o daj s ’ 

34. The horse-power {If) of an engine is calculated frotO 

//=pa/» -.330(0, 

where p is the tutao pn ssure, a the arta of the piston.^l tho Icnr'tb 
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KXAMIXATION QUESTIONS. 


6 Tlio sjtUs of a tmnk’Io AUC are a^TT mn. mm 

c=40mia ' ' 

Find valuta of Un^, tan^, tan^ and of sin .1, cos if, tan C. 
Draw till) tnajiglc to scolo and sliow tliat iLo area is trdl iv}. mta. 

7. Two sides of a triangle aro nitasurtsl and found to Lu 3d a and 
24'2 inches, the includcef angle lx.‘mg .IT’, Ihid the area of the 
trian^dc I'roee tlie nilo used hy sou. If the true Kiiglha of 
the sidts are nally J2 (5 and 1?4 1, what is the }>crcintago error in 
the answer* 

8. If S = ttbin7/f + hcti3r/t fur anj snluo of t wlitie a, h, and p 
aro nitre nuiuUrs , show- that this is the same us ^=.4 sinfj-r + t) if 
.1 and « are jiruiicil^ etaluatetL 

9. Write in a table the salues tif the sine, cosine, and tangent of 

the fullow mg angh s * 

23% 123’, 233', 312', 3;t3*. 

10 Write down the talue of sin 23’ and cos 23' What is the 
sum of the squares of tin sc' Explain whs sou would get the same 
answer whatevtr the angle 

11 Aif£7 H a tnanglc, C being a right angle .lif w 0 32 inches, 
the angle -1 is 2S’ Find the sides ISC and Jt’» using the 
Tahlis 

12 There is a elistrict m which the surface of the ground mas l>e 
icgarded as a shnung plane , its aetual art i is S'itb square milts . 
it IS shown on th<' niaii as an art.i of 2 373 tsjuare cults, at athat 
angle is it intliiitsl to the liiiriroiita! ' 

Proto the truth of the rule whitli juU use 

13. Assuming the earth to lie a split re, if its < m unif* r« ni i l' 
3C<>xtJ0 nautical milt «, what is tin t irtiimli rt in < ot ilo pinillel ol 
latitude 30*’ What n tlu Itngth tlnn of a dtgnt irf lougitiiih 
If a small luiip »8 to Ias tiniwii m this Utilmh , with noitli tud soiuli 
and cast and west dittancis to tin sann Mali iiid it a digm ot 
latitude (which is of rourw («<> tnihsi ix xlmwii it* Hi iii> li< » whit 
distaiico 'niirrtpiesint a dtgret of longitinii ' 

14. Wntc down the x allies of 

sin 107’, mi>14s tinJVi 

15. (a) Prote that 

bln( I - /ft -n, 1. W, - 1 '111 if 

You may take the smiph si l ixi win i' ! B is less than « rielii 

ilhistroto the truth of thi' uiintiRii iHi wlun -f 3-> ' 

if =27’, using jour t,ablir> 
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{/;) Prove that in a triangle whoHe siclcB a, h contain “between 
them the angle O the area ia 

-I-a6Hin 0 , 

There ia a quadrilateral ABGD ; A and 0 being opposite corners. 
If AB is 10'23 feet, feet, AD 12*09 feet ; if the angle BAC 

is •IP, and the angle OAD is Jo , find the area of the c|uadri“ 
lateral. 


Section IV. Squared Paper, 

1. Find a value of x wliieli udll ijatisfy caelj of the equations 

(i) 2a;-5-5a--8-:j-i=0, (ii) .a"- 10 log 3 = 0. 

2. A chain hangs from two pegs in a horizontal lino 10 feet 
> apart in the form of a catenary whoso e(piation is 

e = 2'7i8. 

Draw a diagram of the cludn giving its depth below tlio lino 
joining tJio pegs at lioi’izozital intervals of 1 foot. 

3. If X bo the de]>th to winch a lloating sphere of radius r and 
density p siiiks in water, it is found that 

2p' - -r ^ 0. 

Determine the depth to which a sphere of radius 10 inches and 
density 0*tio will sink in water, 

4. Find u value of x which satisfies the equation 

sina:=: I X, 

[Hint; jdot y^sina; and /.a; and find j)oint of intersection.] 

5. In the following table 0 denotes the maximum current izi 
amperes for rubber-covered wires exposed to ordinary temperatures 
aatl A is the area of cros.s -sect ion of tlie wire in square inclies. 
Find the law connecting C and A. 


0 : 

f 

113 

•2.37 1 3.>1 j 

42.*) ‘ 403 1 

t>24 

; 088 

-'1 

0-1 , 

1 o-2.> j y-.i 1 

0-5 , O-O 

1 

O’K 

j 0-!) 

1 


0. The keener of a rehtauraut finds when he lias G guests in a 
day, liis total daily expeziditure is A’ pounds (for rent, taxes, wages, 
wear and tear, fofxl and drink), and his total daily receipt is U 
pounds. The followi/ig nambezvi are averages obtained by exami- 
nation of Ida books on many days ; 



EXAMINATION' QOEijTIOXS, 


U<l5 


IG-7 
19 4 
21 6 
23 4 


13 8 
21-2 
204 
298 


andff: ‘ -..^O profit. 

Tivo of the tnarLs will be giicn for a oorrecl aosutr to the 
following: 

^ If ho finds that ho has almcist too many guests from, sa}’, 1 to 2 
o clock, and from, aay, 0 to 7 o'clock, and almost none at other timet 
of the day, what expedient might he adopt to increase his 
profits T 

7. The following quantities 
;><•" = constant Try if they do 
of Jl. 


) thought to follow a law like 
; finiT tlie most probable value 


I I -- 


8. At the following draughts in sea aatcr a particular vessel 
has the following dispuccmcnts ■ 


Draught A feet, - 

15 

12 1 9 1 63 

Di-placcraent 7* tons, j 

|209S| 

j 1512 1 1018 j 5S6 


Plot log T and log A on squared paper, and try to get a simple 
rule connecting T and A. If one ton of sea u atcr measures 33 cubic 
feet, find the rule connecting V and A, if 1' is the displacement m 
cubia feet. 

• - > ■ . late who has alrcadv 

u , • ntal sectional area of 

, . - At any draught A, 

. -odaced oy one incA 

difference tn A ? 

10. Work the following three exercises as if in each case one were 
alone gi^cn, taking in each case the simplest ssppositien which >our 
information pemnts 

(a) The total yearly expense in keeping a school of 100 bojs is 
£2,UU; what is the expense when the number of bo>8 is 17o? 
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(//) 'I'hu i» 1:2,100 for 100 l)oy.s .Cll.OnO for 200l)()y9 ; whiit 

hi It iov ni^f 

{c) Tlu; for throe cjuioH aro known iin followH : 

£2,100 for lOOhoyH, 

£2,000 for loO 
£2,<P) for 200 haya. 

What i» the proiL'thIo expumio for 175 hf>ya? 

If you UJic a rfiuarud pap<u' jnclhod, ahuw all throo Hohitioim 
togothor. 

11. Kor the ymvH ISIMMOOO. t)jc folh>\vjjig avorugo nninherH aro 
taken front tluj ucoounOt <>[ th(^ rnont important Eluntric 
Coin pan of the United Kiii;'d<nii. 

IJ tiifunit tnillionu of nnil-H eh'ctri<j onorj'y noUl locuHiomurH. 0 
meatiH the total ro^^t itt miliioiut of jteitce, and ineludcH intorcHt (7 per 
eent.) on oapital, maintenfuteo, rent, taxon, HiilaricH, etjal, etc* 


"al 

0*G7 


1 •;!(!() 

1 MG 

2 •dll 

0 1 

j d-Hd j 

d-25 

1 

H-ni) 

G-n ; 

i ! 

1 ) -20 


Im there any nimple approximaltdy <'orre<‘t law eonm^tdinj^ (J and 
(J'i If ii«o what ia itV Aeiuunt' tliat frr»m tiw* hf*;'ittrtin;^ there waa 
tlic ideiL of, at Hoiuf time, rejO'hittj' a maxinnna otitput of KPO, ho 
thivt //v-10’9 ifi ealled /i eertain kind of /oadyWr/o/'. \Ait (J-r (/ho 
eailed c the total eojtt jr r unit ; in tluu cMiny law <u»nnf*eting r audy*? 
Yon need not ph>t r and/; it jh hotter to uho the Iuav already 
found, 

12. in Home experimentH in towing a eanal boat the following 
ohiiurvationa wtu e ma<h‘ ; /* being the pull in jjoundH arul a the apeed 
of the hoal in luileM jxu' Imur. 

j " • I'CiK 1 2-in ! :[-18 j ;)■(;(> j 4-o;j 

! /' I "<> I H><> I 2-!(» j n‘20 j ;!“() 

l*l<il !<!;'» mill lug IIJIDII i-.tjuari’d pajiiT and an aiipioxiinato 
formula coimeelitig P and e. 

y I < * 

13. When in j:’' - '/ a iiiaxiiiuim, 7 IminK I 'I ? 1‘lot Uii- vu1«f» 

near tJio niuxinniii) vnltii'. For thin piirpo,i(! you nrcd calcidato 
only the maximum v.ilue and two oUumh. 

H. 'rh(.*re‘ iu a funetion 

.y -ologj^r rOxin \ 01tS>l hr - 

Fijjd a muoh nimpler funetion of .r which (h>eH not dilYw from it 
m value numi than 2 per cent, between and Uemember 

that tile angle la in radiaiur 



EXA 5 IINATI 0 N' QUMIO.VS. 


COT 


15. TLc following arc iho arum of crovs MtUoti of a U*lv at 
right angles to »U straight axis ; 


-■1 m square inches - . 

jj i’jiJ 1 tUJ 1 .110 [ 273 L*lo 1 bSd 1 1.15 1 120 j 

X inches from ODD ind • 

II 0 1 22 1 ■»! j 70 1 fi-l |l02| l.1o|l<.5| 


What 13 the w hole \oIuRia from a:=0toa:=!Uo? 

At if a cfOM-stctional slice of small thicLnuss ix has the 

solumc or, find 


16. Find accurately to three significant figures, a raluo of j to 
satisfy the equation 

0 fia’*“ 12 lDg,^-r 2 sin 2 r= 0 -tKl. 

Xolicc in einSe that the angle is in radians. 

17. The following taUo records the growth in stature of a girl .1 
(horn January)', IS'JU) and a Iwy JJ (liom May, 1S91). Plot tliisc 
records. Iftigfita were measured at intc rials of four months. 


Tai'U' or llLioiirs iv Inciicic 


Vear. j} 1 *00 

liOI. 

lot 

IKl 

Mouth. !j Supt. 

Jau ) M.,. 

Sej^L 

J&D. 


Jail. 

1 .1 |j547fi 

.->5 55 j 5G C 

57-9-) 

59-2 

C0“2 [ COD 

1 fil-3 

1 B I'j 4S-2J j 

1 40 0 1 40 To 

50-fl 

! 51 5 1 

j 52 3 j 53-1 

j 53D 


find in inclxa per annum, the averag’c rates of growth of .1 and 
B during the whole jicnod of tabulation WK^t will lx, the 
nrobable heights of .1 and B at the end of another four nioaths? 
riot the ratt of growth of A at all times throughout the iienod. 
At alwut what age was .f growing mo=t rajndl) and what was her 
quickest rate of grow th ’ 

18 The New Eealand Pension law for a person who has already 


priiate income is ."ij or more there is no {wnsion 
bliuw’ on squared l*aiKr, for an\ ineomt I the value of P , and aL-o 
the value of the total income If a jicrson s pnvatc income is tay 
JjoW, how much of it has he m inducement to giie awaV before be 
applies for a pension’ Show on the wme fiajxr the toUl iRcomc, if 
the |ien»ion were regulated accorthng to the rule 
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19. The? following Uiblo gives corresponding values of two quan* 
titles X and y : 



1 10-l(i 

12*20 

14*70 

20-80 

24*54 



1 

31*31 

20-‘13 

10-08 

lG-33 

14*(4l 


Try whctlier x and y arc conneoted hy a law of tlio form — 
and if ho, deter ini no as nearly as you can the values of n and c, 
Wlmt is the value of x when y = i7'53 ? 


20. Tito eutrop}'' fp ranks of a quantity of stuff at tlio absolute 
temperature t degrees is known to vary in the folltjwing way : 


t 


403 

373 

343 

•p 

iT>84 

1-GG8 

1-740 1 

i 

l-SoO 


' Plot (p horizontally and t vertically. 

A I’cctangle, whose dimension horizontally represents OT rank and 
whose vertical dimension respreaeuts 10 degrees, has an area whicli 
represents 0*1 x 10 ov 1 unit tu" heat, what heat docs each square incli 
of your diagram represent? I'ha total heat received from beginning 
to end of the above set of oiianges is represented by the total area 
between the curve, the two end verticals and the zero line of 
temperature : state the amount of it. 

You jieed not, courRe, plot the whole of tp ; you may subtract, 
^?ay, 1*5 frojii each of the values. Also, if you want greater accuracy 
and cun eatiinato areas of rectangles not actually drawn, you need 
not plot the whole value of 

21. Find accurately to three significant figures the value of x 
winch Kiitisnes the equation 

3x-^201og,o4;- 7*077 :=:0. 

Use srjuarctl paper. 


22. At the following draughts h feet, 
folk) wing tonnage 7^ in salt-water : 


a particular 


Vessel has the 


h 

15 1 

12 

0 1 0-3 

T 

j 2,100 j 

1 1,510 

1 1.0-20 1 500 


Try if thory is ;m nppioxiuiiUo connection of the form 


, T=ch’' 

iiud if HU find c and u. 

If ii cul)ic foot of sail water weighs U 1\)h., find a formula 
conacctini; fJ, tUo dispUiccniunt lu culno feet, ami A. 




















SXAMINATIOS QUt:bTlOSy. 


S3. W 


I '> 


ftithecomttaoSMcr. tuaii 

21 , Tte foV 


■urs o? 



founil by tnsl 4 0 1:. V, ^ 

Pxi,rcss ir >n tcTO* oJ ^ . and 

s3?-i» » “?= “yS: 'vw> 

CJOOO and vhcn 


■ — 

-r OT? 

;jaeBSViia^^° ^ ^ ^ 

1 .iss--r£ 


1 . 

it. scv it- ^ ■ diameter aua^^ diftwet^'^ 

°.„ „ Ke\<.;W. oij 3 it. ^^yfAi t\ie 


^ , Wi<'iit ol a „ it. , oi t\ie " 

^ti 

'£V‘““ “Son ... „.o.>vo» ol^SS”'" ■^“”* 

, in. «">“” „ oi n''“"‘’u 50 ">• ^ j.e„rti 0 »«: 

5";Sio”» gjrKW'-':;- . .., 5 cnn ®"'SSi»S ""“' 

■>• 1* «»"'roSo ■* TSv n-itl. n .V';' f.t li !>• 

;“S oi o*'"^.' ; . i,.nn oi 0 '!lSS,.. 1 . 0 .S 1 " " '‘" 

3 io''!'i?^^?i“'"Sr«i Si??;;; iiSf”-' 

hois'"' '" i 'e»'''0."“«,i. r. ■■ I"” ! oi iho ■SO””"’ 


oo.-|o^iOho..^^ ^ 


so. A ntniSho1"\"hfo 

Ci.-ctw"^'’ , ^ » lie rottW^i a , tivo iad^= 

V'““tt loi«i-' ‘S'' 


ex.vmlvatiux QO'tor/o.vA 


12 (tt) Tilts itiMilcs JUmtkr of a lioliow knUtrc of c4<.t >r«u 
frattioa *>‘j" sU outside tiaaioter, Fifid Uvajuain 
%«ght IS bO lb. TaVo oae tuUo inch of oust nvn 4a mi 
(/■Sb JU. 

li tlie outo}!. 
bcin^ allott-d, 

(1) 1 ho cro ■ 
diainiUrs ate 

3 inclits /ivm titt uvu of ttie'nti.: ; nhat m llii, \olum« oi tlio 
l'ro\e UiW rule ^ou fur of auy niig. 


if ti»<j 

ifeLmg 


Rot what IS Ui 1 oliiuio * 

ff') The hiifftfi af a. £!anc <unc h tliiulwl vutoif ejemeut", 
taels of 1 mill long Tht' mstlillc-i ol ^uct'<'t^l ^^5 tJtnu nts arv at the 
distances » from a hue in thi vlane, as fotfuws ft« mcbti,); li*. 
1 U 5 . 1091 , \\-H H 48 , II C 7 . Uo 7 nx;:. II ./ 8 . il- 2 K JDld. 
10 5 , 10 , 10 5 , Kill!, n-il, 11 40 11 07 , Vi.'iT, Ut. 7 , H 40 . 11 '’L 
20 91 . 105 

If the cut'c riitateu alioiit tin liii< a- an asis dtstniiui^ a 
find approwiuatelj tlie acta of tin' nii^ 

14 . A holloiv citxuhr ( jhmitr of fingt/i /, inside rAdiu* vui^i‘ie 
radius }t , anti mit a {orrouli {oi its tolunic T. 

Jf r-lS 2 e«bif inilii*. 1 ^ 7-55 rnrhe-, r- 2 'njnU«.«, 
find H 

2S The sain oV tbi airi!, of tno simirvs \s '12 11 siiuaro i»tl«.s, 
the sum ti{ Uiiir snU* 1‘1 iin).< . bml ilu '< sidi t 

16 The nr»a <'f ctY»-» > tlnn* nf « \insni (s •>,> Sll wjuare meIn* . 
nhat is the ana »/a «■< tion *iu of 25 with the i.r\»s 

y.t.lion '* 


Section VL Solid Geometry 


1 . The jwUr or tutor >o oiihu 
f.r, SO't and (4 H*! i , A <f i' 

of n-Rreote, 0.1 *''4 !ti 

Dran OA' and i»!ot tin }s>mt' . 
jicrja utlifUilar tis>m (f on .f <V and < 
0 .t 12 Vt n fv \ out 3 rt i » ■ r 1 >\ > .iV 


if . ill tst 
,f ff N th, 

o/: 4-2 
1 Hid 12 
( >}< 111 it< c 
IllllHIA tlv 


0 \w,jnts .1 md /2 are 

and f/Y tl.t luu 
Vri/f Jt»» 

Ih i.iir* W1 atKl ih*' 
lt< .tr.4 of thi inaii^R 

1 s iilut of 


»oj o/; -111 d 0/1 


2 The iioUr i-o-ordintt<a "J ■' j»»iii« an- r ~! fft, 6 >i- , 
^* 70 *, dnJ the jr, y, arid c rv 'mlnnt. s also tind th< » n-ado 

by r ■with tkeati't of LOAinlinattsj 

*T5is cross MCtwn i» tltc tniaihtt aOetJoa. 
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3. There i» a point P whose ::t;, y and c co-ordinates are 2, 1 *5 

and 3. Find its /*, 0 and co-ordinates. If 0 is the origin, find 
the angles made by OP with the axes of co-ordinates, [1902] 

4. Three planes of reference, mutually perpendicular, meet at 0, 
The distances of a point P from the thivo xdanes arc a;^l-2, y = 2‘7, 

The distanees of a point Q are x'=0'8, y — 1*8, 2 = 1 *5. 

Find ist, tlie distances OP and OQ ; 

2ncl, tlie distance PQ ; 

3rd, the angle between OP and OQ. 

5. Three planes of reference mutually perpendicular meet in the 
lines OX, OY, OX. Tlio lino OP is G‘2 inches long; it makes an 
angle of 02' with OX and 43'' witli OY. Call the projections of OP 
uX>on OX, OY, and OZ by the names, x, y, and 2 and calculate their 
iimounts, taking the positive value in the case of z. What angle 
does OP make ^vith OZ't 

Tlie plane containing OZ and OP makes an angle 4i v/itb the plane 
containing OZ and OX, what is this angle ? 


Section VII, Series, 


1, From the series 


— calculate 


1.2,3 I, 2. 3, 4. 5 
(using Tuble.s IL ami ill.) the values of sin sin 45°. 

[x denotes the angle in ra<ljans and 15“' ==0*2018.] 

2. Calculate the nuinmaeal values of cos 15“, cos 30°, cos 45°, using 

.r- 

the series cosx== 1 - r J ^ 

^ Oj/J 

3. Find from the series tanx==.r + -:^-f Tr 4*... the numerical 

3 15 

values of tun In'*, tan30\ tan 45'. 

A I X‘om the series h>gv (1 ^ x) x - ~y -r'^ - calculate to 

«. o *x y 

base 10 the logarithnw of the following *02, 1*0-1, TOG, TOS, Ti, 
I I 4. 

[To calculate log, i *2 put x=0*2 in the above series then 
log%T2==0*1823 and logj,^T2-0*182:3x0'43-13~0*791S.] 

5. In tljc series - 1 -r x - -f 4- writ o 

_ T2 1.2.3 1.2. 3. 4 ^ 

(s - 1 ).r or ix for x. 


Similarly 


X^ J 



*r2!' r 


.4 



jp 


.4 



*. zz COS X 4 - 1 sin x 


co.s X - / si n X. 


.(i) 

.(H) 



HXAiUXATIOK QUEaTlOXa 


213 


From (i) Mvd {u> 


fi. Expi^ tbe *ng!p 0 3 rafjutu xa di ; Ca i frcm lU U» !r» 
its wne. If jf IS JO ami if 




calculate the feme of this ar^lo to four fcj;jr>ificaxa t AIu r I, » 

many U-nji3 are raonj of ilicm m tLs ue oiJ» j e, 

four figures ! [Note tLat ' o lacana l<25<3x4j<5i 


Sc::ttoa Vm. Vectors. 

1. Dc6q« catcfullv lahat U mtanl by ibe Scalar Frodutt of two 
vecto« and by tbe S cctor I'ruduti of l»o vcciors, g>T,rgi-iie u.#jtJ 
example of each 

2. Define tattfuUj ifhat is meant by tbe SoiI-tj Frmlaet ami bj 
tbo Vector I*rwiiict of two ^ecCow, ^«ng one uM.fal examj.l'' ti 
each. 

3. A maaa m of 3 otnta, motuig tn a lionzonta) plane, } ia a 

relocitv r, of Star ft persec. fdircctions U.uip n.La»..rvtl aaticI'xLwi'.' 
from tKe cast), lU momentum i>i,r, being 3 n C4;30*='72»> oniU. A 
second mass nis of momentum of li^' units. T1‘e tw-o U>lii « 
collide, moving on with a common itlucity r, and a tnom> ntum 
(Wi + Jili)e equal to the lector sum 7ii,r, . I*JS^ = a«. 

bhow that a«= IS9,*- abo that pxo,- im, 


Section tX. Diferentutioa. 

1. What do yon undcretand by the slope or yradicnt of a grapli • 
Qluatrate your answer bv drawing a curve ol smes from 0 to r sod 
below It a curve whoso ordiuatc at every po.ct shows the sl’>j)e at 
the corresponding point on the sine curve. 

. ~ I ,/tf 

2. Ghcnyaii*. co»3r. e'*'. find m each can- ^ 

3. (i) Define what u meant hj 

(u) If p»0*, vhow that ^ IS ppjportional to o' if o be coMt.-'.t. 

(di) Give the value of when z = 3 16 and (iv) oomjsae it 

with the value of , . 'r. 

{r»3;i8.i 
bvl ‘ * 

♦These ars Vtown as eosh* snJ »iiih a tts Utter u si ut 





lir:!:-— -^Tovn-o-oi. 

(;\ dll 

dx 

I'lJi'i 55 _ ^yx-^gx"- 

5 „ 1 y=: 3 f^sh^ 2 a:- i„te 

1 : ,.^x^,V^ 4 x - b= 0 ‘‘^’ 

,vc y f fU T-n 


\ \ ' M \ J— ' 

\ort^oP‘^ \ -"^" "^'^ccond 

\ .at x,yX--—' Also dva'v a . alov^^ ^^fj^oin 

..V- ;;^. -j B. 0 “< 

s. ^VoprSd^uT*-’ ,i„a « “r«5i 

ps.;^*"''::: :; . -- ? ’=■"■■■“»•“ “-*" 

. /.ftwiitiou ^.urve. ^ 


‘'•‘; T :; =^ •»“ fo-s" »t 

K’« «’“' .t * "f -s/i "'» f ”'t;.» ‘>.0 pi-^" 
10 . A iy“’''s",.» ;» “is;; '“‘ 

a\ai"‘^^^f ,.; pov second. “ 

''■' -- - * • cvVu 


^,cu\dc to“^V''J^ \,y a cyVn 

'i‘' ‘d is adwi'-^‘^‘^ 'f^ovins;- 

Vo feet ol y = 


K,V.ViIiyATWX QUllbTlONS. 


.'>15 


13. A pislDit freely ii 
rate does it inoio mIjcu sUanj 
feet per second ? 


4 ejUtidcc <r diSTi.sUr. At iiii.it 
8 adniUtcJ at liic rale of JO cubic 


14. Callcnd-ir’s formula for the lanation of Jl the clcttncal 
resistance of platinum ■with ( the tciujicralui a is 
7?=s.??e(l + fl/ + f/>J 

where a and h arc constants. Find a foniiula for (lie incrcani of 
tCBistance for a fciwall rioe of tcmi>traturv. 

15 An arc h^dit is at a of Od ft, ahoio a htrat^dil hon- 

zontal toad on which a man <> ft. » wallLUi'^ at the rat® of 
4 miles jKf hour U’hat is the rate at which the man’s shaslow is 
len^htning'’ 

16. For what laluts of ff between 0* and lt4j’ » tan S incrtacniff 
four tunes jw fust as ’ 


17. In the inotlicrmal expansion of a gas, giicii for what 

salucof p will the rate of < lunge of jinsstire per unit change of 
\ol\ii»c fie double what it was w heti ;> was ‘iO* 
la. A Wdrr \ fi IT lo - • . • ”, 


19 7 ho sill of a window in the lertical wall of a liause is at a 
height of 30 feet from ihe groninl fii .ft what rate is a man who 
18 waiving at 4 mdis p«‘r hour on the level ground approaching llm 
wll' (ii) IVliaf IS the iiunii'Mi il value of the rut* W he li he is 40 fw. t 
from the foot of the woll 

20 Find and taVmUte from tlie following .allies of r and j the 

values of and hind th. ..aim ot wle n a" - S"2. 
dx itr* "-r* 

Plot three earns slnnung Oi ' tin lalui s of y and x, (f.) (c) 

Venfy' hv measurement that tin’ vl<i}s of (a> is tijiiil to tin onjinato 
of (h).ana the slope of rf.j i- cijui' to tin otdjriit» "f (. ) 


y ' (,4.1 I. 7” 'i.f ‘»-'i ><'3i 

21, The IX la lion Utiusnsltn -|M'’ our hj a mo«in,i 

Ixxlyand the tune t m gni n hi 

« _ .'h , W In M ' J 7 i ^ 

Flud the vilocitj e and nuluitiori a it iln timi t-1 fhs: 
find the sjuw jussed over hi tin nio.ing Isd* Utwtsii the titmi 
fsui, /=4 
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23. Tlio following values of .u and y being given, find by using 
successive dificronccs the value of ~ when a;=3, [see page So4] : 


X 

0 

1 

o 

o 



y 

2 i 

C-3 

kS'd 

3S-9 ! 

07-2 

[ 103T) 


23. A point moves along a lino so tluit its distance from a fixed 
point in tlio line at a‘ lime t seconds is given by 

Vind exprossioi\s for the velocity t% and the acccicratiou a ; find 
the value in each case when = 

24. A body weighing 100 lbs. moves along a straight line, its 
distance s at a time f is given by s=2'7- S'OiJ'f 

Find, when ^ = 4, the velocity r, the kiuotio energy and 

momeutunx »ia where m is the mass of the body=:i'g::^‘ 

25. A link of a machine has plane motion ; successive positions 
of its centre of maSvS G at intervals of second are given by a*, y 
co-ordinates in the following table. Corresponding angular positions 
are also given, t? being measured from Ox towards Of/, 


Position 

1 

2 

O 

4 

5 

a*, 

feet 

3 ‘20 

•2t>7 

1-09 

0-3S 


Vf 

feet 

: 0-27 

0-7 : 

; 1-2S 

l-W 

1 

‘2-57 

0, 

radians 

1 0-ia 

tVll4 

0T53 

i 0-211 

0-307 


Fiud the magnitude and dirootion of the linear acceleration of G 
ami the angular aecolenitiou of tlvo link when in the middle t>osition. 

The mass of the link is I la lbs. and its radius of gyration about 
G is 0*SS ft. Find the force corresponding to the linear acceleration 
and the couple corresponding to the angular aeceleratiou of the link 
for this position. 

26. At the time l seeonds a Ivody has moved x feet along its path 
from some fixed point in it. These positions have been found from 
a skeleton drawing of a mechanism. Find the average speed in 
each interval. Find also the acceleration in the path at each 
instant ajipTOximately. 


U-jJL 

0-1 

0*2 

0-3 

0*4 

0*5 

0-0 

! i 1 

4 

S‘17o 

' 13-5oSi 

1 

17-137 

1 22*004 

-27-806 
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27. Tlicro 19 a cuno yaU+O 1,1c*. 

I’rose that for any »aIuo of j: the t.Iono of tlie cun o or i* O.tr. 

iU 

28 In a ctrtAin !■ p»ael it liapjicns to he true, wUfnn c< rtaia 
that ^ r=s > 

'where k j9 tbo ttrtical drati^rlit in A'ct anJ fis tiio dirplact nicnt in 
cubic feet. If .1 i9 the area m square fret of a horizontal sectnin on 
the waterletol, eipress A m terms of A. 

If I anJ h are the length ami greatest hruiellh of the section and if 
.1 sn/A where n is a concLant fraction, show that f'sm/f/A when? rr 
18 A constant fraction 

29. A quantity y is a function of x, wfiat lio wo mean by 

dx 

Illustrate your meaning, using a curie Illustrate your meaning 
by ceinsicltring a bexJj which leas Rn»\eel through the space? / in the 
time t. What is in the' feillowing euses 

y=^a + Aa; + cjr* + ya', y = a logr, 
y^CTf", y==asm(i4: + cj? 

30 There is a piece of me chujism whoso weight w 200 !!« The 
feillowing eaiuca ot s in fe< t show the clist.mco of lU centra of 
gra'ity (as mcasureei on a shehton drawing) finra some pe>mt in lU 
Straight path at the time / seconds from some era of ntlceming 
find it« acceleration (it the time r-2n'i, »nel the) force in jsjunUs 
which is gmng this acceleration to it, 

TT^mo j o«3t j f nsroi | i-ocia ^ J-Jcai ; 

ft 2 0 I 2'<>2 j 2-01 i 2-00 I 2 -(Kt f 2 10 

31. What IS meant by the symbol KxpUin how it niaj l« 
represented by the slope of a cuire Mate ice 'slue in the easts 

y=:eix", y = et**, y = e»siiii/.a-rc). 
y=aeo9(Ajr + f)i y*log,(j‘ + At 

32. What 19 meant by tbo sym U>J 

£splam bow it may bo reprewnU'd by the slope of a cun a 

If y=2 4 - fio + 0->*, find g and plot two curves from rsO t» 

*=4, showing how y and ^ depend upon 
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33. If the current G amperes in a 
C=10sm600i 5 it i is in seconds, and if 




BG^L 


dG 

dd 


circuit follows the law 


where B is 0*3 and iS is 4 x 10'^ what is F? 

Show by a sketch licw Cand V depen/i upon time, and particularly 
how one lags behind the other, and also state their highest and 
lowest values. 

34. y^a^hx'' is the equation to a curve which jiasses through 
these three points, 

x'rrO, y:=:l-24; y=o-07 ; a'=3-5, y=12*64 ; 


hnd a, and n. 
When we say that 

exactly do wo mean ? 


^ is shown hy the slope 

^ 1 o 

Find ^ when x^2. 


of the curve, what 


Section X. Maisima and Minima. 

1. If y=2:r"f find what positive value of x will make y less 
than any other. ^ 

2. A mimbor is added to 1*96 times its reciprocal. For what 
number is this a minimum ? 

3. Divide the number 12 into two parts such that twice the square 
of one part together ^nth tlireo times the square of the other shall 
be a minimum. 

JL Find (i) the strongest, (ii) the stillest beam that can bo cut out 
of a cylindrical log 12 inches diainetei*. 

5. The {Kiwer given to an external circuit by a generator of 
iaterual resistance r and k.m.f. E is P^CE- CPr where G denotes 
the current in amperes. 

if <£J=*10 volts, r=2*2 ohms, find for what value of 0 the power 
is a maximum. 

6. An electric current flowing round a coil of radius r exerts a 
force F on a small niagnct wliose axis is on a line through the centre 
of the coil and perpendicular to its plane. If x is the distance of 

the magnet from the piano of the coil, then When is 

the force a maximum Y 

7. A battery contains n cells each of k.m.f. r volts and internal 
resistance v ohms ; ii x cells are arranged in scries and ~ rows in 
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parallel, then the current that the Kitten- 
external Ksistanco U n gi\cn by ^ 


i>ill senil ihnju^h ui 


n rr , 

amjiias. 

~ + 7? 


If there are 20 cl11«, pal 8 velta, r=0-2 ohniJ, K^QTA 
how many cells must bo otrangeti in sem-« to giro the 
possible current » 

8. FinJ the railius and lolunie of greattit c^hadtr whtth can 1 m 
obtained from a sphere 10 inches diameUr. 

9. Wares in deep wa ter willi crt*ts \ cm. ajiart trail I with 

rclocity + cm. per second Whiru a = l'73tm. and 

c=23-2 cm per see Bor wlmt distance Itctwccn the crists do 
wares trarxl slowest* Show that this distance gins a niinuiium 
and not a maximum speed 


10 Sketch the curve y=x^t^ Show that it lias a luimmuiu 
onliiiato of length I S.j where a-=0 o 

31 A current sent through an external resistance J} \>r a 
battery of internal resiimnce r and E.V r t The pjwer girin to 
tho external circuit is girin by 



Proro that P is a maximum wluti li-r (iircn r I 1, 

find tho value of It whuh will gi'o ihu gn:aU.st raluc of / 

12 A tank with square Irise and rirtical sidi s i» to K niaib of 
sheet metal, and to contain !(• cubic feet. ImH tlic length ot ih* 
Side of the base and th« height i-n that tin 1* I't migtii "t no t-d 
may be used 

13. Gircn y=2Mna’ t 3 cx>» x - .1 (>. for wliat \ iIik o) e y ti 
and y»a maximum * 

14. Find treo values of ^Utw.i-nO and ' . «• * ..f wbi. ti s.ii i^ti. s 
the equation 

3sin0-i-'tcosfi-4-2'> 

Findalsoa ralneof ^ forrrhieh the gir, n i i* r m ixim iiii 

15. Show how to m^crilM th. gnjt.M nghi one i> i -’"Ml 
Sphere of raebu* r 

Find tho volume of the pTr-atest coin win. i ui i» o .‘“o ' 

sphere of 10 inches diameter 
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16. In a steam engine the mean effective pressure is found to vary 
with the speed according to the law 

^=56-'0T277h 

wliere p denotes the pressure in lbs. per sq. in. and n the speed in 
revolutions per minute. 

Find the speed at which the engino will develop most power. 

17. Prove that the least amount of canvas required to make a 

conical tent of volume V is given b}" where h is the height 

and r the radius of the base. A conical tent has been constructed so 
as to enclose the greatest possible volume for a given amount of 
canvas. Find the number of square feet of canvas used if the tent 
stands 8 feet high. 

18. Given that the combined length and girth of the greatest 
parcel which may be sent by parcel post must not exceed 6 feet. 
Find (1) dimensions of a box with square base and vertical sides, 
(ii) the length of side and volume of a cube, (iii) diameter and 
volume of a sphere, (iv) diameter, lengtli and volume of a cjdinder. 

19. Divide a number a into two parts so that twice the square 
of one part plus three times the square of the other shall be a 
minimum. 

How do you know that you have found a minimum value ? 


Section XI. Integration. 


1 . Evaluate 


( 5 ) 



cos xd:c, 



(iv) Determine the area enclosed between the graph y == 1 the 
axis ot X and the ordinates ar=0, by Simpson’s rule, by 

evaluating j 1 between the appropriate limits. 


2. Given If 7t is 2*5 and a is 0, and if the curve 

passes through the point (x=:5. y = 4), find 6. 

What is the area enclosed by the curve, the ordinates at 
.r— 6, and the axis of a;, (i) by Simpson’s nile, (ii) by integration ? 

3. In the curve y=ax^ find a so that a; = 5, y:= 10 is a point on the 
curve, hind the urea between the curve, the axis of or, and the 
ordinates x=:l, x = o, (i) by bimpson’s rule, (ii) by integration. 

4. riio relation between the velocity r and the time i in a inovung 

LKKly IS gi^en by Show that the displacement of the body 

irom ( =2 and f = 4 is given by 

3 / V(/<=:oGft. 
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5 . Tlie acceleration of a niocing body is gi>cn by a = JW where r 
dchoU's tbo time in Mcond*. Kind an ciprcMion for the relocity at 
any instant gircU that Uio ttlotity is 10 ft. i^r sec. when 

e. Given y=e*'**, calcubte and tabulate lalues of y for the 
following lalues of xi O’, 15’, 30*, etc. 

Kind the numerical caluo of ^ using bmipson’s rule. 


7. (i) Plot the curie v=coa*r. Use jour diagram to determine 
the value of the definite integral J cos’jrefr. 

(ii] Find the value by integration. 

(ill) Apply Simpson’s rule to find approximately the satuo of 



8, Plot tbo curve y=^0'2j^. Tabulate the salues of y and y* for 
values of ar, 0, ] , tl, 3, 4. 

Find the area inclose<l by the cone, the axis of x, and the ordi- 
nates jt^O, a:— 4, (t) by Simjttpon’fl rule, (n) bj' Integra ti oil, 

ne. ,4 = yVdr 

Assuming the gi^cn curse to rotate about the axis of s, find the 
volume of the solid between the values x = 0 andx=4, (tii) using 
Simpbon's rule and tabulated values of (n) from y^-r- 

9 Plot the curve y=.3 - .ijr + 2 j:* Tabulate values of y and y* 
for values of a:, 0, 1, 2, 3, 4 

Find the area enclosed bctw'tcn the curve, tbe axis of x, and the 
ordinates j:= 0, *=*4, (i) using Simpson’s rule, (n) by integration 

The curve rotates about the axis of x, find the volume of tbe 
solid generated, (in) by Simpson s rule (iv ) bj intcgration- 

10 . Integrate (0 ■i'x^ilx 

(ii) ^ betucto the limits 1 and 2 
(ui) cosxdx between the braits 0 and 

11 . A quantity of gas expands so os to satisfy tbe law pcBC 
Find the work done in expansion from t'=;2 cub. ft. to v=8 cub ft. 
Given ;>=C0 lbs. per sq. in. =8510 lbs. per sq ft when vs- 
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12. Find the work done in the expansion of a quantity of gas 
from 2 cub. ft. at $640 lbs. per sq. ft. to 8 cub. ft. The gas expands 
so as to satisfy the law 

13. A quantity of steam expands so as to satisfy the law 

Find the work done in expansion from cub. ft. to i;=:lU cub. ft. 
Given P=:S640 lbs. per sq. ft. when v=L 

14. Find in foot pounds the work done when 20 cubic feet of air 
at an initial pi'cssure of 50 }}>s. pcv sq. in. exj^ands at constant 
temperature to a volume 100 cub. ft. 

15. Plot the curve y-=3x and find the area enclosed the curve, 
the axis of .r, and the ordinates OJ— 0, a’=3. Find also the volume 
of the solid between the same limits when the curve rotates about 
the axis of x. 

16. Find the area enclosed by the curve x*— 9y and the line x=y. 

17. Find the area enclosed between the curve and the 

lines X“0, x — G. 

18. What is the area included between the curve vX’7/=100, the 
axis of X, and the lines x=^*S% when (i) 71 = 1, (ii) 7i = l'3? 

19. 2 / = a4*kx‘‘ is the equation of a curve which passes through 
the three points 

x=0, y==:l‘2; y = 8'5; a:^4, 

Find a, h, and 71 . 

What is the slope of this curve at a point on it whose x co- 
ordinate is 4*G ? 

Find tlie area between the curve* the axis of x, and the ordinates 

20. Find tlie area between the curve l/- the axis of a:, and the 
ordinates x ^ G, .r = 4. 

21. A cylindrical hole of diameter 2r is <h*2llcd through a solid 
sphere, diameter 2a, the axis of tiic cylinder passing Uirough the 
centre uf the sphere. Show that tlie volume of the remaining 
portion of the sphere is 

4-r 

Show that this may be w’ritten in the form where h is the 

lenuth of tl\e axis of the cylinder. ^ 

Find the volume when a r^G in., c=:2in. 

22. Prove that the ixn^a between the parabolas ifzzmx and 
jr-^ny is 

23. Show that the avernge height of the ordinate of the curve 
y-=4a.r between x:^0 aud is two-thirds of the ordinate r/. 
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24. Tlic fblloH mg num Wrs express tbo rehtion bclvt cen p, the 
pressuro in lliS per sq. m.. snd r, tho volume of steam in a c^Lndcr 
during expansion : 


p 1| 4 40 4-n 

f I 3 34 3 73 


3 73 

4 12 


2-90 I 2 07 

5 53 f 6 3 


p and V arc connected by the law pi^=et find the value of L. Also 
£n<l the work done from v=3 34 to v=G 3. 


25. In tbo cuno y = a + if y=l’35 when x=0, and y=5 59 

when X£i 4, find n and b. 


2G. If the distance s of a liody from a fixed point in its ]iatli at a 
tiino t 13 giicn by «=a6inpt, show tliat the mean \ clocity » from 

<=t> to ^ = .‘^ 

Given c=5, /)=0 5230, find r 

27. Thcro is a curve w hose sha])e maj be drawn from the follow- 
ing values of X and y 

X in feet I 3 35 j 4-2 4S j 

y in inches I 10 1 122 13 1 II 0 | 


Imagine this cun’o to rotate aliout the axis of x describing a 
sutiocu of reeolution \V)i it is the 'lolurae" cnclie>>ed by this surface 
and the tw o e nJ sections n liere x = 3 and x = 4 H * 

28. Tind if pi*=-c, a consUot, 

^ (I) wlien* = 08, 

(2) whins = I 

29. In the carve y = cx^, find c if y = m when x=r6 Lxt this 
curve rotate aliout the axis of x; find the volume enclosed by the 
surface of revolution between the two soclions at x=o and x=li. 
Of course, M, b, and a are given duUnccs. 
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30* TiiO nito (per unit increase of volniuc) of rccoptiou of heat by 
a Plan is //, p is its pressure, and a its volnino; 7 is a known constant, 
a and c being constants, find h if 



Full marks will bo given only when the answer is stated in its 
simplest fomu 

Ir li is always 0 , iind what s must be, 

31. Find the area of the curve 

2/ = a -i- Lx” 

fixjin tile ordinate at .r=0 to Uio ordinate at If n is 2*5, and 

ft is 0 , and if the curve x^asses through Uie imint (;ri=:5, y — 4), find A 
What is the area of the curve from the ordinate at a;=:0 to the 
ordinate ;u ~ 5 ? 

32. In fclie aimosxihere, if p is xiressuro and h lieight above datum 

lev*cl, if — 

where c and 7 are constants, and if 



find an etpiation connecting 2> ii»d h. 

Wliab IS Uio above c if p^twUl Assume and where 
— 0 . li is a known constant for air. 

Find the eipiatiou connecting h and t, 

33. The following values of y and x being given, tabulate ^ and 

ox 

2 /, dx In eaeli interval, and A or the sum of such terms us y, 5x, 
Of course A is the approximate area of the curve whose ordinate 
is y- 


^ !: 

! ^ 

j O'l 

j 0-2 j 0-3 

O'-l j 

' i 

0‘5 

1 

0*0 1 

0*7 

0 \S 

0 -u 

/ i 

i 0 

i 

I -nas I 

i ' 

j *3120 j TiOOO 

1 j 

j *0128 
\ ! 

1 ‘TC^jO 1 

•sooo { 

•0307 

[ 

'US IS 

1 ' 001)0 


Section XII. Centres of Gravity and Moments of Inertia. 

A ^^’^^^^obldrun stjuare bar 0*74 inches side is 25*5 indies long, 
bind its moment of inertia about an axi.s passing tlirougli its centre 
of gravity and^ perpendicular to tlie uxi.s of the bar, (i) using the 

formula Ibe more accurate formula 

4 = jgj- 

whei- 0 1 dciiotys this length luul l> thu loiigth of a side. 
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2. GiTcn for values of x=0, 1, 2, 3, 4, calcolatc a&il < 

tabulato values of y and uy, (i) Find by Sinipbon’s rulo the area 
enclosed by tlio curve, the asis of x, and the end scctiuiH x=0, 
x=4. (ij) Find the area by evaluating; j Ox^'*dx Find the \aluo 

of X at the centre of area, (in) by Simpson’s rule, (iv) by 
yixdx-i- j Qx^'^dx, 

3. In the cur\e y=3-2jf-^i* for laluea of x=0, 1, 2, 3, 4 find 
and tabulate laluea of y, y* and a-y*, Tlio curve rciolves aUiut iho 
axis of j; so as to generate a solid of revolution. Find the centre of 
gravitj'of the {lortion of thia solid which Iks between the sections 
at X— 0, x=4, (i) using .Simpson's rule to obtain approximately tlio 
sum of xy* and y*, (u) by evaluating J*xy^dx~- J y*iZx. 

4. The curv o y s 1 33 + 0 33x^ rotates aliout the axis of x so as to 
generate a solid of revolution. Find tho centre of gravity of the 
jKirtion of this Solid which lies between the sections x^O, x=4, 

(i) by Simpson’s rule, (jj) by jntegratioD. 



6. A sphere radius 5 in. is cut by tw o parallel planes on opposite 
sides and at distances 4 in. and 3 in from the centre respcctiv ely. 
Find the position of tho centre of grav^ty of the zone. 

7. Find the moment of inertia of a thin rod. 3 ft long and 

weighing 7 lbs , about an axis througii one end and pcrpcndiciuar to 
Its Itiigd. Find its kinetio energy when it is rotating about 

this axis at 100 revolutions per minute (•> = angular velocity in 
radians, /« moment of inertia (y = 32-2| 

8. A rcctonmlar sheet of wrought iron 3 ft bj 4 ft. and J in 
tliick rotates awut an axis passing through one of its shortei sides, 
find Its moment of inertia. Also find its kinelio energy when 
rotating al»ut this axis at 60 revolutions per minute 

9 A cylindrical bar 13 m long and 2 in diameter has fixed to 
its ends two cylinders 10 la diameter and 2 in long, tho distance 
between the centrea of the cylinders being 11 in The bar is 
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nmnundful in ii horizontal position by a iviro [)ua<iing through tho 
laid point ot itn axiii. Find tho radiuB of gyniiioa (or swing radius) 
about the wire, 

10, Find the inoiniuit of inertia of a hollow right circular cylinder, 
internal radius 7^ , cxtcrnul 7^",^, length /, about the axis of figure. 

ih’ove the rule l>y which, when we know the nioiuerit of inertia of 
a hody about iui axis through its centre of muss, we find its nionient 
of inertia about an}*' parallel axis. 

What is the moment of inorliji of our hollow cylinder about an 
axis lying in its interior surface V 


Section XIII. Differential Equations. 


1. (liven that - 7^, where is the pressure and v the volume 

of a gas which expands without gain or loss of heat. Show that the 
law connecting jr> and v \h where c is a constant. 


2. (iiv.a '^jUhy- 
then 

y 

6’; 

y z: where a zz 


3, Given 
then 


fly 

dx 


n 


y.. 

X * 


whore azzrp. 


d. A tree trunk is assumed to be in tlie form of a solid of 
rc^ulution whose axis is vertical and the area of any croys-seetiou 
weiglit of th«i portion abtjve that sectum, Prove that 
II 11 js the Weight of unit volume of the wood, the urea of the 
f.ccftion at a hf-ight x above the grouiul is proportional to 

5. A thick cyliiulcr inlcrmil jiulius r is aubjculwl to a coni- 
j)n-;..-iivn ritrec,! /> inni(l(j aniJ yj-hiJp oul.sido. 'I’lien 

dr r 

«how' tl.at hi;,' ip-a)-^. - 2 log >• H- c. 
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Table I. 

USEFUL NUJIBEHS ^LNT) FORMULAE. 

V2 = 1-41L -/3 = I 732, ^5 = 2230, \^G=2449. 

a-=3-1416or 3 142 or V. ^=0 3183. | 

■ ' ■ logr =04072 

. . ■ log 2-718 = 0 4343 

log >7854 = I 8951 
log 02 3 = 1 7945 

. ^ . .log 172S = .3 2375 

1 horso-po'«U-= 33000 ft.-lbs. per min. log 52.70s T>7100 

= 740’«atts. 1 log -1004 = 1-2052 

1 radian =57 3 degrees To convert common into Napenan 
logarithms, multiply by 2 .3020 (c = 2-718). 

Mensuration Formulae- In the loUoning formulae: .1 denotes 
area ; <S, surface ; F, volume ; a, b, c, the sides of a figure ; 
h, the altitude ; I, the slant height ; It and r. radii of circles. 
Eectangle or Paralhlo<jram. A =a/i. 

Tmnglo. M = laA, or v7(s -o)(s-ii|(a-c), where a = J(a -J- 5 -H o). 
Trapcaium. P.irallel sides a and b. A =J (o -l-&)/i. . 

Circle. Circumferenco =2irr, A = nr* or a- (^* - r*). 

Elhpse. Semi-axes 0 and 5. A^s’tib. 

Simpson's Hule. A =j(-l,'-- 4 5 -f- 20 ^bero sis the space or dis- 
tance between two consecutive ordinates. .*4, is the sum 
of first and last ordinates, Zf is sum of even, and C is sum of 
the odd ordinates. 

Pnsmoid. Average section = J(-.li -f- 4 iJ). r=Q(,J| -r4B). 

Prism. S= 2 (<ih 4 -ic-i-acK r = aA<;, diagonal = v'a*J-t*-vc*. 

Cylinder. S = 2-TrA + 2rr*. T = 

Cone. 5 = rr/-^wH, 

Sphere. 5 = 4 s-r*, F = Ijff r» = 0 523<W*. 

Bing. 5=4T*/?r, F=2r'*r*A'. 

Frustum of cone. •S = T(/^ + r)/, f ■rr*+ Hr) 

Frustum of pyraxoid. F=j(*li +A,-t- VA j-I,! 

Zone of a sphere S = 'J^rrb, F ZT* t r* - 

Weight in lbs. per cub. in- • — Cast iron. 0 25 . rooirlit in-n, 

0 23 ; Steel, 0 2S4 ; Brass, 0 29 , Copper. 0 31ii Lead, d 412 
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Table H. 
LOGARITroiS. 


8 


m 

4 5 6 

0334 

0713 

1072 

0374 

0755 

1106 

4 913 

4 812 
4 812 

4 711 
3 711 

3 710 

17 21 26 
162024 
15 19 23 
151922 
14 1821 
1417 2(t 



3 710 

13 16 20 

1399 

1430 

3 710 

13 16 19 



3 6 9 

12 15 19 

1703 

1732 

3 6 9 

12 15 17 



3 6 9 

11 14 17 

il987 

2014 

3 0 8 

11 14 17 

1 


3 5 8 

11 14 16 

2253 

2279 

3 5 8 

101316 



3 5 a: 

10 13 15 

2504 

2529 

2 5 7] 

10 12 15 



2 5 7 

912X4! 

2742 

2765 

2 5 7 

OllUl 


H 4 0 SU13 




2023 * 2:6 
oo on 



81113115 IT 10 
8 iO 12 1 14 16 IS 


2 4 5 7 9U 121416 

2 3 5 7 910 121415 

2 3 5 7 S 10 11 1315 

2 3 5 6 8 9|lli:JU 

2 3 5 6 3 01111*214 

1 3 4 6 7 0 10 I^Tia 


6 7 0 101113 
G 7 8 101U2 
3 41 5 7 SI 9111*2 
3 4 5 6 8 9101*2 


1 2 4 5 6 7 91011 

1 2 4 5 6 7! 31011 

L23 567(30 Ifl 

123 567 30 1C 

1 2 3 4 5 7 8 OiO 

123 4 5 6 8 Olfl 

1 2 3 4 5 6 7 8 £ 

1 2 3 4 5 6 7 8 £ 

1 2 3 4 5 6 7 3 C 

123 456 78S 


4 5 6 7 a £ 






















LOGARITHMS. 


Table U. 

logarithms. 
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Table III. 

AKTILOGAIUTHMS. 


2 ; 3 


8 9 51 2 alU 5 G 7 8 0 


•00 1000 
•01 i lOZi 
•0:; ) K)J7 
•0:i f 

•Oi ! 10U«V 


05 1 IZZ 

00 . IMS 


•OU ’> 
{ 

1220 

10 i 

. 1250 

•ll » 

1283 


Itt— MBil 


■13 1 

1310 

14 j 

1380 

•15 

j 1413 

10 1 

t M45 


BrMlWl 


•18 ^ 

• 15U 

•10 i 


•20 

1 1585 


21 I 7 as 


25 1 1773 



27 

18ti2 

23 ’ 

1005 

20 

. 1050 

'30 

1005 


40 i:25l2 
n 25*0 


1010 I 1010 
1010 10-12 
1001 1007 


0 

1 

1 

0 

1 

i 

0 

1 

i 


2405 

2500 2500 

2553 

25)50 2:)0 1 


0 

1 

1 

1 

2 

2 

2 2 3 

0 

1 

1 

1 


«> 

o 

o 

3 

0 

1 

1 

1 


2 

»» 

3 

3 

0 

1 

1 


- 

2 

it 

3 

3 

0 

1 

1 

1 

2 

2 

2 

3 

3 

0 

1 

1 

1 

2 

*7 

«) 

3 

3 

0 

1 

1 

1 

2 

<» 

Z 

3 

3 

0 

1 

1 

1 


»> 

2 

3 

3 

0 

L 

L 

1 

*> 


3 

a 

3 

0 

1 

1 

1 

o 

<) 

3 

3 

3 

0 

1 

1 

i) 

2 

•> 

3 

3 

3 

0 

1 

1 

*> 

2 


3 

3 

3 

0 

1 

1 

O 

o 

2 

3 

3 

4 


1 

1 


2 

it 

a 

3 

4 

0 

1 

1 

«) 

o 

it 

3 

3 

4 

(J 

1 

i 


«) 

3 

3 

3 

4 

0 

1 

1 


if 

3 

3 

3 

4 

0 

1 

li 


it 

3 

3 

•4 

4 

0 

1 

1 ; 

2 

O 

a 

3 

4 

4 

1) 

1 

1 


2 

3 

3 

4 

•1 

0 

1 

1 

<» 


3 

3 

4 

4 

0 

1 

1 < 

«> 

it 

3 

3 

1 

4 

0 

i 

1 1 

»» 

it 

3 

3 

4 

4 

1 

1 

: 


3 

\i 

4 

4 

5 

1 

1 

<1 

o 

3 

3 

4 

4 

5 

1 

1 

2 


3 

3 

4 

4 

5 

1 

1 

i* 

•> 

3 

jl 

4 

1 

5 

1 

1 

.1 

•> 

3 

3 

4 

4 

5 

1 

1 

- 

o 

3 

3 

4 

1 

5 

5 

1 

1 

*> 

if 

3 

4 

i4 

5 

5 

1 

1 

2 


3 

4 

14 

5 

5 

1 

1 

o 

<1 

3 

4 

14 

5 

0 

1 

1 

•i 

3 

3 

4 

14 

5 

0 

1 

1 

2 ' 

•J 

3 

4 

|4 

5 

0 


2 3 4 5 5 0 

2 U 15 5 0 

2 3 4 5 5 0 

3 4 4 5 0 0 

2 4 4 5 0 0 
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Tabla VI. 

NATURAL TANGENTS. 



0' 

5* 

10' 

15' 

20' 

25'- 

30' 

35* 

40' 

*45' 

50' 

55' 

1 

2 

, 

3 4 


*0000 1 0015 1 

I 

0020 ' 

0014 

0058 

! 

0073 

0037' 

0102 

01X0 

0131 

0145 

0100 

3 

6 

9 12 

1 t ' 01S9 

0204 

0218 

0233 

0247 ; 0262 

0276 

0201 

0300 

0320 

0335 

3 

6 

9 12 

o 

•0349 0304 

0373 ; 

0393 

0407 

0422 : 0437 

0451 

0166 

0480 

0495 

0509 

3 

6 

0 12 

5 1 

‘0524 ! 0530 

0553 * 

050S 

05S2 

0507 

0G12 

0020 

0041 

0655 

CG70 

0GS5 

3 

6 

9 12 

4 jroooo; 

0714 

0720 . 0743 

0753 

0772 

0737 

0S02 

0810 

0331 

0846 

0S60 

3 

6 

9 12 

( 

5 ' 

-0ST5 

(lS90 

0904* 

COlO 

0034 

0948 

0963 

0978 

0992 

1007 

1022 

1036 

3 

6 

0 22 

0 . 

•1051 

IDOG 

lOSO ' 1095 

1110 

1125 

1130 

1154 

1169 

US4 

1103 

1213 

3 

0 

9 12 


122S 

1243; 3257 . 1272 

1237 

1302; 1317 

1331 

1346 

1361 

1376 

1301 

3 

6 

012 

S 

U05 

1420 

1435 

1450 

1405 

14SQ 

1405 

1500 

1524 

1539 

1554 

1560 

3 

6 

012 

y 

1534 

1509 

1014 j 

1029 

1044 

105S 

1073 

loss 

1703 

171S 

1733 

1748 

3 

6 

0 12 

10 

1703' 

1773 

1703 

IS03 

1823 

1833 

1S53 

1868 

1833 

1800 

1914 

1029 

3 

6 

9 12 

u 

1044 

1059 

1974’ 

10S9 

2004 

2010 

2035 

2050 

2065 

2030 

2095 

2110 

3 

6 

9X2 

i *j ; 

•2120 

21 41 < 

2150 . 

2171 

2180 

2202 

2217 

2232 

2247 

22()3 

2278 

2293 

3 

6 

9 12 

13 

*-2300 

2;V24 

2:j3i) 

2355 

2370 

2385 

2401 

2416 

2432 

2t-17 

2462 

2478 

3 

6 

912 

i 

■2403 

2509 ' 

2524 

2540 

2555 

2571 

25$6 

2602 

2617 

2033 

2648 

2664 

3 


9 12 

15 

2079 

2005 

2711 

2720 

2742 

2758 

2773 

27S9 

2805 

2820 

2836 

2852 

3 

6 

0 13 

10 

2S07 

2S&3 

2390 

2915 

2931 

2940 

2962 

2073 

2004 

3010 

3026 

3041 

3 

6 

9 13 

17 

•3057 

3073 

3039 

3100 

3121 

3137 

3153 

3160 

3185] 3201 ; 3247 

3233 

3 

c 1 10 ra 

I'i 

3210 

3205 

3231 

3293 

33U 

3330 

3316 

1 3362 

337S 

3305 

3411 

3427 

3 

6 

10 13 

la 

3113 

3400 

3470 

3492 

350S 

3525 

’ 

, 3541 

1 3558 

3574 

3590 

i 3607 

3023 

3 

6 

10 13 

20 

•3010 

3050 

3073 

3030 

370G 

3722 

3739 

j 3755 

3772 

37S0 

3805 

3822 

3 

7 

10 13 

21 

•:w3a 

3$55 

3372 

3S30 

3000 

3022 

; 3039 

1 3956 

3073 

3090 1 4006 

' 4023 

a 

7 

10 13 

o.» 

•1040 

4057 

4074 

4001 

4103 

4125 

4142 

i 4150 

4176 

4103 [ 4210 ! 4228 

3 

7 

10 14 

s 

4245 

4202 

4279 

4200 

4314 

1331 

4348 

1 4305 

43S3 

4400 

4417 

•1435 

3 

7 

10 1-i 

24 

4452 

4470 

4437 

4505 

4522 

-1540 

' 4557 

1 4575 

j 1 

4502 

4010 

4628 

4645 

4 

t 

10 14 

25 

•4003 

40iSl 

4000 

4710 

4734 

4752 

! 4770 

Utss’ 

4S00 

4823 

14841 

4859 

•1 

t 

11 14 

20 

•4S77 

4S95 

4013 

4931 

4950 

4908 

' 4986 

i 5004 

5022 

5040 

5059 

5077 

4 

7 

U 15 

'*7 

>5095 

5114 

5132 

5150 

5109 

5187 

5206 

! 5224 ' 

5243 

5261 

. 5280 

5298 

4 

7 

11 15 

23 

u53i7 

1 53*.*0 

i 5354 t 5373 

5392 

5411 

: 5130 

; 54 18 

5167 

5 186 ! 5505 

5524 

4 

8 

IX 15 

20 


) 5a3l 

; 5600 

\ 

5010 

j5G39 

5658 

j 5077 ' 

5606 

5715 

. 5735 

> 

0 J 54 

4 

S 

12 15 

30 

•5774 

‘5793 

. 5312 

>5532 

5S51 

1 0&71 

5890 

1 5010 

5930 > 50 40 i 5960 

5080 

4 

8 

12 16 

31 

•OOOJ 

0023 

- 0043 

0003 

OOSs 

0108 

0128 

IGUS 

6168 

6188 ; 6208 

i 0228 

4 

s 

12 16 

32 

•0249 

0209 

0230 

0310 

0330 i 0350 

0371 

0391 

6412 

• 6-132 

6453 

6473 

4 

8 

12 16 

:Li 

0494 

0515 

0530 

. 0550 

0577 ! 0598 

0019 

0640 

6601 

: 0682 1 6703 

672-1 

4 

$ 

13 17 

j 

0745 

6700 

0737 

|0309 

0830 

OSol 

‘ G8T3 

jOSUl 

G916 

I 6037 

1 G959 

^6080 

4 

9 

!i3 17 

35 

7002 

;7024 

70 10 . 7007 

70S0 

i nu 

. 7133 

7155 

7177 

5 7190 i 7221 

7243 

4 

0 

13 18 

30 

* L^-M ) 4 


i 7332 

7355 

j 7377 

. 7400 

1 7422 

1 7445 1 7467 

r-i'jo 

7513 

5 

a 

14 1$ 

37 

•<.» 

! <uo3 


7001 

7027 

1 7050 

7073 

7096 

7720 1 7743 

Irroa 

7789 

5 

0 

14 IS 



TS30 

7SOO 

75Sv3 

7907 

1 7931 

! 7954 J 7978 

8002 

18026 

■ 8050 

8074 

5 

10 

14 10 

3U 

1 .‘SOOO 

3122 

. 3140 

S170 

8105 

{8219 

S213 1 8268 

. 

S202 

|S317 

J 8342 

^8360 

5 

10 

15 20 

40 


3416 

^>441 

8400 

8492 

) 8526 

{ 

8542 i 8566 

8591 

8617 

]^U2 

S667 

5 10 

15 20 

U 

1 'SOO',! 

' 3713 

- 3744 

i 8770 

H7Ch» 1 8821 

'8S47 

i 8873 

SSOO 

-8025 

8952 

‘S07.^ 

5 10 

16 21 

42 

i’-UOOl 

}00o0 

, 9057 

.9033 

ouo 

^ 0137 

0103 

i 0100 

0217 

'02U 

0271 

0293 

5 ll 

i 10 21 

43 

1 •9325 

, 0352 

0330 

^0407 

0435 

0462 

9400 ! 0517 

05 15 

0573 1 0601 

9620 

6 11 

17 22 

44 

j*9uo< 1 V*OiN» 

{ 1 

9713 j 0742 

1 1 

0770 

|9708 

i 

9S27 

j 0S56 

9SS4 

9013 1 0942 

0071 

611 

j 17 23 
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Tal)lo VII. 

KAUIAH MKASU1U-: Oir ANOLKS. 
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Table VIIL 
CilOllDS OF ANOLliS, 


10' 1 20' } 20' 1 40' ’ 50' lUc;j ^ 0 


:i7^ : ’2V<i 


30 '5IH 

31 ' ‘53 1 


7701 *770 
‘705 

HOai 

•227 
•bl3 



00 1 

•'jas 

•0o7 


•002 

•005 

•007 

CO ‘ 

l-OOO' 

1*002 1 1 005 

1-007 
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01 
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02 
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1 015 
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01 
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MOJ 
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ti.-H 

1 IIH 

M2l 
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MOO 
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1 20'S 
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1-213 
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75 
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1-323 
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jl-ai7 
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: 1-351 
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BOAKD OF EDUCATION. 


TYPICAL EXAMINATION PAPERS. 
L 


1. (a) Compute by coutractud methods to four significant figures 
only, and without using logarithms, 

0'01239 x 5-024 and 0'5024-r0'01239* 

(b) Compute, using logarithms, 

^ 0 - 2007 , 26 ‘ 07 ^-^^ 20 - 07 '“^'^^. 

(c) Explain why we subtract logarithms when we wish to divide 
numbers* 

{( 1 ) Write down the values of the sine, eosino and tangent of 37®. 
Explain, from the definitions, why sin 37® 4- cos 37® = tan 37®. Try by 
division if this is so. 


2. (a) Using the tables, find the number of which 0*2 is the 
Napierian logarithm. 

If + + ^ + + etc. , 

calculate e' when a; = 0*2, to three decimal places. 

After how many terms are more of them useless in this case where 
we only need three decimal places ? 

[Note that ' 5 means Ix2x3x4x5.] 


(b) Express 


0*5x4-14-09 
•- 3*5x ~ 10’*2fi 


as the sum of two aimplex* fractions. 

(c) The sum of two numbers is T2'54 and the sum of their squares 
is 81 '5G ; find the numbers. 

{d) ABO is a trianalc, C being a right angle. The aide BG is 
12-4 feet and the angle A is 65° ; find the other sides and angle, 
using the Tables. 


EXAMIN'ATIOX PAPERS. 
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3. X anil I are the distance m milca and the time m hours of a 
train from a railway station. Plot on squared T>a{>cr. Identic 


clearly why it is tfiat the of the cuno shows the speed. 

Where is the speed greatest, and w here is it least t 

X 

1 0 jo 12 

05 1 1 .72 1 2 50 1 2 02 {.3115 

3 05|3-17|35o|382 

t 

1 0 joOo 

0 lojo 15 1 020 j 0-25 jo 30 

0S5|04o|o45j05O 


4. Find X in degrees ajiiiroximatcly if 

38inr+2co3jr=!.1’4. 

For uhat \aIuo of x is 3sinr+2co3j; a maximum T You may use 
squared jiajRT. 

3. Tiio net y early jirodt P of a railw ay may Iw represented by 
r=bx+cy 

where X IS the gross yearly receipt from ikusengcrs, and y from 
goods ; b and c being eon&taiit numbers. 

When j:=520u 00 and y=22u000, P was 330CKKI. 

And at a later period— 

when j:=£XaHJU and y=7<XP0U(1, P was COSOfK) 

What will probably be the value of P when x= lUOOOOO and when 
y = S00<JiX)! 


01 eaeli of the 
of d,7Gl tons. 
2,000 tons and 


L 


Speed m knots - • jj 10 h 

Indicated horscqiowcr | livlO 


7. State Simpson’s rale An ana is dii ided into ten equal parts 
by U eHimdistant parallel lines 0‘2 inches ajart, the first and last 
touching the bounilmg cure o ; the lengths of these lines or ordinates 
or Lreadtlis are, in inches ; 

0, 1-24, 2 37, 4 >10, 5'2S, 4 70, 4 00, 4 30, 2 45, 1 62, 0, 
Find the area in square inchis. 
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8. If 

Take a = 10* 
valuer of fp : 


sin^) 

y=:a(i - cos 

Calculate the values of a; and y for’ the following 


0 , 


6 ' 4 ' 3 

plot points whose co-ordinates are these values of x and y, on 
squared paper, and di*aw a curve, 

0. ^Vhen Q cubic feet of ^vatcr Hou's per second through a sharp- 
edged rectangular notch L feet long, the height of nearly still water 
above the sill being If feet, 

Q a: 

Now, a bad formula is sometimes used which assumes 

Q cc LJf 'l 

Show that for a given L, although a constant may he used to give 
a correct answer for one value of i/, it must give incorrect answers 
for other values of //, 

10. A vessel is shaped like the frustum of a cone ; the circular 
base is 10 inches diameter ; the top is 5 inches diameter ; the 
vertical height is 8 inclios. What is the height of the imaginary 
rertex? If x is the height of the surface of a liquid from the 
bottom, plot a curve showing for any value of x the area of the 
aorizontal section there. 

Find from this the whole volume of the vessel in cubic inches, 

[Candidates will notice that if d is the diameter of the circular 
area it is only necessary to plot 

11. There is a curve y ^ 1 *5 -f O'Oox^, 

Provo that for any value of .c, the slope of the cur\’c or is O'lx 

dx 

12. Find accurately to three signilicant figures one value of x for 

o 


^Yhich 


o logi, 


70^0. 


13. The tobil cost <7 of a ship per hour (including interest and 
depreciation on capital, wages, coal, &c.) is in pounds 


C = 4- 


tr 

IM) 


where a is the speed in knots (or nautical miles per hour). 

The time in hours spent in a passage of, say, 3,000 miles is 

3000 

so that the total cost of the passage is this time multiplied by C, 
Lxpress this algebraically in terms of s. 

^ bind what this amounts to for various speeds : for what speed is 
It a miuuuum 1 



EX>Vi!I^^\'^0^• P.iPERS. 


14. The model o{ a elup, wten be:n^ drawn at tic loXw 
rpccds r {JD feet pet nunute), o*.rca tl^c foUo»ia^ rtat^uacc^ R 
(id pouacU) to tnouon : 


e *■ 233 j 2S7 ( 547 ) 4f0 j 1 

«... 

54d j 

R 1' 1-09 j l-TC 1 3-53 | 4“Ai | fi33 | 932 j 

1 12-741 

1 to Id [ 


It IS to be ixmcm^xTwl tJiat there are tmall errors in *ueJi 
cjca-sorcnicnts. 

If we as-some a law hte tind a for the smallest and huhtst 

speeds , for wjiat value of r does ii setm at its ^att ^t ? 

[PogjCation plot lo^ K and loj r on Sfituired piper ] 


n 

1 la) Conipute hr confniettsl jnetioiJs to foor fijojficant fi_Tirea 
OnU, 

0flI2:S3*0->KI and 0 1253f 
{h) Conipiitf, using loganthms. 

(OillJo > 3 and (O'Sfl j ^ 2 

fc) UTiy dn we multiply the logartthm of a by 0 to find the 
logarithm of o* ’ 

(d) U'ntc don-jl the salue« of 

am i»4*. e.*! i 24 , tan 1 9.1°, am - > lO '22o0l 
cos 0 3132). tan'M - 

Only one salue to U.- gnon in each of the last three ca>cs 

2 (a) A quantity y i< a Eunctnm of x , what do we mean hy 
dv, 

Jjc 

Illustrate jour meaning. U'lng a cune 

Illustrate tour niiatung hj eonsulenng the spoerl of a body which 
has passed tirough the apu'e * iii the tinn f 
(6) Show that if .1 IS the am »f a cune fn^m M.me tundard 
onlMute to the ordimte y n.'rTesjinndnig to tin. rt> onlmate j' thin 



lliiite to find .4 we niertlv ilnil that function of r <.f which y u 
the dilTeirnttal coethnenL 


546 


A MA^^UAL OF PRACTICAL MATHEilATICS. 


(c) If A is the area of tlie surface of water in a pond when the 
depth oil a given vertical is and it r is the volume of nater; tlicn 


Prove tins. 

3. DeSne the scalar product and the_ vector product of two 
vectors. Give an illustration of each of these from any part of 
physical science. 

4. The cost C of a ship per hour (including interest and 
depreciation on capital, wages, coal, etc.) is in pounds 

1000 

where s is its speed in knots relatively to the water. 

Going up a river whoso current runs at o knots, Avhat is the 
speed which causes least total cost of a jxissagc ? 

5. In the curve ij^a-hhx^ 

if )/ = l*0*2 when ar — l, 

and y = o*3'2 ,, a^=4, 

fmd a and h. 

Let this curve rotate about the axis of a*. 

Find the volume enclosed by the surface of revolution beUveen the 
two sections at x — 1 , and r — 4. 

6. The following values of y and x being ^iven, tabulate oyfox 
and 1 / . ox in each interval. If y * ox be called oA, tabulate the 
values of A if *4 is 0 where x=r0. 


L 

0 

•i 

•i 

•3 1 

•4 

•i -o ! -7 

'S 

•0 


,■ vi:s ] 

[ l’50l 

j IV, 01 1 

[vs.o; 

1 'Mr 

' C 071 ' e-3U 1 

2-431 ! 

! j 

j 2-547 


To facilitate tabulation, it will be found convenient to change 
these rows into columns. 


7. What is Simpson's rule? A circle is drawn of S inches 
diameter. The diameter is divided into eight equal parts and 
ordinates are dnnvn at right angles to the diameter. Calculate the 
lengths of these ordinates, using the tables, and tabulate them. 
Using Simpson's rule, find the area of the circle. 

This answer is in error ; what is the percentage error ? 

8. Find x in degrees if 

3 sin X 'T 2 cos x =r 3'4 ; 

to be an acute angle. How many answ'ers arc there? 

Find, using the Calculus, for what value of x is 

osinx-r2cos.x 


a maximum? 


EXAMINATION PATERS 


9. Tho foUoi»ing xaluea of ^ and 9 being given, find 



10. If x^aein^jt + bcoa^t 

for any \alue of t vbero a, b and ;> aro mere nuinbcra ; show that 
this is tho samo aa 

x = A6m(pt+e) 

if ..I and e aro properly evaluated. 

If V=1{C+L'^ 

at 

and if C= 100 sin GOO t, 

n lieing 2 and L being OOOj, find T. 

What is the lag of C in degrees behind P? 


12. Water leaves a circular basin very slowly by a Iiulo at the 
Iwttom, c\ery jiarticlo dcscnbing a spiral which is >cry nearly 
circular. Let v Im tho speed at a point whoso distance from the 
axis is r, and height above some datum IcacI h Assume no 
“rotation” or “spin,” that is 



and show tliat this means 


■where e 


constant. 






3.110®?''“' r+Il=<^ 3000 ""“® 

>"'“' 55 oW*'*"''’' 

„ . .3 COo"f W “ "'" ... 30 "'S.SS“ 

ii iS® "“' '■ .-bo. '>«"|„‘^S>"''"® '“' 


b 


er ^ 


\ ^ 


\ V 


rby 


6-3 




Nsn^at js 


SrSf ;;tucrea£es 

-5.S- a. 0-- 

Y.orse-T"’' taYa^a'-^ ^ tbc sci- 

3„,3.u\ar cYa^^i b ' 


Tat , ..atet is to de^“, 

tabaiato t '^°'^'a\h'« tbc ^"’ 2-5 sci- 

aad ta cbaaaci bcad"'= cUoU \s - 

• ^ rcclaasTd ^t- Ti W 

w'>. '■''"““'^,. 3 ooo..;f „1 


^is-iy-“;:3axy-/=“- ..^a- 

&?=“ 



JH 

1 . (aj Compute by contractw} mtlbods to four significant figures 
onij', anti m ithout using loganllmiE, 

3-2Ux0 7-t 23 7-912. 

(ii) Using logantlims compute, 

{1 3-L>'<001731t00274)<’*’. 

(r) Explain ^vhy we multiply a loganthm by 3 when we wish to 
fiiid the cube of a number. 

(<f) Express £18. i7«. m pomulS' 

2 . (a) If p«>^**=479, find w wbcnp IS 120. 

[h) j/^ax^+ha^. When 3 : is 1, y la 4*3, and when a: is 2, y is 30 ; ’ 
find a and 6 . What is y when a; is 1*5* 

(f) Two men measure a rectangular box; one finds its length, 
breadth and depth in inches to bo S*04, 5 17 and 3 19 The other 
finds them to be S'oO, 5 12 and .3*1& Calculate the \olumo in each 
ease ; w liat is the mean of the tw 0 ! What is the percentage differ- 
ence of either from the mean * 

3. A liody has moved through the distance s feet in the time 
I tcccHids and it is known that 1 a: w hen 6 is a constant. 

Find the distance when t is 4 Find the distance when the time 
la 4 + if. What is the average speed during the inten'al if’ As 
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5£ is imagined to bo smaller and smaller, what does the average 
Speed become ? 

4. Tlio three parts (o), {b) and (c) must all bo answered to get 
full raarha ; 

(o) If -=e“‘’ 

2 / 

W'hore e = 2-718. If n=:0'3 and d=2'So and if x- ?/=o50, find x. 

{b) When x and y are small we may take 

1 4- a; 

1 + 2 / 

as being very nearly equal to 1 + x y* What is the error in this 
when x=0’02 and y=:0'03? 

(c) ABC is a triangle> the angle (7 is a right angle* The side -riC 
is 21 '32 feet, the side BG ia 12'oG feet, find the angles A and B, 

d. A man is 100 feet above the earth which is assumed to be a 
sphere of 8,000 miles diameter ; what is his distance in miles from 
tho furthest point he can see on the surface? Do nob give more 
than three figures in the answer. 


6. If y = 2‘93 calculate y for various values of x and 

plot on squared paper. What values of :c cause y to bo 0 ? 


7. X and / are tho distance in miles and the time in hours of a 
train from a railway terminus. Plot on squared paper. Describe 
'iuliy it is tliab the slope of tho curve shows tlio speed. Wliat is the 
greatest speed in this case and where approximately does it occur ? 
What is the average speed during the whole time of observation ? 


. !i . 

1’5 

0*0 

li-O 

10-0 

'21 0 

21-5 

21'S 

230 

24*7 

— 

20 -S 

t 0 

0*1 

o*e j 

0*3 

0*i 

0-5 

1 

O'O 

0'7 

O'S 

0*9 

I'O 


8. A disc rotating with angular velocity a, its density p being S, 
has an outer radius There is a hole in the middle whose 

mdius Tj is 10, Then at any place whose distance from the centre 
is r, there is a hoop tensile stress Q where v 









racing a — 122*5, and arranging the formula for systematic calcula- 
tion, nml Q for the values of r, 10, 15, 20, 30, 40, and 50. Plot Q 
and r on squared pa]>er. 
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1 i 

15 t IS 

21 

1 i 

1 OOO j GCOO ! 

8250 


the tHOOfdirastes m eacii - 

111 columns rather than m rows. 


1 * 1 ‘ 1 

. 1 

3 

^ I 

3 

1 » 1 

1 l-74o 

\ 2618 

3-491 

1 4 363 

j 5-236 


11, X Vicing distance in feet across a n>er measuring from one 
vde and y the depth of water in feet, the following measurements 
w ere made . 


- 


10 

25 

33 

40 

48 

CO 

70 

1 y i 

1 ^ ' 

4 1 

7 i 

1 « 1 

10 ' 

i ’ 1 

6 

^ 1 


Find the area of Itie cross section. If the average speed of the 
water normal to the section is 3'2 feet per second, what is the 
ijuantity flowing m cuhio feet per second V 


12 In a pnee list I find the follon ing prices of a certain typo of 
steam clectno generator of different pow ers 


A’ kilowatts 

200 

600 

900 j 

P pounds • 1 

1 2800 ' 

7160 1 

10420 


According to what rule has this price list been made up ? 
IS the list pnee of a generator of 400 kilowatts ’ 


What 








, 1. to 

acted 
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tov 
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5. j. . 

to LUf 



A' f 

25G0 1 

1320 

[ 1300 

j| 

7700 1 

54SO 

3030 


Tho maximum po%scr mjght Iw dilivervA bcmg 13000 let 

A'/13000 bo called /, tbo lc>ad factor. Let IT/A' be called xc, the 
coal i>er unit. ITlio Board of Trade luiit is 1 kilowatt hoar.] 
tVhat 6tcni« to bo tho law cumiccting w and /* Tabulate w and j 
whenyha* tho values 0 23, OHO, Q'l5, 0 10, 0 03 


IS ahovm as 10 uiohea, what distance will represent a degree o/ 
longitude! Note. — I n this question one mite means one nautical 
mile. 


7. Fifty pounds of shot per second moving horlxontally with a 
velocity of *i5<)0 feet per Second due north slnko an armour plate 
and loaio the plate honzon tally with a selocity of StIO feet per 
second duo east. IVliat force is exerted upon the plate ? A'^ote 
that momentum and force are vectors. 

Force is rate of change of momentum jier second. 

Momentum is mass multiplied by i clocity. 

The ma.-;* of oO Ih. of shot is 50 t 32-2. 

8. There ate errors of observation fn the following values of y 
and X . — 


y 


7 8 I 9 I 10 I 11 

4 78 4.39 I 4-OG I 3 73 I 3 43 


It is found that tho follow ing tw o enipincal fonnulie seem to be 
nearly equally good 
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9. If ,r=asin (qt^he) expresses simple harmonic motion; ^vhat is 
a ? %Yhat is q ? is e ? Express q in terms of the periodic time, 
h’ind expressions for the speed and the acceleration. 

10. A sliding piece has a periodic motion. Its distance x from a 
point in its path is measured ut twenty *four equal intervals into 
which the whole periodic time is divided 

lO’OI, 16*74, 16*G0, 15*86, U*GS, 13 ‘42, 12*26, 11*16, 

9 *98, S *76, 7 ’60, 6 ‘68, 5 *96, 5 ‘34, 4 *68, 4*14, 

3*98, 4*50, 0*74, 7*46, 9*36, 11*24. 13*06, 14*70. 

Ex}jress a* in a Fourier Series. 

11. When air or steam is ilowing thraiigh a divci'gent orifice from 
a vessel inside which at the still part the pressure is the cross 
sectional area A of a steam tube is such tliat at any place where the 
prcssxn'e is p 

keeps eonstant x being p/pi and 7 [1*41 for air and 1*13 for dry or 
wet steam] being a known umuber. For what vahie of .r (presum- 
ably in the throat) is A a minimum ? Find this critical a: for air and 
for steam. 

12. The following values of x and y being given, find the most 

probable value of ^ when a* is 3- 
ux 


1 X 

0 

1 ! 

o 

3 

4 

I 

1 ^ 

6 

L_^ j 

11*8 

16*0 

1 20-0 j 

1 1 

1 dS-O j 

•27-6 1 

31-1 j 31-5 


If a candidate cannot use all the given numbers in finding tho 
answer let him not try this question. 

13. The horse-power //, which can bo transiuitte<l by a cotton rope 
(alluwint: for stress duo to centrifugal force) is said to bo ffivon bv • 

/G‘ 280 ()- 3 r=\ , c> j • 

23061 ) 5 ^ 

d the uiaiuetor of the rope in inches, h ind the value of v for a maxi- 
mum value of //, 

14. A rectan-ular })]aygronnd, area 1000 sq. vds.. is to bo encloscti 
by thiee walU, using an oxtoimg waU as ouo side. Find tho remaining 
Slues for inmuuum cost. 


V, 


1. (a) Without using loganlhms, compute by contracted methods, 
getting four significant figures correct, 

87-3o-5-(007jCSx3501). 

(li) Using logarithms, computo 

D7-I3^(03524xC.')21)*m. 

(c) Explain why >»hcn uo wish to divide numbers we subtract 
their logarithms. 

(il) Tlio sum of money £-45. 7s. 8d. is multiplied by 0 3825. 
What is tlio answer in pounds? 

2, (a) A hollow circular cylinder of iron is 10 inches long and 
weighs 12 Ibe. ; its internal diameter is 3 inches; what is itscxtcnial 
diameter? A cubic inch of iron weighs 0*23 lb. 

(b) Thera is a right-angled tnanglo ABC, the angle .d C/1 is 00*. 
the angle ABO is 42*. If Z> is a point in JC; if 2C=3d£>, find 
the angle DBC, 

(e) Wlicn * is small we may take (1 + j:)~" as l>cinc nearly equal 
to 1-wx. What is the percentage error m this wiicii »i=2 and 
*= 001 ? 

(d) What are the factors of ** - 0 4x - 4 37 ’ 

S. (a) 100 lb, of bronio contains 85 per cent, of copjier and 
15 }K‘r cent, of tin. With how much copper must it bo melted 
to obtain a broazo containing 02 per cent, of copper? 

(b) If xyi'*'=25. If *=4, find y 

I^”{^ ^rrb) If '•=5i i/,4=203, find «. 
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' f \; - »'.i‘'‘0 ---'- — t. 
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, ,t\\ m 1 , • U 
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,.v. <.> > u\». 

^ \ W'U^Al ‘‘ J !»'» 


KXAMIKATIOX PAPBIiS. 
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lulow. What 19 the vul»mo ^hcn A it 30! If thu water falla in 
Ic^el from /« = !.> 3 to 7t = U 3, uhat it tho loss of volume! 



0 


4 

7 

10 

12 5 

15 


0 

2510 

3400 

4320 

51G0 

WOO 

5810 

^ 1 

|.V.l 

L“_ 

I 23 

"25 

28 

30 


.1 I| (LllO 

! 6aOU 

1 7»10 

8270 

&C70 

8780 



10. In a hollow cjlindnc coil tho niagnutio fithl nC, is hero 
It It the numbtr of turns and C is the current : u ce where d is 

1 

the diameter of the wire ; f? * j,, where /? is Uie resistance of the 
wire; where t is the {icrmancnt maximum temperature 

prcsluccHl (ahovc that of the itiom). Show that whin wu have tho 
icinio /■’wo have tho same I for any si^e of witv, ; but if we double 
y we (|iiadrupIo t. 

[.Yofe. — Tho above rules are iiot strictly true, because of iho 
var^iiij* thickness of insubition ] 

11. Find thu area of the paralmU 

y =n + /i.e + fjE* 

lictween tho ordinate at and tliu ordinate at 

If « = - A and 77 = what is the answer! 

12. Tho ivirabola y = a + bj + ex* 

passes through three points, whose coordinates are 


In«crt these values, and find a. It, and c in terms of the given 
qiunlities y|, y,., yj and h. 

13. A machine is in two parts, whose weights are x and y The 
cost of tho machine is proi*ortioiial to 
s = y + 4x 

The UM-fuIness of the machino is proportional to 
r=x»+3xy 

If s is 10, wliat value of x wvU cause v to be a maximuin! For 
this Value of x, w hat is y ! 
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14, A current G hi ohanging according to the law 

- M/-, 

where t irt nuoondH, The voltage in auch that 

f/O 

where and ; find V uh a function of the lime, 

15, ^riie following nuinherH are auUicntie ; i «econda in the reewd 
tiine of a hotting {in harncHa) race of in milea : — 


o 

8 

■i 

f) 

10 

20 

;i0 

50 

100 

‘jr>7 

4IG 

j 508 

751 

1575 

8505 

0‘17'J 

14141 

82158 


It hi found tliat tliero in approxinuitcly a law wljoro 

a and h iirc conntania. Teal if thia in «o, and find tlie moat probable 
vidm-a of (I and //. The average Bpced in a race in ; expretia 

H in tenuH of )a. 


VL 


l, (a) Witiunit uinng logai ithiuH, eoinputo by contracted methods, 
getting four aiguificant liguros conrei. 

87-:jr>v(007r>fiHx0-:iGfji). 

(/>) Using logarithms eoinputo 

{mmi’i X X i)7M:h 

(r) Kxplain why when wo wiah to tlivido numbers wo subtract 
their logarithnm. 

(d) Write down tho vuIuch of cos 110, sin 218, tan 204, 


2. annual cost of giving a certain amount of electric light 
U> a certain town, the voltage ticing I"' and tho candle power of 

each lamp L\ is hnuKl lo be A 


for elecirio energy and n ^ ^ for lamp renewals, 

0 

'rhe following figures arc known when 6* is 10 .* — 

! I' 100 j 2(K) 


A 

n 


lotMt 


i20f) I 
dOO ' 


hind a and A, m iind n» If 0 
in 20, wliat value of y will give 
minimum total cost? 
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3. Find A if 3 tin +3 cos A =3 A) 

TIkw are two answers btlwwn 0* and 00*, and they must l»o 
oLtamwl with no greater inaccuracy tliaii one fifth of a degree. 

4. The iiasis of Simpson's rule is that if three successive equi- 
distant ordmate-S (distant h apart), yi, j/f, arc drawn to any 
curve*, the lliree {luiiits may bo taken os I^mg on tho curve 

y=a + lx-\-c3^. 

Iinagino y^ to Iw the axis of y so that - h, yi ; 0, y,, and h, y, arc 
tho three {lOiiiU. iiubstituta theso values in tlio equation, and 
find a and C (b is not ne-edud). 

Iritcgnito a + Iir + ca:* between tho limits A and -A and divide 
bv 3A ; this gives tho average value of y. Express it in terms 
of y„ y„ and y,. 

when) L is latent heat (in foot-pounds), t is absolute tcnii)erature 
Centigrade, a ts pressure in tiounds \tcr square (<Mt, c cubic feet 
is incrvaso of vuluiuo if 1 lb. changes from lower tn higher state. 

Calculate c at t=42S, if tho following numbers arc given for' 
steam. When f = 42S, L is 497 '2 x 1303. 


P 


413 

418 

42.3 

428 

4.^1 

438 

443 


7.V>3 

8093 

9906 

11360 

12340 

14G80 

16580 


Note, -{t is to bo found as 
di 

accurately as possible, using all 
tho given numbers, and not using 
squartxl iiapcr. 


6. If a crank is at the angle 0 from a dead point and Bi^qt 
where q is angular velocity and t is time in seconds , if ns distance 
of niston in feet from tho end of its stroke ; if r is length of crank 
and I length of connecting rod, then, very nearly 

* = r(l-coatf) + 5*(l -cos2^) 

Find the acceleration y of the piston in terms of 0. 

If r=I and f=5, calculate r and y for the follovring values of 
0*, 45*, 90*, 1.35*, ISO*. Plot tho values of x and y as oo-onimates 
et points on si^uared paper. 
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7. If a cubic equation is of the form 

-r ?>x- -f cx -f (Z = 0, 

show how wo can always reduce it to the form 

ar" 'f yx -r <7 = 0. 

I! wo have the curve and the straight line 

plotted on a sheet of paper, slunv that we have the real' roots 
i)f the equation, 

or- 

0. Rxpres FTsFTiB 

as the ^um of two simpler fractions and integrate. 

D. Trove the rule for dillercntiating the product of two functions 
and tlcduce from it the rule for integrating by parts. 


10. A closed curve rotates about a straight line in its own plane 
as an axis and so generates a ring. Prove the nilc used for finding 
tile volume of the ring. 


11. I'rove that in a triangle the ratio of two sides is equal to 
Uiat i>f the .sines of the opposite angles. Also prove that the area 
of a triangle is half the product of two sides and tlie sine of the 
angle between them. 

12. If t seconds is the ncon^ time of a race of y yards ; the 

law seems to bo wonthwfuily true for all races of men and 

animals excepting tuen on bicyele.s ; ;/ is the same number in all 
eusi‘H. c has a special value in each case, men walking, running, 
skating, swimming, or rowing : hov.se.s trotting or galloping or |)acing. 

M) Tor any ]>arUcular kind of race it is found tluit when y is 
incrcasfMl by 100 per cent., t is increased by 118 per cent. ; find ?/. 

(2) For inen running, when j/ = C00. / is'^Tl ; find c in the above 
formula, Express i*, the average speed of each race, in terms of y. 

(2) Assume that an animal iias a certain amount of endurance 
E whicii is eximusted at a unif rm rate (hiring the race and that 
E-E^^kt where E^^ and h are constants. Calling Ejt the rate of 
fatigue t‘\ press this in terms of 

Assuming that un animal going at .* 5 ,, miles per hour feels no 
fatigue, or when = ; find /in terms of s. 

13. 1 lie curve passe.s through the tlireo points ar=.0, 

x=:\, x~l, .v = tt-3: find «. /. and What is 

at th(* point where x=^:3? It may save time if it is known that c 
lies betw<‘en the valiums 0*2 and 0*2, 


14, If coni}>nnnd intere.st at r per cent, piw annum were payable 
every instant and if at any tiriui f (years} tlie principal is 

slmw that 

100 ‘ 

Express P in terms of j* and f. 

In what time will P double itself for any value of r? 


vn. 

l. (a) Without uMitg loganthm^, compute hy contracted methods 
to four Bignittcant tigurcs 

0 325 ^ OO-JCOG and 0 3254 0-O2U5G. 

((i) Uung logarithms, conipulo 

(C 345 X 0 1075)= » 4 (0-00374 x 9fi 37)*. 

(c) Kxtract the culio roots of 

iU700. :W7G, 0 02U70, 0'002U7C. 

(d) Thu sido of a siju.tre la 3 >anU 1 foot OJ inchis ; find the 
area of the squat u in M^uaro feet. 

3 (a) The duTi rente of jr and y la 3‘14 ; the eum of 3^ and ^ 
is 140; find x and y 

{(>1 The itixnlo of a holloi* copper sphere is filial with uuUr 
uhiwd flight IS 10 111 ; uliit IS the inxido radius* If the uiight 
of the copper la .30 lb, what la its thicUnesa* A cuLio inch of 
toplH.r utighs O’.Ti 111. 

(f) A HD IS a right angknl triangle, /t liciiig the right angle. 
ISC IS jicriiendicular to the side AD The angle .4 is 50*. UCit 
10 inches; find the lengths of .1C and CD. 

(d) What aro the factors of x* ~ 8-02x + 18 37 * 

3. f'j) If v»<*x* **+f/x=*; 1 / y^G.’i »)jcn x=I, and jf ye 133 
\*hcn x=2, tind a and h 

(/•) 20 Ih. of bronto contains 87 jar cent of copjxr, 13 per cent, 
of tin. With hnvt much copper must it be meUesi to obtain » 
bronze ountainuig 10 jx r cent of tin * 

(c) If “ = »tnd if m= 0‘25, d=3, find x/y. It is known that 
x-y = UM0, finvi X and y 
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4. If i mt'ans s^-1, writo duwn tlitt valoca of r, »*, f-*, f*. 

Find s''!?' i- :3 oT, 1 - Vt, Each of the answerw is like a + Oi where 

a anti h are numbers. 

5. X in rlisUuice rneuaured along a atraight lino A /J from t}to 
point A ; tbe viihiua ij aro utfaetH or diataneua in linkB itieafiurcu 
at right angluM in A H to the horder of a Held. Find the average 
i/rea<Ith from A H to the border of the field bebveeij the first and 
iiut oU’yet. Xoliee that the intervaiij in x are not equal. 


■C- ii 0 

5l 

j 1-50 

5-00 i 

o'(X) 

1 7-50 j 

1 1 

9-00 j 

1/ I 

1 ! 

j OAO 1 

j ()--i2 j 

j 0-40 1 

j o-rj-2 ' 


6. Tiiere in a root of 1 Ojr-r *10 jc - 35=^0 %v\deU lies fielweeU 

1 and 2 ; Jind it, eorreet to tijree aignifieant figui’es. 

7. The following numbers give x feet the distance of a sliding 
piece nM*asured along iU patl* from a certain point to the phiee 
where it in at tlu! time ( seconds : what (approximately) is its 
aeeeieratiun at all the tabulated times except tlie first and last? 
Show in a curve Jjow tlie acceleration depends upon L 


a- I' 

2-7:50 

4 •420 

(5-(K)0 1 

7*428 j 

' ( ! 0 

01 

0-2 

o-;5 ! 

{ 

0’4 j 

j .r 

1 ii'mj j 

^ i0‘:m j 

! Kl-filH 1 

n-ooo ■ 

1 

* ^ li 0*0 i 

- J 

[ ' 

! 0‘7 

[ 

i ! 

00 j 


8. J h«‘ iolhiwiiig numbers give v; the sjieed of a train in miles 
]>er htiur at tin; time ( iiourii since leaving a iinlway btutioji. In 
each interval of time, what ia tiie diHtance naHHC(f over bv' the 
train? 


! 

2*4 

4-7 

7-2 

0'(J 

120 

14-5 , 

! -(to 

001 

O'OH 

‘12 

‘10 

■-20' 

*24 

' JO-9 ' 

! J8-9 ■ 

t 1 

1 20-7 i 

1 ! 

i 

! 

|257' 

2r8 

•31-9 

•2.S 

'i 

^ *02 ' 

i -JSfJ i 

! : 

'40 

1 -44 

1 ^ 



At ot Uit- liiiiu.i tiihulitml, whiit is j: Ihu distaiico from the 
oiation f I ab;ilate your auswers. 
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kxamlvatio.v rAi'inis. 




0, If 


Jf dht 
c 


, dM .. , dS 

aiul , =6, and = 
(lx dx 


Lvt to Ifc a oijn«tant. FiikI <S’a IT, a cnn&tatit, ulicn 

x=l. Find M nnd let .l/=0 when x-L 


X gi\cn con&tant. 


Find 


t/y 

ilS:' 


and let ita \aluo Ixi 0 
when a; = 0. 

7, If 


when xsO. Find y and kt >U laluo Lo 0 
dh~ 


and if t/'x.p wln.ro c ia a consLanL Fiml p in Umis of h. If 
pxHt, cxptxiid I in tornis of A introducing consUuiL 


8 Tlio total cost C of iv bIiijj per hour '(including 
dt. prcctaliun, wagts, coal, itc.) la in pounds 

(7_3-o+ 


inUrcstt 


whero s ]« itio sjicctl of tljo ship in knuts. 

llxpraM the total cost of a passago of 3,00(1 inilca in terms of » 
Wliat \aliio Ilf 9 will mako tins toUl cost a inininiuin? At siieetls 
lUjicrceaU less and greater than this, coni^iaro the total cost with 
Its nniiimum taluo. 


9. Tho curto y=:« + A<^ jiasscs thnincli tho three points 
y— tW (i2; j=l, y~‘X> 70; a^=2, y=40 i>l, find a, 6, and c. What 
u tlio are.! of the curtu from the ordinate at to tho uidiiiate 


10. IXscrilsi a niLtliod of finding whether a gittn curio fotlnwa, 
appitixiniaU'ly, Ihu law yiro + ha:" or y = A{* + ri)* of y=a + t«'“. 
Logarithmic piper must not Isi useil ; tho work uitt ^ dono on 
ordinary drawing pajitr using Too niid set sijuarca. 

11. If yatif.\nqt and a: = Asm {qt - r) w here t is tuno and a, q, h, e 
aro constants; if qs'2rfT where T is the jicriodio time. Find 
tho aierago saluo of xy dunng the time T, 

12. Q licmg tho rate of flow of water per second oicr a sharp- 

wlgisl noteli of length /, tho height of the surface of nearlv still 
water (some distance Uitk) ahos'e tho sill l*ting A ; it has littn 
pmvtil tliat tho empirical formula obtained by Dr Francis is also a 
rational formula ; it 18 / i \ 

<?=t(/-;A)A^-» 

Now* an incorrect formula is sumctimcs used 
^ = c/A” 

Show that for a gntn I, although a constant r maj* be found 
which will gi\o a correct answer for one aaluo of A, tt must gir© 
a&comct answers for all other aalues of A. 


[m A MAXIJAh OK .['ilAijTlVAL MArilDMAnCH. 


If t ii wnl‘i tlov/u Urn valuca uf i% P, t'S Kin<l 

\07 i- oOT, 1 •: s// in Urn a hi. 

If o \ hi M|/nn mtuif. (wht'Vtj t i;> t]n^» vuj'iul>in uikI 7 i/( 

a ruiiJ'.Liht) giv<i;i a vU\f{C >\ hv.tyAfjft liinl thn;c thn oircoin of 

<>p<*rutln;j with sM? i Vf mjd i ■: upon nUiqf. 


14. 0<}t iiihtruol ioii:i frtnu (},, 13# 

voUu;^*f jii)ph«'{l ill Uin ji<*ndin;^ tnal ol a Inn/^ Icjtnjiliono lino 
hthn;' fsiiiA//, tlic nnU’rin;' lino i i 



j //»'7 
' i 1/7 


nin 


per utiit of <'ah|n, >* i;{ roMiutanen, / hi indneianoo, // ia 

|t‘akair**.‘, ami /: i-i nariiuttiuuio, or oaiHuhty* 

If r <} oinin, / 0‘003 llonrioii, A- 0 / iO'*' faradM, — 

Mlio, iOid if 7 \\in\ tin; auirant, 

Nt»rt., 'ri»<T‘3 in a tjuiaknr uiathod of woridnx than what iij 
inrii^*al‘*d in h!- iijun/j Donna viu* You may lu.a it if you phnujc, 

15, Air lii pnmpul into an <’Ia:iUo »[iiior)r;}I ha^ at iho rata of 
5 cuh. in* j)or j.or, Find Iho id im roan t of thn diamolor and 
tiio MU (urn Vf'hrn lltu diamolor in (a) ll*5 in,, {h) 0-5 in* 


15. (a) A lank h/tvinp, a Jiipjan* (jau* anti vwrhVal judnii m hi lio 
irtaila from Hi) m|. ft. ol uhr**! na-tni. I'ind -iulo of harn and hoi;/ht 
when liio voinnm ri a maximnnt ; ih) find ]en;nh of nidi? of japiuro h/i>ir% 
himdit, and lean- amount of nniUnial unjuneU for u tank' if tho vohnnu 
ia Id'o ouh. il. 


17. Show ih/it Urn curve y u,r» j- Aj: , r (whcio a, 6, and c uro 
coii'jiania) cajj luivo no max*, or njin, vahm if a and h havo Urn aanm 
Vkuify when n 1, h I). 

IB. Hud the volumn of tho f,oiid /'eneialeil hy tho lovolntjun of 
Iho curve y-^ ;u‘ ahuut tho a;<ia of ,r, lotween Uie valuea -0, x ^4, 

II). U V ii» the volume, rUu' radhm, and A the liciKht of a cylinder, 
iiud tile I ale of incieaMi of volnmo per unit inenjar.o of radiua whoa 
r Hi'5 in., h in. Find the dimeimiouH wlmn A r, ao that u 
elmn-o of 1 in in tho radina eau«ea u chan;^o of 033 cuh. hi, ht Um 
Volume. 



DC. 


L (a) Cunqtutc liy tonlratti-il mitliuls, correct tu four «gm£taiit 
figures and luganlluiis, 

Oir-T.oJxWvJ aiul CS-O-i-rOO^SJl. 

(ft) Comjmte, usijig logsnilinn, 

(o:vi73xs (OiaiMA (o-rsi)-*” 

(f) Fjndlog^Gli 

(./) Wnto duun the vaIuis of s>n 73*. co«140’, UnliJti’, ciu«3;0V 


2. (a) Ono ttm-rlnal ?Iol<o is tiirc-o times llic disnuUr of the 
Other, llio aro.1 fd cm the Ur^ir plokjo is U CJ (wjuare 

inch ; Mhat it the ana of hngland on the otljrrT 

(ft) O.ie cuhio iiioh of c«i[iix.r weiphs 0 .TJ lU -V cireular j.Ute ol 
t'opjicr 5 tiichct diamel'r weight O'JIS lb.; what it lU mirage 
th!.. kill St? 


(?) llie dbrinncc of x and y is 3 3C and the difTemico of their 
(Mluaris It lb 31, t'.nil X and y. 

3. (a) If 


If .1 It 3-Jo /> irhoi; 


'’('+ra))'- 


n IS 13, find f 
When X It 1, 


IS 1 ; when x it 2, y tt Q-fit 


(c) 

If ft = 


I, «fa2, 7=20, n'=l{J0 and Z)=-(M>S, find E 


((/) If /= - 0 f and p = 


a and ft are con'taiit*. 


If /j = 0 when r=ld, and />= I(U when r=o. liid/wLeo r u 1(X 





,\;c “vue :‘:n\ 

, Ol-.'\w>“J\,„o«n\"‘ C?** i oi *“'' 


. 1 t- A 




. «.''t,:;sx"^“^'"’- 


tTCv 



EXAillXATIOK PAl'KRS. 


Plut « and tiDio nnj v and timo on squart-d paper. In each cose 
find tho total imtnbcr of ktudcnt.hours and find each aa a percentage 
of the grvaUj>t jKHbillo number. 

8. A 8tcan)»^Iiip at tho following apecds (e knoU) u*c» tho follow* 
ing Indicate^l ]for»o I’uwcr J*. 



Find if tlicro u a law of tho fonn P~ai-*, and if eo, what are tho 
iDo<«t proUibly correct ealuca of a and n. There ore cx^Krinicutal 
error* in tho obser>cd \aluca of vand I\ 

9 A copier wire of railiu* r. la coatctl wilh iron to an outsido 
radiua r,. Ttio aelf -induct ion I ilcnnta per milo la 

/=3-ll xlO'Vhig,^ 

M hire M tho pcrmiahility may bo taLin to bo SuO. If f la to be O'Ot 
and rj is inch, find r«. 


frotu x=l to ar *9. 

II. There is a ^aluo of x between IS and IX) which aatiafics the 
following equation ; 

find it. Log X ia tho common logonihra of x. 

13. A IcNcr mo\cB aljout a pin ; its angular displacement from a 
certain position la fi nt tho time / tuconda. 

d [ -SST ’7S9 ! I 1-074 1-207 1-319 
t jj 0 OOl j 002 ] 0-01 0-04 OOS 


Find ita aicrago angular velocity during each interval of time and 
Ute probable angular acceleration at tho time 003. Tho angle 6 i* 
in rguiiana. 


13. If a = 12t*, where » ia the space m feet which haa been passed 
throiii'h be a l»o.lv in t second* find a when t=10, find tho 

■ ■ ' a ■ • distance passed through in 

■ • ' s ' • . • What la the average speed 

a.-» * ■ ■••mgetatobo verj- amall j 
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A MANUAL OF FPwAO’nCAL .\LVrHFMATICS, 


X. 

1. (a) Ci>n)])Uto bycoutmcled inothodH, correct to four aignificaot 
ilgurcH and without uaing iogurilhiiifi, 

0'0'2:J51 X 0'];)l)7 ami O'Oh’iG?. 

{h} C!mupuU‘, UHlrig logaritimm (0']f)72-r I *507 

i 

{('} If 

where t in 21*1 l 0^ hod 'A for lhei>c valuer uf 2t)» iOO, 150. 

(d| ^V^itu down the valuca of mi loO', eon 150", Uui220^ 

2* A telepiiotnc current of frc<(uenoy hecoiucH of the value 

innipt - (fu:) 

in the diatuneo x rntlcH, where 

given tile vaUio of A if the inimri sign bu taken and the value of // if 
th<» f nigfi he taken; I in ti/nc iii /ieeondn ; the frequency in tKX); 
I: h 0 05 X huvuin j)er mile, r h HS oliina jier iniiv. Find the 
distance ui wliich the amplitude ih halved, find when L— 0, 

uecond when / -0**2 llonricu per mile. In eaci» eufjc* Jiiid the lug r/.c. 

3. ft iu tliouglit tliat there Ik a law //^a log cur connecting the 
hiihiwing experiinenUl <|uantiUea. Try if i!. in bo, ami if no, find 
the proiiahio valuer <jf a and c. 

■f ji 10 11 i '20 j :ir> ' 

1/ j;!)!).-/); l-O.'M j l-07«i I'liuj 

4. t weelcM h4‘ing the ago of jj, hah^', itii wt'ight n* Ih. waH ineanureri ; 
liitow llio relation of a» t4i t on squared paper. 

' 0 i ;{ Iota 

i; i 5 

^ w ! (S 1 tJ-7i7 I 3 ! (M , 


oil OH 
I *255 i 1 '373 




KXAMINATIOX PAl’KRS. 


.■^1 

It u sup{iosctl tlut thcr« is a Liw 

tf 3 a + + c/*. 

Find ttio proLaMo saliii-itLif d, h and c. If tliii lawhoMs fortliria 
timro ucilcs, iiod ta wIilh I is 11 < AVhiii thi» laUy is 11 mvcLb 
old, what will be Ihe rate [n.r week at whieli lU weight is 
incriMsiiig } 

5. The curie y^lOs/x rotates aliout tlio axis of x generating a 
surf.ie'u of resolution. Find the soluino U.twe'cn the plane cross- 
iie-eliuiis at x= 1 and X = 0. 

C, A Tee tor a is changing in direction and niagmtuda ; w hat is » 

if t IS time? Illusltatu this by uno example, aay, by ccntri{ictal 
aceelcratiiiii eif a point nioiiiig with constant s^iecd in a circular 
I>atii. 

7. By tabulation gne, apjiroximaloly, a table of lalucs of 
A-jy.dx 

If tlio follow ing \ allies of x and y aro gii en. Let ,1 1« 0 w ben x is 
0. Plot y and x on Mjuared leiiier. 



Draw a eun o show ing .( and x. 


8 . Desenbo a method of finding whether a given curve follows 
approximately the law 

y=a+bx' 
or y = fc(.r + a)" 
or y = n + bt***. 

Ijoganthnuo pajieT must not bo um^J ; the w oi k lan bo done on 
ordneiry draw ing papier U'-ing te-o and set s<{uarts. 

9. Simplify to the form a-l-^i (where imeans n - 1 ) the expression 



10. If y so sm qt .and t~Ii sm (qt - r|. w tn re / is time and er. 7 , b, c 
are con»t.anls j if q = '2r T, whin' T is tiie jienodio lime; find the 
average value of xy during tlx time T 




A MANUAL 01? PRACTICAL MATHEMATICS. 



11. A quantity of air changtis in volume and pressure in tho 
following way : 


! ^ - 
V i 

' 

7-4 

7-0 

7-8 

s 


]) I 65’2 1 

143-2 

177-7 

1 

•201-7 

1 

20 s -2 

186-2 


It is known that if H is tho heat received by it, 


I 

dv 7 - 1 



Compute this approximately at tho middle of each interval dv. 
Plot the values of both p and h as ordinates on squared paper, 
plotting V horizoutally. The value of 7 is 1 *4. 


12. Tho time of oscillation of tho pendulum of a clock is 



wliero a 23 a constant and JF is the w'eighfc of the pendulum. If tho 
bob is a coil of wire througli wind} a current c iiow’s ; if there is 
another coil fixed to the bottom of tho case througli which tlie 
current G flows, so that the \veiglit of Uie pendulum is increased by 
an amount proportional to cC, this being a small fraction of IF ; 
show that the gain of tho clock per hour represents the time integral 
of cC, Usually cO is proportional to electrical power, so that tlio 
cluck indicates energy. 

13. If a crank of an ordinary engine turns at a uniform rate, show 
tliat tile motioii of the orosshead is approximately a simple harmonio 
motion plus its octave. 

H. From tho comers of a square sheet of metal of 12 in, side 
small squares ate cut out and the edges turned up to make a box. 
Find the length of side of tho small squares so that tho volume of 
tho box is a maximum. 

15. Find the max. and mean ordinates of curve 

16. A box with lid, skies vertical, volume 5*G cub. ft, is to bo made 
from the smallest amount of slicet metal, thickness of base twice the 
lid and sides. Find dimensions, (b'quare base.) 




XL 


1. (a) Withbut u king I n^'-intlims, compute by contracted me. ttuxU 
to four aigniticont 

o SO^J X O-OTCJJ -1- 73 13. 

(A) Using log.irit}ims, compute 
15-^4 

(c) Tho >alua of tha ace*. It ration (m CLnUniitni per second per 
seconil) duo to gravity in Utiluiln I, u (approxitnaUl} ) 

930C3-*JG««2f. 

Calculste tbis for the Latitude 3J*. 

(d) Tho gunners’ mlo is that one bstft>enny (the diameter of s. 
halfficnny is citio inch) subtends &n angle of one minute at the 
dutaiicoof lUUjards Wlial is the {Kreentage error m this rule ? 

2. (a) A hollow cjlmdtr of outside dunictcr D and rndial thick* 
ness I IS of length I What is Its volume? If Z) is 4 inches and 
t— 0 3 inch, if the volume is 20 cubic inches, £nd 1. 

((i) Two simiUr ships .{ and H arc loaded simiUrly. Ji is twice 
tho length of .f Tho wetu-d area of A is I J,L>a> si^uare feet and 
its displacement IZOJ tona State the wetted area and displacement 
of Zi. 

(e) Tho CTOM section of a stream diridetl bv the wetted perimeter 
of the channel m w hich it flows u called its Uylraulie Mean Depth. 
What are tho Il>draulio Mean IXpths when vratcr flows in a pipe 
of diameter J (i) when tho water Alls the pipe, (ii> when it onir 
haU fills the pii«? 

(</) What IS Uio number of which C314 is tho Xapenan logarithm? 

3 (a) If ry’sa ; if a is 3 when vis 10, and if or is 11 when y «8, 
find H and a. What is tho value of y w hen ar is 7 * 


MJM. 



57-i A ALVOTAL Oi’ I'PvAGTiOAL JL\THiDMxVTICS. 


(6) 'J'hc veJocity of sound in air i.‘> Gfr-Wi feet per second where i 
Ls the absolute temperature Centigrade, that is the ordumry tempei^- 
aluro plus 273. What i.s the velocity at 10 C., ‘^"^1 |iy what haetion 
uiUbl tiiw 6c amltip/icd to give tlio velocity at lo U * 

(c) ARiuming the earth to be a .splicre of 8000 miles diameter, wliab 
is the cireiunfercncc of the parallel of latiUu.le 52 ^ iljo earth 
makes one revolution in 21 hours (approximately) ; v/hat m tho 
speed at latitude 52" hi miles per hour? 

4, There is a natunil reservoir willi irregular sides. Wl)cii filled 
^vitU ^sal( 5 r to tho vertical height h feel above Urn lowest point, tho 
following is the area A of the water surface in thousands of square 
feet * 


h 1 

i 0 1 

1 ! 

1 ;-) j 10 i 20 I 30 i 

I 1 1 1 

42 i 50 1 

1 ' ; 

05 j 

1 

A 

!' " 

1 220 j 322 j 435 | .505 ' 

1 5(50 j 580 ' 

017 i 

j m 


K'nul the average value oi A between 10 and 

Wh.it is A when h is 50? Find the volume of water winch would 
raise the imvfat'.e from h -'Iloh to 

5. Tho energy stored in Mniilar lly-whccls is = where d 

is t)je diameter arul n tho n'volutions per minute; a is a constant. 
A wheel \vhos(^ diamet<*r is "> feet, revolving at 100 revolutions per 
minute, stores IS.raiO fmd a. What is tho diameter of a 

Hinnlar lly wln.’el which wall increase its store by 10,000 ft. -lb, w'lien 
its speed inerease.} from I 111 to 151 revohiUons per minute? 

6. 'i'here is a root of 5a: - 1 1 0 between 1 and 2: iind it, 

using sipiared paper, aecuvately to four signiheaut hgiircH. 

7. A steanmr is nioving at 20 feet per Hccond fcowazds the east ; 
the p;uj.Hcngors notice that the smoke from the funnel streams olf 
apparently towarils tlie Houth-west witii a speed of 10 feet per 
second ; what is the real speed of the wind and wJiat is its direction? 
if solved \)y actual drawing, the work must he accurately done. 

8. If -i- ^\C() i* ur*, take various values of x from 10 to 50 and 
raicniatu y. Idol on nrpiarod papoi'. Wlutfc straight line agrees 
V. ith the curve most nearly between these values? FIxpress it in 
the shape y = a f Li\ 


9. Ii the force which rotard.s the falling of an object in a fluid is 
proixjrtioiml tu whore v is tiie velocity of fulling and is the urea 
of the hurjace oZ t)ie object, and if the force which accelerates falling 
w the weight 01 the object, show that as objects are smaUcr they 
lall more and more slfjwly. 

IlecollecL that of similar objects made of tho same materials tho 
dime^^^ aurfuces are as the squares of like 


KXAiiiNATiox papi:rs. 
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10. A iltdiiii; picco u at tlie distance « feet from a j^nt in ita 
|vith at tliu titnu ( seconds. Do not plot s and L Wbst u the 
aicrago siKtxl in tacit munol of titnu! .\£sumo tlul llits is really 
the sjHed in the tniddlo of lht» iiitcnal, and now plot tuuo and (^{iccxl 
on iKjuared i>ai»(,r. 


« j] IWW 1 1-1054 

‘I " 1 


1-2HG 1-31116 


1 4132 


1 5024 


1-CS57 


i-sua 


0-2 I 0 3 j 0 4 I 0 5 1 0 «; I U 7 


(i) \Vh.at IS tlio ai)i>rusiniato increoso in siiectl between 4=0tl5 
and ( = 0 35? (ii) What is approximately tno oecclc ration ultin 
(=0 3? 


11. Tho sections of tho two ends of a barrel arc each 12*35 s<]Uaro 
feet; tlio niiddlo section is 14 10 s<]uiiro feet; the axial length of 
the barrel is 5 feet ; what is its xoluinc 1 

12 . ■ ■ . , . . 

X and 
power 

Use srjoartei iwiicr it jou ph aso 

13. Accord I nff to a certain Imiothesis tlio tensile stress in a 
rectangular section of an iron hook at a distance yr from a certain 
line through tho centre of the see lion is projwrtiunal to 



When /?=10 and c = l, calculate p for vanous \aJuc3 of y from 
y = 5 to y — -5, and plot on wiuared luiicr. (i) What is thoaietago 
\aluu of j)? (n) For what eaiue of y is the stress zero? 


XIL 

I (ii) Without using hvgsnthms, compute by contracted methods 
eo that lour sigintieaiit figures tJtoH U corrtJU, 

53(ia*0tJTC.32-e 73-15. 

(6) Using h'gmthms, compute 

(22 15-4 l.rj)-«* 
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EX^ViJlKATlOK TAPr.RS. 
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Take assl, 6 = 15 , »**s 4 ; fuitV * (i) when /aO-JitTi (ii) »hi.n 
/i=0 .“WJO. 

» Tlw {y.VVs'Swg NilwAot X «aA y Ww.g U.Vi\aA6 ^ 

each iutcnaf, al>»o 5,1 =y5r, ornl .4 sj yt/x. Show In cunc* how 
tho value of y, uhI ,1 diptiui on z. 











IcBpSIEfml 

ItEriCllfVTTiifTml 



8, There i« a tahio giving valurn of y in tcm>i of z imd another 
g;{\ tug valuo of u in terms of y. What ii u whin z=8 3T 



y I'l 

V 


7 

U-DU , 

15 

•8100 

8 ' 

IG 128 '' 

IG 

•7ns 

» 1 

17t)70 ! 

17 

•5513 


0. If J)o = 100<, and j3*3<io 0 whi.n f=s3(X), fiiulf. lf;) = 3010and 
£=30J, find Uio new v If tho K'cond fcet of valuta Ijo called 
SOyd+fpt 300+51, tod v + iv, wlat U 5e? Kow um tho formiila 




and calculate 5» in tho new way tVhy w there on error in tho 


IDi Tho valuo of y, yanudiO I-anttiton cl (, U hete hw 
l‘d equidistant values of < coimiig tho whole i>cnoil- Express y in 
a I'ouncr Senes. 


jS-Coa IS tes t»C71 *20 IS'2 17 S'20 U 3t0 

10-130 5 012 1677 J'*0 2^ 

It ought not to Us ni^-i^r}* to say that IS *Gi u the secamd 
%alue. 


11 To solve z*-CSlr + 9*0 craphieally. it i» evident that we 
dc«,;lhe"l\ao of rilneh will ^ ^ ^ 2* 

tK4 » nu^t It .111 l« tit' e.ct. tt« tin'* '1-“ 

are UioyT 






^ 01? 


, f rof» «"“"f 4E\ 

Uin'>?gw*“r 


^ t specific 






' .v1iere>>' 

-rv\aCCS j 

,-,ec\act1oo‘ 

liiafi cotnX>"' i-n<f to 

, ,t pvessa'^*'’ , xto'i®’^ rji accoi^a o 

13. and a ^ V.vpo'-^^'-'®''” rTfT^’' 

n^omaut *“, jYVcUowl'i^ , ,,t Tost 

is acoaatf^V V^^. 

Vrt cOi^st^^ ^ ll^AlSt 

0'"°^''' tUo^to^^“'-Tvho 

VISION ^r..„ors Ui -rrTT.^O 1--^® \ ^ 
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xm. 


1. (o) WitliC/Ut using loganihms, compute by contracted »nf 
to four sigoiii&tnt 6gures, 

OOtW-JIfixllfi-Ofi-lSOU. 

(&) Using loganthnis, finti the saluc of 

OtJU'.rilGxllO 1413 - 01 . 

Then raise jour answer to the powerO 4543. 

(c) Write down the raluea of the sine, cosine and tangent of 
170* and 1 4 r radians. 

fdj Find the two square roots of 2 G - 3 li by fir^ t red ucing it to 
the forni r(c<« 9 + 1 stii fl). Tlie sjmlwl i stands for V- 1. 

2. Simnson's second rule i$ liasctl on the property that for any 
four eijumistant onllnalcs of the curie 

y = a + hr 4 f jc* + the* 

the mean ordinate is given by the formula 

y«=5fyi + 3y,43y,4y*} 

Prute thia. fjtatc the rule. 


3. Calculate p, u and ^ when /=344, hanng given 

, . 1518 122500 

loSioP=<> . 

pui«i*=i4i9. 


4. The following measurements were made from the cxpansioa 
curio of an uidicatur iliagrani : 


231 I 151 ! 109 84 1 C7 50 i 


It la desired to represent the cuno apptoainiatcJy by the equation 
ylr+a)" = 6 

Try whether this is pcnmssible, and, if so, find good average 
lafuis for a, 6 and «. 

i Arecungular plot of ground, 40 vards h> .30 yanfs, is dirnicd 
lino twetic equal s.juaces lu plan The heights of the ground at 
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the cornciB of the in foot above da turn love!, uro given 

HyBtomaUcally in the lollowing table : 


4 -8 1 8-0 

2-0 

1\S 

1-0 

r>-i 1 0-0 

4-7 


1*8 

4-0 ' 7 "2 

0-7 - 

1 4-0 

2-8 

2-0 4-5 ^ 

o’S i 

1 4-0 

2-5 


Estinutc the /neao licight of the plot. 

Draw a plan to a acalo of 1 inch to 10 yardn, and on it show a 
hori/.<)nta] contour or acetion of tlie groinul ut the level of 4 feet. 


0 . Suppose y to }/u ttOiiw kjuiwii function of x UJid let Y be its 
integral !Sketch apprt)xiiuately, on a counnon baae, any 

jmcii pairof y and Y curves, and point out BOine lelationHhip.s that 
exist betwecij tliein. 

Give the values of and j ydx in the two following cases : 

y 4 r a \}>x + y ~ a' cos 2 a% 


7. A surface of revolution is formed by the rotat3t3n of the curve 
\ 2 i\\nx about the axis of :c. 

Find the volume enclosed by tlie surface between the trariaverao 

pliinca at ^ ami x = tt. 

() h 


8. Compute sinji^u;, (a) wiien a:=:l*5; {h) when The 

symbol { means - i. 


D. 'i'hc following 
damping : 


cfpiation refers to a forced vibration, with 
d-x .dx n 


^ State the meajjings to be alUU’hed to the various tm ins of the c{|ua- 
tion. You may lake eitiicr a )neehanical or an clccu ical illustration. 

Fiuti the moti<jn, after the natural vibratifjn lias i>een dumped 
<nil, for cimditions in whieli/=rl, ?i“=10and ycrgsin2/. 


10. U hat is meant by the rate of increase of A with time, 
where A is a vector fjimntity ? 

. A ])oint moving in a plams had the positions, at successive 
intervals 5/ iMch of 0*1)1 secoiid, given hy tli*; veetorn : 

v/hcre the angles define (Urcetion. 

_Fh« 1 immoxinmluly tli« velocity of the point when in tho 
given middle position. 




APPENDIX. 

MENSURATION {CoiUlnu^d). 

Prismoidal formulae. — Two closed curves or irregular poly- 
gons in parallel planes, joined by a developable surface, such as 
the frustum of a cone, or pyiumid, form a prismoid. 

If yo and denote the areas of the two ends aud yj the area 
midway between them, 

Average section- J(yo-h4yj-fyo) (1) 

Volume of solid— (average section) x (length). 

Referring to p. 417, it will be seen that (I) and (2) are merely 
Simpson’s Rule for three ordinates, 

he, average ordiimte==|(yo4-4yi4-y2)'^-^==J(2^oT-*^yi+y2)- 

Ex, 1. The base of a square pyramid is a sqruire of 4 in, side, 
upper face 2 in. side, height of frustum 5 in. Find the volume. 

Length of side of mid-section ^ (4 -f 2) = 3 in. 

A verage section — J (4- -f 4 x 3- -r 2'-) = 

Volume— X 5 =46‘67 cub. in. 

Ex, 2, The base of the fnisutm of a cone is 4 in. diameter, the 
upper face 2 in, diameter, height of fnistuin 5 in. Find the volume. 

Average section — ^ {4* -f 4 x 3‘^ -r 2^) ~ = y - 

Volume X 5=36*66 cuh. in. 

<5 

The results in both cases are the same as those obtained by using 
equations (ii] and (iv), p. 210. 
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Substituting, F=200 sin 600^ 4 cos 600i> 

A ==V200"T3W=360‘6. 

A cos c =200, A sin e= 300 ; tan 5 

0-983 radian, 

r=360-6sin<600^^0’983}, 
lag of U=o6^-3. 

Demoivre’s theorem. — For any value of «, cos 7i6i: j^\n n9 is 
one of the values of (cos 04-isin 0)'* (where i denotes a/- 1). 

Multiplying cosu-fisina by cos -f i sin /?> the product is 
cos (a -P + i sin (a 4- y8). 

Again, multiplying by cosy4*isiny, the product is 
cos ( a /3 4- y) + f si n (a 4- jS + 7). 

In this manner the product of any number of factors of the 
form cosa4-isina may be obtained. 

If there are 11 such factors, eacli factor being cos ^+1 sin 
wo obtain (co3 54*isin ^y*=cos 31^4-1311^10. 

Operators and imaginaries.—An expression of the f orm 
a±{b^ where a and b are any real numbei*s and i denotes 1 
(p. 112), may be assumed to be obtained by an operator which 
will rotate a line through a definite angle about an axis perpen- 
dicular to the line. 

If a line C7d=u, then CA'— - a (Fig. 31, p. 135). Also, if i is 
an operator which will rotate the lino CP from CA to CB, 
ue- through 90'", then GB^ia, 

The operator applied to CB will bring the line into the 
position CA * ; 

r. CA' = iCB = i X ut or I'^a = a ; 

1 or { = 1. 

distances pax'allel to A A' may be denoted by letters, but 
distances perpendicular to A A' are denoted by letters preceded 
by s' - 1 Of i. Henoe, as on p. 1 13, j-= - 1, P~ - i, etc. 

Any complex quantity of the form a±bi may bo expressed in 
the form by choosing the values of r and 6 so 

tliat 3*co5 0=:a, 3' sin 0 = 6. Squaring and adding, 

3*-’(sin“ 0 -f cos- 0) = or 4- 6- ; 
r = s^a- -f 6’^, tan 0 

a 



OPi:nATORS AND IMAGIN'AUim 


CS3 


£ir. 1. Espribs 5 + 4i in Uio fonu r<c(«tf+ihind), citnct tLo 
Mjuaro root and cxiirtja it m Uio form o + l». 


Hcnco 

and 


or 


r=v'o»t4*^G401. A ^ = 

5 + 4/ -G 403 (co3 5S* Of + inn Ci>‘ 40') 

= 2 53 (C'OS 10’ 2 r + 1 MU 1 0* ■JO') 

2 53 (0 0 tSfl + » X 0 3310) = *2 OSS + 0 8375/. 


Ex, 2, Express -2 35+1'OG/ in the form r(ous(?4-itin0), aod 
extract tlio fourth root. 

r=N'J35i+ryi;’=3-0Gl. unff=— ^^UOMO*. 


-0 35 + l-0C» = 3'0Gl(cos 140* lO' + ikin 140* lOT), 
4/-2 35 + liX>..4'T(M(^^^?' + / 

= l 3-J2(cos35*3‘+i6m35*3'). 

The results may also be ^snttLn in the forms 

3U0l[140*W]; 1 322[35*3'] or 3-061[l4Cr‘17]. 
Ex, 3. Express 3 + 4i in tlio furm re^. 

As in Er. 1 » r= G 403, S = 3!>’ 40* = 0 075 radian ; 

• 5 + 4i = G 403t<'^'' 


Ex. 4. Express 0 403(c«a3^*40’-nj>in3S’40’) in the forma+tt 
G 403(coa33‘4i/Tsin3'»*40') 

= 0 403(0 7!>J2 + 0-024!5/) = 5 + 4i 

An expression of the form (a + 1») x («t + «/) iua> bo wntten m Uio 
lorn 

r(cosd + isin^) x ri(ros + 1 sin ?,) 

= +rj{c«)i(ff ■*-®|) + isin (9 + ^,)} 

Similarly an expression of the form niaj be uTitCca 
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I'h:. r>. in Uio form r((;o:)(J-l tniiifl), expro)!.') 2-oi 

alw in thin fond. J>ivido tlio iJr/tt of tliciio !)>’ llio iiccosid, c.xtiuct, 
tlio idjidu'o root unit wriLn Lhu aivnvtn' in tlio funii a i-hi, 

-s/o- i- ;f- -- r> -h:; i , tan o ~ .'iO" m'. 


r, '■ 


. . 0 -im, tan 0, f/, -- - ii'd' 1 2'. 


l(r , ,»iii!Knd'\ 




V 


r> 1 :t;^ r, h'm ,;g' i2') )-iiiiu{:i0''5«'+uy’ 12')} 

2 in ii'.iH.) 

10' i faiit'KflO'), 

.•. roii( 0 oi 8 :{ i- 0 - 7 (;i;jf)-- 0 - 07 ‘i 8 !-y' 702 o/. 

A'a-.o. .Sliov/ that (i)\^/^0-707-l 0'707t ; (ii) 1 vnA'^O ‘ 707 - 0 ‘7071. 
A‘:i I - 1 (com W f imn (JO'"), 

A (com - i- i m\ '|.T") Of t ^ 0‘707 •}' U'707o 

Ii,**. 7. A ily*whco[ i;i roUtiiif' a nul iaiiM per recond at tho 
tinio ( HVitatuhu if M ia the inorneiit actio;', if /a in a fluid friction 
and Im tiuj only rcJUBtaiicc, and / the inoincnt of inertia of tiio wheel, 

, da 


J/- 7 a } / 


di 


jVa a ‘^0 } 01 aiii iii/, 


^ ] ‘li C'oa Iti/. 


lake/ ^‘^00 and /-:-7000 i firul ,1/ if i 0*1 mn I2f, 

da 

dr 

Suhiitituling tlicMo valuer, wo oijtain 

M /{20 } O'i uui V:i) > r>0f)0 y 1 '2 com 121 
I 20Min ILV f 0000 CO i i2L 

Aa a f Id tnay he put in tin* f<u’in rfeoafi v lidnd), if tldu opcralea 
upon nuuKif result in arainf^/ » 0). 

AV. K flpcralc with d i ‘ft upon 

From Kx. I, d i M - 0 * l 0 : 5 (coa;JH^p/ ♦ i nin :JS* 10 '). 

ih-nci’ the result hi d > i'rmnuid/l t dhJaittU/^ {dlH"' 'U/h 

/ix, ih Hhf»v/ lijat the valu‘‘a of s^l7 r 00/, iind ivv^f uru 
f5'07d '{'2’OnGi, ^ <^ojdr»'" - /:}in<i5^ rcHpccUvcly, 



OPKUATOltS AND IMAOIXARIES. 


ia 7 


AV. lO. If a + Itt u[M.ralin^ Mi>7t (wlitru t l« ItiC \9rulln 

and </ la tnHinUn t) jiM a a*iilijt + hco*qt, nhoM* Ilut ll u of 

ojurating witli Vl7 + .W», \'i, and I 4- s'? bmy/ at« 

+ 2 0 t>. 1 c<rt 7 (, cua-jyisin^f + sin^'/cirt^/, 

Olid nM>w.tnd>. 

AV. n. SSio\t tlultlic%alucofcoih0 l(I + i)is l-(X>^2r 
/,V. 12. Tiic iikiTiiiricil vvluu of cu>h £ H li(.(i X 13 0 IS ItliX). 
AV 13. I'xj»rt>» .1 - ■!» in lliL' fi>rm r{t<»s fl + 1 *in 
Kiptcsa ~ 0» al>io in tlii3 form I)i\ idc tlie fiiAt uf tticio by tlio 

s<fCS)U(l, and blioH tliat liio ro*ult i« 0 iA‘:'Jn + 01i321i 
Ex. 1-1. hliuw tliat the cuIjo root of -2.T3+l'90l is 
OWd 


Differentiation anti intcsration. -The itietliod>: lodicaied 
in (,'lutjiUi's XV. lo XIX. Mill enable the JiirmiitiUioii or 
iiit*'^nUi«ni of ati^ oiilinary espre-'-sInri to lie elfectMl. An it 
11 diilkult to ixuiiinber the v.iriuns iiite;:ials i>< adiis-ible 
for a rtudeiit to ojitunlo a complete list of the in. 

Ex, 1. If v=At‘'’, alial ts An ilLCtne coti(lt.iiM.r> fd 

c.»ji.itity K farails and !tal.-i.,'0 riMstaneC II ohm», ha» Utii ch3rs<-d, 
and the lolta^u ii diiuinti>liiiij according the law 
dr_ r 
iU ' .1 K 


Exj.n-wi r in Urnii of the lime / sec If A' = t> Sv 10"* farad, if a 
s tloUd to l»i lit), and la sec. aftcruarvis to Lie 2’j i3, lind E. 

If y=-fs", 

<Iv I ^ dr r 
^ = .Mc- = ay. ,^, = -- 1 /^.; 


or 

If { = 0 when c=30, 

H(.nc« 


or 
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;}o 


'i'hu Nu[)ii;i‘iiin lu;^ of ; 


21} -i:; 

11 148 X W'‘ ohuiii. 
0'^ /U'i'JCO 


/i/V;. 2. TIk; curvu paiiMCii throuj'h tlio poinUi a;-L. 

nnd 10, y>-=l2’0, Find a and h. Tiiifi curvi; rotutus 

klxnit l\vt axiii oi Find thu volume between the ;>eetiojia 
Ul 

d'he ;j;tveii e/juation may be written lo^ y - lo;^ ci ^ log e. 
itenee, ^ad^Htituting the given vuluea, we obtain 


log I2'0-=^]oga }• i0/>loge, dD 

log il'o:::. ioga r /; lug (2) 

From ( 1 ) and (2), a b 0* I42'h 
Ucnc'j 


Volume — TT ju^fix^TT j 

— TT I ( 0 ’2 1 7^;^^ “ ; 

2f 


TT X 0*217 

o* 2 Hh; 




1017. 


AV;. 0. If the eurve y -1 i-0*2jr rotates round the axia of x, tho 
volume between tho cnj;5a-:je<jtion ut x^i) und 10 In 2003. 


Approximate differentiation. — fly the amlhodH already 
indi('at(!d in (Omptera XIV. and XV. it in po.'iHil/le to (lifler- 
emtiato a given exprcK^iion v/hen tin? relation between two 
varialde.i is i;no\vin Apjiroxiinate values may be obtained from 
tabulated values of two vuriablen. 


Kr, K Values of H and t are as ta)nduti*d ; Ond in tho middle 
of e-aeii interval, Find tlm value <jf aiul v/hen 4-0'03 aiul 


t |i 0 ’ ■()! 

(rl ' ’O.'t 1 -(M 1 •()."; 1 -00 ' '07 

•08 

‘00 


•;i2i!:t ; j'a-JH2 ! •:ir.70 1 •;)(}', o | •:j72:t 



[%3702j 

‘3800 



ArVr.OXIMATK l)irFi:i:KXTIATION'. 




Tho \i»hK >» i.f >{» arc foinnl l»y ►■ulitr'K tiii^ c<Jti« ciUne of $ 

IhuK, 0 310'J _ U1I374. IWt.wliiij' m (hi« Hia»ii< r, the follow- 

tiig talma tiiay lio nhtaiticd ; aI»o, oa tU it Otjl, Ihu tatu<.a of may 
In' UhuIaU<l aa follow a ’ 


' ! » 


ar* 

05 1 -01 j 1I5 j (si 

07 

1 OS } k9 

a *(-2754 

3I(iS 

5253 

ij 
I ^ 

372-' 

1 .57‘.r2^ r.-OG 

,Zr 

■U174 UI. 

r, 01 

19 OHO -(MtsO 1» 

i75 ii 

«K,'» SMil 

<Ai 

d'f 


’4 1 55 1- 

19 100 hS vSO ' 

:5 

(j9 Gi 


To fiml tho talucijf _ whtti « = 0<n, it ta only iw.-ccs.sirv toohtain 
dt > j . 

tho in(.in taluo tliua, J|1 19 + 1 llO) = 1 

Similarly, when a = 0iJ7, 71 

Uy ■iiUrncLing cfititoculivo \«lmt of and dimling hy th\ 
vnluca of may lio ohLiinrd thus, 0 9119-0'flllx'»= 
luiM-o when - lid. 


AV. 'A On tho indic-ttor iliagraiii of a gas engine tho fulluwing 
arc *»niio rradinga <jf ;< jiri jwiurc and r tohimc. TliO rale of rtcijdioii 
i>r iii.at (if tho giMS arc kuji(iujm.s1 to ho r(ri.i\iiig Inat from on 
ouUido source and not frinii lli<.trowii chemical action) la 


w hero k and A', the 


</// L { df,\ 

Tu -P*K’-rLV^'"df} 

imjiiiriatit Bjjccific heats, *r 

A' -1 ■ “ n< 


such that 


Tj^JTPTj 24 23 t:fi 27 ' 2 !» 

/I J 84 5 I no , 17(1 215 i'll 254 22i3 ' 215 2 ir 2 

! «• j 2-9 j 5 D 5 1 3-2 3 3 3 4 ' 35 3 C ' 

\p“ lfr 2 I 183 I 173 IC 7 1.59 152 l 4 d ' I 40 
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Pind ™ lit three xdaces ; where ^;= 2 ' 05 , i}‘ 5 r>, and at tlio ijlace 
do 

of liigheMl pve.s.->urc. 

When i;:^ 2 ' 05 , ‘ (H-Po r IU)}== 07 ‘ 25 , 


d/j 


coo ; 


dIJ 

fh 


, 0 ,= 110 -Sl- 5 = 25 'i, 
[=-97-rH.(2+— ;jj^)(97-S + 2'03 x 255^ 


97 '25 i- 2 '00 U) X 020 =;= 17^10 <i. 
When ?/ = 5 ' 55 , 7;=:^(M0'i MO)— M 3 , 

dp 


do 


- -- 00 ; 


=rM 3 - 3 ' 002 x 7 O:= --llo'h 


GO) 


At Iho place of highest proasurc, where 7? “ 231 , v = 2'5 and ^=0 5 


do 




rril 58 a 


Approximate mtegratiom— If eoiTenpondiog vulueH of and 
'/ are tahuiated, where ij is a quantity wluoh dependa upon 

then by tabulating for each interval andal^o tubulating ;/fo, 


(X/’ 


in approximation to the value of Urn integral of y may be 
obtained. 

AV. 1. (liven the following vahien of x and y, find hy tabulation 
a table of vahu-rs ol .1 ~ j y dx : 


!| 

! 

O'i 

'' 0-2 1 o-:} 

1 1 

! 0-4 

‘ 0-5 

O'O 

y || 

1 oOixl 1 


' l-SOfri j 

i -’-lO 

i 

‘ 2-2!) 18 

2'528l 


1* in<l the area l>e tween 0 and x — 0 0. V erify by ubing Simpaoa*H 
Uulo. 


API’llOXIMATK INTf^.HATIOX. 


Vahwai 

of ay aie 

ul/taima) hy «u 

i.tracUit^ toriM 

cutiie 

kAlmt 

A y thu 



) nil OJ axi^O 1 ; Iks 

i't 

1 ni. 

Pu olitaii) 

talm-A of y ax St II 

Jlllt ticci 

ss.irv to lifui R 

i.in lal 

.14 <f 

•f ami iiuiltijily hy 0 

. thBN, 

(1 .'lOlxl 

f Ii.774)x(i I -- 

1 lli-’lV 

The 

i.i]ms of 

A^jydx 

arv finir 

m 1 by Oihiltia the taliKl 

of y U 

thus 

} IIS’! S 4- 

D IT.■5^SsO 

kJX^G, 

Othir 

aluia u.av l>o 

ol'tatRtT 

1 ai.il 

ahulaUil 

0.1 folhiMi : 






X 

! 1 

‘I j 

--■ 1 


^ i 

a 

y 

1 '<.1x1 J 

1.774 1 

* 1 

'i.,7il ' J Id I 

■jyHji 


ay 

ajc 

■ 1 Ml 

l-2> 

1 r.sa. 

I1.IO, J-Hlit 

■J .Vxl 


ylt 


i7r»Ns 

IbOlX/ 

1'lllto. -il'.'.VJ 

-a HILO 


fyAx 

jo, IGilS 

, xif/iKJ 

700 

’7J4'(7, 0<4'X| 

. i J'v'.i; 


'fho ajv 

t can also 1i« ol-laiii 

il li\ Si 

nijrKits’i* ]«u!e, ji 

IWl 



fcu 

m of < n< 

1 mill 14 1 







n 






.. tAl-l 






U4 - 4 

oiiOvJ . 




Kr. 2. Tlic ^13ul» til T atii] y 

ami i.l in inl<r\a\, S 1 Uui^ tl.r artA in llic rnttnal 

tittwKii Ihci 'irvliitati • 



5>l»rjir that tJio arta J = ^ y Ja u 


4J't 43:1, l«y SiLiiu^-a » ISkIi 4-’t 
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Avorago valuos.— Tho average value $iu“vC {vouv 0 to 
may be found as follows : 

As cos Hx =^1-2 siu-,r, sin-x - K ^ ^ 




Itonco average value ^ avoa-r 27r— L 

In a similar nuiuuer the average value of cos-x from ^'^==0 to 
— 277 is found to be L 


AV, }. If and x-/>sin{< 2 ^-c), whci'o t is time and o, 

h and r are constants; if f 7 ^ 2 n-/ 3 \ where T is the periodio time, 
tind the average value of .r^ during the time 
x\i — a(> sit\ qi sin (tji c). 

Let qt‘:=:0; /. 5:2 ui slu 0 sin [0 - e) 

:=: (d) sin d {siu cos c - cos 0 sin c) 

^ab m'fiO ot^s c -- nb sin 0 cos 0 sin o* 


The average value of siirc?- L Average value of sin c^cost^ is Ov 
a* average value of xy is I ah cos c. 

Solution of triangles (rtnirfnuetO^““The solution of triangles 
has been explained in Chi\\\ VIIL ; in praoticOj however, it 
is better to use the sim]de trigonometrical ratios. The methods 
adopted UKiy be seen from the following example ; further 
exercises are given in Ex, XVIL and Ex. XVllL 


Kx\ The thivo sides of a triangle are a-SlV:iS, h^rA<\Sy 
c — Find the remaining parts and the area. As in Fig. 40 
^p, U>0), take the longest side as Lvse* let }> denote the length of the 
.u*rpcndicuU\r BD, and y-UO, Then, from the triangles 

.iBl\ DBC. 




+ 47’4SA ^ 4 jr ~ olVoS'^. 


.r -y*==SG*SG\S'l ; also x l*^V-512>S. 
SG’Sd x8T 


51 '88 
a*55»i2'o4, If' 


--=18-7. 
dS'SL 


Ci>s A 


4T*4S* 


/. A:^WU. 


co 3(7--~4. o=Ge'i.v uua i>'=i'ie 51'. 

Aixu = i {47‘ SS X 51 ‘38 sia 40^ 44’} = S8S-2. 


Hcaco 





592 b a :ma^^al of practical mathejiatics 


Table X. 

natural cotangents. 

[Xumbew in tUacrcnce columns to be subtracted, not added.] 



O' 

5' 

10' 

15' 

20' 

25' 

30' 

35' 

40' 

45' 

50' 

55' 

0^ 

Inf. 

GS7*5 

343*81 

2*.M*‘2 

171*9 

137*5 

114*6 

08-22 

85*94 

76*39 

08*75 

02*50 

1 

57*20 

52*8S 4t)* 10 

45*83 

12*00 

40*44 

38*10 

36*18 

34*37 

32*73 

31*24 

29*88 

*> 

2804 

27*40 

20* 13 

25*45 

24*54*23*00 

22*90 

22* iC 

21*47 

20*82 

20-21 

19*03 

3 

10‘0S;lS-50 

IS07; 

17*01 

17*17 

lG*75l 

1 6*35 

15-97 

15*60 

15*20 

14*92 

14*61 

4 

li-30,14'0i 

13*7:3; 

1:3' 10 

i3*20jl2*95| 

12*71 

12*47 

12*25 

12*03 

11*83 

11*02 

5 

il'43’n*24^ 

UOO 

10*88 

io*7r 

10*55 

10*39 

10*23 

10*08 

9*931 

0*788 

9*049 

0 

9 :>1 4 9-383l0‘25:>‘ 

9*131 

J-OlO 

S*S<>2 

8*777 

8*665 

8*556 

8--110 

8-345 

8*243 

7 

H 144 

8*048 

7-05'.5: 

7*861 

7*770 

7*682 

7-590 

7*511 

7*429 

7-318 

7*260 

7*191 

S' 

7115 

7*0tl! 

6-U08 

Or 897 

0*827 

6*758 

6*691 

6*62.5 

6*561 

0*407 

6*135 

C'374 

0 

0 314 

0*255' 

0 197 

6- 149 

3*981 

6*030 

5*976 

5-923 

5*871 

5*820 

5*709 

5*720 

10. 

5*071 

5*623 

5*576 

5 *530 

5-485 

5*440 

5*396 

5-352 

5*309 

5*267 

5*220 

5*185 

11 

5*145 

5 in5 

5*060 

5*027 

1*089 

1*952 

4*015 

4*870 

4*843 

4*808 

4-77;5 

4*730 

12 

4-7051 

4*671.1*633 

4*Gf)G 

4*574 

4-042 

1*511 

4*480 

4*449 

4*419 

4*390 

4*360 

13 

4*331 

4*30:ll4*275 

4*247 

1*219 

4*102 

4*165 

4*139 

4*113 

4*087 

4*061 

4*036 

14 

4-OU 

3*080 

3*062 

3*038 

3*014 

a-sco 

3*S07 

3-S41 

3*821 

3-708 

3*776 

3*754 

15 

3*732 

3*710 

3G59 

a-r,os 

5*047 

3*626 

;4*GOn 

3*586 

3-560 

3*546 

3-526 

3*507 

10 

3*487 

3-40S 

3*450 

3*431 

j*U2 

3*394 

3 370 

3*358 

3*340 

3-323 

3-.305 

3*288 

17 

3*271 

2*251 

3*237 

3*221 

5*201 

3*1&S 

3*172 

3* 156 

3*110 

3*124 

3-lOS 

3*093 

18 

3*07S 

3*003 

3*017 

:i-033 

5*018 

.3-093 

2*989 

2*974 

2*969 

2*946 

2-032 

2-918 

10 

2*iH)4 

2*891 

2*877 

2*SGi 

2*850 

2*837 

-«-4 

2*811 

2'7t!S 

2*785 

2*773 

2-7CO 

20 

2*7 

2*735 

2*7*23 

2*711 

2*699 

2*6s7 

2*675 

2*663 

2-651 

2-030 

2*028 

2-616 

21 

2*005 

2*591 

2*583 

2*571 

2*560 

2 ‘559 

2*530 

2-523j 

2*517 

2*507 

2*100 

2*485 


2*475 

4048 

1545 

4443 

1342 

4242 

4142 

4013: 

3945 

3847 

3750 

3654 

23 

2*350 

3401 

3309 

:J276 

31S3 

::090 

2998 

2907^ 

2817' 

2727 

2037 

2541 

24 

2*210 

2373 

2286 

2109 

2113 

2028 

1943 

1859; 

1775 

1692 

ltX)9 

1521 

25 

2*145 

1301 

128:1 

120 :) 

1123 

toll 

0065 

0887 

0809 

0732 

0655 

0579 

20 

2*050 

0128 

0353 

0278 

0201 

oi3r> 

0057 

1 -Oi'M 

1*9912 

1*9.S40 

1-0708 

1*9097 

27 

1 * 90:1 

0550 

0180 

9116' 

9347 

0278 

1 92101 01 12 

9074 

0007 

8940 

8873 

28 

1*881 

H711 

8076 

^6^l| 

8546 

8482* 841S1 835-1 

§r*?l 

8226 

8105 

8103 

29 

’1*804' 7979 7917 

t 

7856; 

7700 

! 7735i 7675 

7615 

7556 

7496 

7437 

737C 

30 

1*732 

7202 

j 72()5 

1 7147! 

70i>fl 

I 70:J3 

6077 

6020 

6864 

6808 

6753 

6608 

31 

jl 00 1 


6531 

t)l79 

6l2tJ 

! t>372 

1 6310 

6265 

6212 

6100 

6107 

60.55 

32 

il-OUO 

a952 

.5900 

.7.^ 19 ; 

5798* ,"j747j 5697 

5tl4 f 

.5597 

5547 

5497 

5448 


1 *.) 10 

5350 

5391 

5253 

52(t4 

5156; 5108 

! .>961 

50i:i 

4060 

4019 

4872 


1' ISo 

4770 

4733 

4687 

4611 1596 

( 

1550 

459 :* 

4 tOU 

4415 

4370 

4326 

35 

1*428 

1237 

4193 

1159 

4106; 4<t03 

4010 

3976 

3931 

3801 

3848 

3800 

30 

l*3i0 

1 3722 

3680. :it.3> 

3597 


3514 

3473 

3432 

3392 

3351 

3311 

37 

1*32 1 

1 3230 

1 GIO*) 

3151 

31 n 

:;(»72 

:ilt32 

2993 

2954 

2915 

2876 

2S3S 


1*2m1 

1 u*2.>J 

2647 

' 2(/09{ 2572 

2531 

2107 

216<4 

2423 

2386 

oij 

1 * 23 .^ 

j *2271 

2*231 

220:5 

2167 

: 2131 

j 

2995 

2959 

1 2924 

lOcS 

1053 

40 


1S.?2' IS 17 

1812 

1778 

! 1713 

! 1708 

1671 

IGIO 

um 

1571 

1538 

41 

j 1’ 

i MTUj 1 lot 

1 lo:> 

1300 

; 1336 

: I:i03 

1270 

12:i7i 

1204 

1171 

11.39 

42 

‘1*111 

! 10*4 

! 1941 

H>99 

0977 

0915 

' 09i:i 

o.*^si 

0850 

OSIS 

0786 

0755 

13 

j 1*0*2 

1 0n92 

i oom 

(Uiiiu 

0.599. 0501 

0538 

0507 

9477! 

0446 

0410 

0385 

44 

j 1*030 

} U32a| 0295 

j 0205 

02:i5' 0290 
) 

J 0170 

0147 

OIlTj 

003S 

0058 

0029 


12 3 4 


Biffercncc 
columns 
coase to be 
usefub 


G 12 10 25 
5U 16 21 
5 0 U 10 

4 S ll2 36 

4 7 1 11 14 
3 0 } 10 12 
3 6 on 

3 5 8 10 

2 5 7 0 

2 4 0 8 

20 40 GOTO 
18 37 55 74 
17 34 51 OS 

30 31 ' 47 03 
15 29 • 44 5S 
14 27 ■ 41 55 
13 20 * 3S 51 
12 24 I 36 IS 

11 23 34 45 
11 21 32 43 
10 20 30 40 
10 10 20 3S 
0 IS 27 30 

0 17 20 34 
8 10 25 33 
SIO 23 31 

5 15 23 30 
714 22 29 

7 14 2i 28 
7 13 I 20 20 
0 13 ! 10 25 
0 12 IS 25 

6 12 18 24 


Table X. 

NATURAL COTANGENTS. 

[Xuabtn In diflercoce ojlamns to be scbtracteJ, not 
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17. A rectangular box without a lid, 0 in. long, is to be made of 
sheet metal ; its volume to be 81 cub. in. Find dimensions when 
the least amount of material is used. 

18. An open cylindrical tank, made of sheet iron with a flat base, 
is to liold 20,00() gallons of water. Find the dimensions when the 
least amount of metal is used. 

19. A rectangular playground, area SOO sq. yd., is to be enclosed 
by three walls, using an existing wall for one side ; find lengths of 
sides for least cost. 

20. A lidless box is made from a rectangular piece of sheet metal 
5 ft. bv 4 ft. by cutting small squares out of each corner and bending 
remaining pieces through a right angle. Find the size of the squares 
when the box has the greatest volume, 

21. The consumption of petrol is found to bo proportional to 

^ Find the speed V at which the consumption is least. 

22. A cylinder made of sheet metal is required to hold 300 
gallons of water ; find the dimensions for tiie least amount of material, 
(I) ao cover, (ii) closed top and bottom. 

23. The volume of water in a hemispherical vat of radius r ft. is 
7r{rjr ~ where x is the depth. Water is poured in at tho rate of 
5 cub. ft. per min. Find the rate of increase of x when r = (S ft., 
a- = 2-5 ft. 

24. In t sec. after its projection from the ground, a bullet reaches 

a height h given by 7^:= 130/ IG/-. What is ? Find (i) value of 

iit ' (it 

at / l»2, / = 4*7. (ii) hind the time to reach the greatest height and 
to reach the ground again. 


25. Ill the following differential erjualions given find ij : 

(i) .}x= - Zx rl ; (ii) 4x‘ +8* - 4a=xs +2 ; 

(iii) «f-ix-+cx=>-x* + C; (iv) z(2x - 1)^ ; 

{y)(x-.i){x~2); 


(vi) 3x= + 


26. Given find ,j. If when x=:5 tho value of tho 

function Ls 360, find tho value when x = S. 

27. yhow, by integration, that the volume of that part of a sphere 
of radius 10 in., cut off by a plane at 3 in. from the centre, is — 

23. Find the area between tho axes and the curve v=’’0 +3x-''>ir 
irom to V r 

aud'^is 40 w™n x = 3 ^ iias Gxr4 for its derivative 


ANSWEEa 


Exercises L, p. 10. 

, 4x(x»+l){(a;» + l)»-x»}; 3'5174. 2. O m 

ai cti ah A Ux . 

■ * 8 + 12 '78 ^ rr^’-y 

. ^^-0 5300. 6. 5 2C5. 7. 3 40. 

, 0-2397. 11. 0-2238 ; 0 0536. 12 

, 1-0557. 14. So*. 15. 4 902 

. _i_;061&S 18--^ 19 1- 20. (4a:-3y)(3j-4yX 

. (o* + a5 + t^)(a’ - 
. (j:^+s* + a:y+l){a;“ + y*-xy- 1) 

. {4a:-5)(5j:-*-C), 25 (2y + 7)(2:+3), 2G. (3a:-7)(r-3a). 

. (a;-l)*(a:^-l-2j: + 3). 28, a. 29. x + l. 

, 0 9659. 31. 9. 34. _L_4._J_. 


(a: -19) (* + 2 3). 
(a;-20)(j:+2G). 
2l(2js + 5^)(2a:-5y) 

(x+2)(a;-l) 

x*--2 


'*'x~2 x-3 x-l~x + l' 

45. - (a-i)(6-c)(c-a), 

47. {a:+2\/0)(x-2\^), 

49, (a; -5 63) (a: -3-24). 60. 

l-» . 1 , 1 

(l-3i)(l-t-a:)' 2(J-3Jr)'^2(l + *)* 


Exercises IL, p. 20. 

2. 47‘ 45'. 3. % 120‘. 


u 1-0372, 00123. 5. 435-7. 

'. 0-7431, -0 6947, -0 6745. 

4I.PJI. 


6. 0 39-27 nijlcs. 

8. 0-2588, -0 0691,0 3243. 
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angle j: ‘ 23 ’ 

123 ’ 233 ° 

312 ’ 

383 ° 

.sine 1 0-3907 

O-S 3 . 07 j - 0 - 79 S 0 

-- 0 - 74 S 1 

0-3007 

n 

cosine ji 0*0205 

- 0-5440 1 - 0-00181 

1 ^ 1 

0-6091 1 

* i 

1 0*9205 

tangent ;1 'o- 4-245 ! - 1 -5399 ! 1-3270 

-M 105 

1 0-4245 

t 


6*702 radianjs, IL 43'" 35', J8tT‘'25'. 

13. 7F3rr6' 14, 3L42, 47'13. 15, 5^237 fL per sec, 

17. 0 G283, 18, 0-3704, 21° 13', 19. 087*0 ft. 


1 . 

8 , 

20 . 


«:5 . Xi\ 


2. 


Exercises III., p. 35 

If 


' 0 '3* 


0 28 ; 0-96. 10. 

0-39 ; 112’ 52' 


8. O’OSOl. 
^ , 3s/7 

4 ’ 3 ' 7 

22. 4 359. 


7. 0-9S9S; 1. 
12. lufinity 19. 18*72. 
26. 


Exercises IV., p. 41. 

2. 4."/’, 135’. 3. 3(1’, 150’. 

5. 120 . 6. GO’. 15’, otc. 


1. CO’, 120’. 

4. 4.5°, 71° .33', 

7. (i) 52’!', 127-58'; (ii) l.'ll’ l.V; (iii) 70’ .52', ICO’.’ 

8. 45’, CO’. 

11. 30', GO’. 

14. 90’, 45’. 

17. 09’ 18'. 

19. 

21 . 

22 . 

23. 


9. 70' 32'. 10. 120% 0% 

12. 30’, 1;50’. 13. 4.5’, GO’. 

15. 210’ .52'. IG. 270’. 

18. (ij 120’; <ii) 13.5°; (iii) 13’ 20’, 16G°40’. 


4.5°, 00°, 120°, 135°. 20. 

28" 9% or 51', 118" 9', 151- .51 . 

71° -I, 108’ 5.S', 251° 2', 2&S’ .58'. 

-1 ==39’ 48', il=27’ .54'. 24. 38’ 20'. 


0-4HG, -0-4-41C. 


25. 29° 17'. 


26. 

30. 

34. 

1 . 

5. 

- 7 . 


45% 27. 122’ 18'. 

(«) 60°; (l>) S0% 31. 30°. 

19° 9'. 36. 7’ d-l'. 


28. 54°, 120°, 198°, 342°. 
32. 9’ .53', 19’ 10'. 

37. 


T 27r 


7> - j 

‘i O 


ftr* 


Exercises V., p. 47. 

3. xn-x-i 4. 

6 . a^lcK 

1 o . -.1 

'iii- 2, i/— 3. 9. (6) z"y '‘ ; (c) z. 





ANSWERS. 


u9:> 

10. + 11. +Ii + cJ-SaJl.M. 

12. 12. 13, 1-235 14 

«.afV 1., ,„(5)>.(|)*+(!)>.(2)';.-.,‘. 

17. X*. 18. ai+aJf)5+l/*; 84-00. 19. 25-2. 

Exorcises VI., p. 62. 

I. 0 5540. 2. 3-123, 1704 3 12, 

4, 0-3722, 5, 0) 0 47iH; (ii) 0 0557. 6 ,V 

7. 15 3 8. 1-702-2. 9. 55-10 

10. 303. II. 6 504x10*. 12 3 314,902. 

13, 1-0-27. 14. 1133. 15. 245 5, 280. 

10. p=0*42SG, 0-305-3, 0 3642 ; t;=3, 2 806, 2 643. 

17- 14407, 1CG04, 18557, 1SS15. 18, 1-722, 0-0193. 

19 •/jO. 20. 30 08. 21 254 0. 

22. 74 93. 23. *=0 0025, y = 0 5663. 

24. 0 3. 25. 2 078. 28 0-2184, 0-2993. 

27. 3 17. 28. 2 885. 29 20-2 x' 10*. 

30 1 613. 21. 0 0893. 32 0 1556, 0-21U0, I IStO. 

33. ( 1 ) 0-4315} {i»)4-S590; (iu) 1 8210 35 -0 SS99. 

36. (7=-45I6, Z>«3 37. 1 0572 38. -3-2-21, 

39. (i) r=4S5, p=50-28; (li) r=7692, v^OS 40. - 002 CO, 

41. (1) S32.su ; (ii) 33570} (iii) 38410; 

(»-) .3344U; (v) 44910; (vi) 40500. 

42. 31518 gallons 43. -0S97 44 50 0443. 

45, 133 0. 46. 2 971, 47 1 8I3G, 4-25.”, » 48. 5 491. 

49. (i) 3-7SG; (u) 0-2641. 50. 1 737x10'*. 

11. 0 4338,0 6015, 62. e=sS10. y=SG0. * = 2S4 1 53 0 04467, 2, 

Exercises VII , p. 71 

1. Sa 2 11. 3. li. 4 13 5 3i. 6 f 

r, m. s. 112 9. 10-4 11 3 12 1 , 

13 7. 14. 4$. 15 f 16 4 17. f+C 

18. 9. 19. X 20 21. I 22 ab. 


23. 




24. 5, 0. 25 - 4. 28. 


27. 3 



^ i ^llXo P- ,, O.V. 


.. *«o. 

o 120, SO. j.^s, :£0', » 

oUo..^ „ I-‘'=“'‘““’ »-“'’’'Sol'>-'’S.“- 

; tmilc=n'"°£l'4s- 

i.n-'’^’-'-" ., „ 


5. Ti’ ■i’^'' ^ 

«-a p:^. 

8. -i 


lOs..^^-^''-'^'’ p. 81- 

^eidses ^ ^ 6. 

2. 10. -\ 6. 0. ^'• 

13.^^- „^5. 5- 0- (. 

.c-"’. •> 8. 4 ,i=-l)- 

i -iQ ai— " 

1.1. ilV. "• 3 a 16. a. 

, j,o(r:rii5 20. 3«. ■"^' ., 

.r-=3. , . 

,^=1,!/==-' h(,]l'"^-. =='<r^'= 

I/"" 

L .«=-^-3i> + c 

i,=^2a, .>0 ::=S0. 

,p r — ^ 

.4. -x ..V J 


^,=^2a, -"=Sa. -^GO. 

P JL-, U') 

W .1^’ ^.. p. 8f7, 


p j:. -, v»» - 

^ ^ P. 2^* V1OQ0 

:Bxeicises 2... P ^ £10, 

•1V01S. ^ 1 8. 'lO^i. •^O'-V 

'Hv !; £16661. £^00''’ 11- 

violins. 'J- ^ ^^3.95%. 11. -lOO-i. 


•^,175. 13. 0^ 


2. 1. ■"• 

1, 1- - .1 - V2 

.. •■»r^ o» ■•* 

0.7.1, S oJ. 

- * ’ ^(\ 


3£j.if. 


Ji. " **. .^- 

, l0-95%. 14. 7062. 

4. ■2-3.4-» 

1 "O ,10 8. — 

■^’ V-. '^- Kpiri^. 

2 . ' - 11 . i \l „v+il 

lO. i * •' *2 — 


ll. i ’ \ pv-r^** 


\a^. 13. ' i- 

0 , 


16. ^}> 5’ '■ “’ ~ ' 


ANS^VliRS. 


597 


17. a;=3, -1, y=4, -2. 18, 4“2428, - U 142. 

19. a:»-C4:+7. 20. 0, 5a. -a. 21. 2 5,-1, 

4 

22. ±\% ±1. 23. 1, 2a-l. 21 

25. 1+\/J±n/( 2 + 2'J2). 23. -2±s'n>, -2±s,'a. 

"i'jy 28. ±s/23-l, ±^/7-l. 

29, 30. 4-3 or -1-370. 31. 20tlG-l-S6. 

2(a + t) 

32 a: 12 or 3, y= 0,2= 3 or 12, 33, 1, 31 3 42, 1 '751 

35, ±-J2. 3G. ±|\/I0, 0, 37. 1, 

38. 3-217, 2-253. 39. n/3± 1 =2 732, 0732. 

40. **-I4x-. 351=0. 42. 1-032, 0 5170, 


Exercises XIL, p. 101. 


1. 

x=5, 1, y = l, 5. 

2. a:=Cl, 3, y-2|, h 

3. 

ar=5, -yf. y=4, "VA 

1 x=fl 3, 4, y= -5 4, 3. 

5. 

j:=i3, y=±l. 6. x= 

=4, 3, t2‘v^- 0; y=3, 4, ±2V^- 

7. 

x=o, j; y=3, -y. 

8. x=3, -4j; y=4, -3j. 

9. 

jc= ±7, ±’i/51 ; y=2 ; 0. 

10 . x=8, y=±-§*^' 

11. 

x=3, 1-5 ; y= - 1, 575. 


12. 

*=3* y=j> -h » 

= i» aV 

13. 



v'6*— o*' ^ bi b* — a* 


11 

x=5, y=4 or 3, s=3, 4. 

15. x=l, -3,y=3, -5,2=3j,-; 

16. 

x=0 5, 0 4, y=0 4, 05. 

17. 

^ /9±s'3.3. y_ 

/l5±s'^ 


1 12 ■ 


Exercises XIIL, p. 107. 

1. 

154 per dozen. 2. 9, 

10. 3. x=IG, -3; y=3, - 


1 lOSjds,, 45)da. 5. £100 6. 5 fu 

7. UfttiJS. 8. 13 and 7* 9. 12 m, 27 in. 

la x=|fiv'3-J). y-|(4=s'3 + 3) 11 27. 54, 81. 
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Exercises XIV., p. 

112. 



1. 

16, -8, 4, 

2. 

, l-irsO? 

)> - .v — • 

3. 

-0-5, 

1, 0-25. 

4. 

2o, cu 

5, 

5, --2,''- 3. 

G. 

-3-732, 

-0-268, -1. 

7. 

11, -6,-6. 

8. 

7, 

9, 

1-13. 


la 

O 

11. 

2-0945. 

13. 

2-327. 


13. 

1 '44351. 

14. 

3 - 9575 . 

15. 

4, -2. 


16. 

1-73. 

17, 

1-203, 2-622, - 

0‘S35. 

18. 

2-012. 


Exercises SV., p. 150. 

1. [\) + Ui) A’=0-‘295/? + 0-i;7; 

(m) A’=0-Oa2A’ + OT32; (iv) 

2. 4= -30; i'’=STjA'-30. 3. lOSO. 

6. «= 1 '012, const, 7. )i = c=:-t41, i>=59'77. 

8, rt-3-2o, 6-0“2, y=3-25-r0-2.i'-. 9. e=‘2 G, « = 2-.>Ui. 

10. 102,14700. 11. a^‘2, t = 0‘0.-), »/ = 2-fO-0ru-3. 

12. a~'2, l>= -0-2, <--0-05. 13. 1 '2, .‘I ; y = 

14. 11= M72. IG. ,i=.17-Gfi-:50U; 0-52%. 

17. « = 0-.3, 6 = 2-5, y=0T>.r- ,.-‘2-ii, 71-.t. 

18. .1 =0'5, 6 = - 1, ^ = 0‘5(''''. 

19. (.0 £31)75, (h) £‘2Sl2-5, (c) .t2SG0. 20. 7440, 540. 

21. (i) «=32"20. 6= - ISlt, »= -0-SH; (n) « = ;G-04, 6-= -7200. 

22. UV0S6=i'''*. 23. I-UflO, 14300, 13540. 

24. (1=2-5, 6 = 0 ' 25 , 11=0-35. 25. c = 7-G, ii=0-4-2-29, a = 0-lG0a 

27. i:)90s>i. U. 23. .l- = aM-6?, tanc = t 

u 

30. values of i/arc: -2-45, 3-0o6, 5-.{.-)3, S-13G, 12-13, IS’l, -27 01, 
40'-29, OO-Oi; aver. v.\l. = 17-S9, slope at .r=4 is 4-S5-1. 

33. 247400 ft.-llv':,, 73-.1 ft. per sec. 3*1. S miles per hour. 

37. i*-5SS5, 3-0905. 38. ,« = 0-0001-25 

Exercises XVI., p. 161. 

1. 3-0-21, 41" 37-, 53^-23'. 2. 1-S14 in., ->-.110 in. 3. 2,7.',%7. 

4. 97-' 44', 31" 10'. 5. nlli O. Sni -J. G. -10-44 ft. 7. SO-OOvds. 

5. 1: 0 S318. 10. 70-2 5 yds., 1-9 min. II. 117*7 ft. 


ANSWERS. 


i9!) 

Exercises XVII., *p. 168. 

2. £=43% (7=7y, 3. 53*8', O.Wsq ft. 

4. 55* 4C’. 5. 7.3* 24'. 6 0 5099. 73* 44'. 

7. 109* 28*, 38* 08', 31* 34'. 8. 90% 210 sq.ft 9 0 7670, 74*58'. 
10 42*. II. 41*24', 12. ST'Q-r, 

13. 33*56'. H 60*23'. 15, 34*8', 4114 sq ft. 

16. J = 51* 54', £= lOr 44', (7=23* 22'. 18. 36* 32', 53* 8% 00*. 

19. 04* 38', 1 538 ft. 20, 0 0 ft 21. 5314 sq. ft. 

22, 1959 sq ft. 23. 464-1 aq. ft. 24. 23 45 aq in. 

25, 67*24% .59*28', 53*8'. 20. 29 '4% 31 9% 118 T. 

Exercises XVIII., p. 173. 

1. Z#=72“3l', (7=56*. 2 Z?= 101" 29% (7= U* 11'. 3 ^ 

4. il=79*6% (?=40'‘54'. 5. .B =71* 40', (7=48* 20', 

e 4*56% 108*27'. 7- 93% 27*, 9 54 8, lOS* 58% 6* 2*. 

9. 6 sq.ft. 10, 72* 12% 4748'. 11. 23 08, S2G 0, 111*24% 30*36’. 

12, 97 3% 28 7", 595 fU 13. 123-3% 18-7% 

Exercises XIX., p. 175. 

1. 68" 25% 395-6 ft 2. 516 3, 3003. 

3. 32 62 ft., 10% 151® 23' ; 138 ft , 28* 37% 132“ 46% 

4. 81“ 45' or 23* 3'. 5, CO* 62' or 119* 8% 

0, c = 6CS, Z?=125*49% C=r52'; c=196 9, if=54*n% (7== 73*30', 
7. 5=51* 17' or 128*43% 8. i?=41“42' or 138* 18% 

10, (7=52*31' or 117*f?9% ^ = 102*18' or 47*20'- 

11. (7=45* or 135% il=105* or 15% 12. 32*26% 

13. (7=00* or 120% o =300 or 86 C, A =90* or 30* 

(ui) No. (7=90*, 173 2. 

Exercises XX., p. IS2. 

1 103 ft, 2. 483 3 ft. 3 iJF=240 9ft, J5A(3=29»4% 

4. 367-8 ft 8. IToift, 7 SO G ft. 10 624-7 yds, 

11. I 152, 12. 106 ft- 13 e-29'7 yds. lA 114'41 ft. 

15. A =0 74321. 16 1000 ft 17 27 8jds 18 73-2 ft 

19. OSlGOunlM. 20 1034 ft 31 8769 yds, 

22. 56 5 ft., 94 ft. 23. 114 ft. 27 0 4803 1* 


M-VX^UAX^ ot^ ^ 

* . ^ J 


r ,^8 4-6<J- 

2. £6S. ^<8- 

^428 SCI- it. 

8. 10 it, 6 i- 


3 4-«S0it- 

6 3 ^ ’^.* 

9_ 210 sq- 


^ - sxj,. y. *-*'' ' 

s’t®- t -“rsoSfv^?.^, 

3. nG4. 20. 3 811^ 

19. Oac. 31^- 


■gxexcises 
o. A6^ 


S IOS. 1-3 "■ 
1-SlOit- 
10-5 it- 
O0-106 sq. it- 
3 11-53 it- 

„ 00-8 IBS. 

,, = 3--ill-^- 
‘'' 1 V 4 aq.it- 

22. 21321^0.- 

25. sq. it- 

28. 293-lx2sq- 


%& 

2 468 it- , 

5 2210-1-1 80- 

o 143 ytl8- 
11- 'it 

44 333 sq- tt- 

'■!; ®3. n>- 3*- 
®3n-“- 
33- 


199. 


3. 

6. 

9 


112-6 sq- it^ 
lOl-l it- . 
183-26 sq- tB* 

12. 12 „ 

45 £164. -s- . 

\8. 23-22 sq-'«- 

ll. 16'3-3 .q^ »• 

3^' 

21. 2 , 2 .- 


26. 1-* rv 

33-33»-’"‘-“- 

f ,60S'-iO* «’*•'” (iv)®""- 

3- 01_ .,,. it., 13' / ,„.-,.i,lbs. ■ „o_ 

13 165 -I -i8- 

16. 53-56 sq-'B. 


^ 190-16 sq- it., ^ 10.2-4 IBS. 

6 1392 IBs- . -754-1 cuB. iB- 

9 s'9-8sq- tB-' ^ ^3 19736640. 

11 3-398 iB. i5_ 95-5 tons. 

14. S': 05 ., P- f- ■ 54-95 sq. iB. 

it. t 218-6 cBB.tB., 

1. I0it.,-i00 0 g_^^.4 

3. 6 it- 96 cnB. tB-, ^ 8 . k =3463-6 sq- 

5 138-5 sq t^-’ 7 , 19 --1- ii 0 - 2 - 5 :r sq- i • 

9.14 cnB.it- 1131-1-5 cuB. - - 

/ 3«)V3= 12 . 133-3 «■ “• 

\°-, iTJ- 3 wt- >''• 



ANSWERS. 


()<)] 

Exercises XXV., p. 215. 

1. (j) 491 sq. m , Kr23 cub. in. j («) 7 444 in. j (m) 3 3SJ in. 

2. 213 C sq. in , j'A* 8 cub. in. 

3 1736 cub, m., 370 2 sq. in., 1117 6i5.l in. 4. 7432 ft. 

3. 59 57 cub ft. 6 C4S000 7. 2723 cub. la 

а. 0 5I93in.,0S28in. 

Miscellaneous Exercises XXVX, p. 223. 

1. 39 5 sq in., 9 029 sq. in. 2. 2130 7 sq. ft , 1201G 53 cub. ft. 

3. 19 43 lbs. 4, 1232 cub. ft. 5. 1250 C3 sq. ft,, 5321 cub ft. 

б. 10‘18. 7. 171 7 sq. ft,, 249 4 cub. ft. 8. 4210 grams. 

9 151-78 cub. ft 10. lS3tol 11, 10 ft. 

12, 30372 tub. ft. 13. 4-213 cm. 14. 4 in. 

15. 2207 Iba. 16 10 in. 17. 1 1 02 m. 

18. 1 023 in 19 111m, 20. 3 5. 

21. 2087 90 lbs, 22 100 6 lbs. 23 21 -23 ft. 

24 59 91 sq.m. 25. 2177V , 7 7 lbs, 26 99-9 sq. ft. 

27. 4 -00 m. 28 0*2209 cub. in. 29 121bs.6 0oz, 

30. 3412 lbs. 31 15-52 ft , 4774 cub. ft. 

32. 504S0 tub fL 22 93 ft. 33. 10 ft. 

Exercises XXVIL, p. 241, 

1. z= 1-732. 2 7 071, 64*54', 55*33', 45*. 3.2 45 

4. 7 071, 45*, 53* 8‘, 0 4242, 0 5057. 0 7071- 

6 1-75, 2-032, 1-203, 6, 3 4, 0 5832, 0-4413, 0 67C4. 

7. 8 775, 0-4559. 0 5099, 0 CS39. 

8 . x=l 348, y=3 729, z=3 073 

9 3-770,0 5011,0 0101,-0 6101. 

10. 14-45. 39 71. 90 03. 11 3-283, 0 4508, 0 7004, 0 5483 

12. 3 024, 9-959, 16-90 13 8 55. 23 49, 43 3, SO* 3', 62*. 

14. 9-003,4-226. 15. 5,53*8'. 16 9 431,58*. 

17. 96-59, 25 88. 18. 46 98, 17 1. 

Exercises XXVIIL, p. 261. 

1 . 20-7 lbs., 121* 15', 4-43. 2. 39 4, ISS* 49' ; 114, 27r. 

5. 338 5, 101* 3, 2-12 5 257, GO', 17. 

4. 3-9, 61*. 5. 11-35 knots, 12*15. 

8. 30* N. of E., 47* N. of W. 7, (o) 14-5, 73* ; (t) 23, 27*. 
tr2 
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8, a- ^ c- - 2liC C05J a, a- ^ 6- + c- - !2al>7 '26c cos a - 2ac cos |3, 

G. G*7o kuots, 21"^ S, of E. 

10. (ft) S,E., (6) 28" K of N., (c) N., W) of S., (e) no wind, 
14. 80*47. I7^°52\ 15. A=.22'4, i5=29‘0, 16. a==40^ /5:=:Ur. 

IT. G^'U 46, 7:^2*5% SO". 18. 2a. 45" ; 24*2, 2^86'. 

20. 4%86S, 70" 42\ 21. 1*S, 55" IS^ 

22. 27,141". 24. 14*6, 101" 30', 4'534. 

25. Gffc. per. aec. ~2l0f.s.s. 20. 24*2, 2%30'. 

27. (a) 6000 ft. -lbs. per sec., (h) 2015 ft.dbs. per, sec., (c) 0, 

((Z) -* 1000 ft. -lbs. per see. / 

28. A -22*5, 30*4. 

20. 2*035, 7-5" of S.; 5*77, 25" E. of N.; 0*5, li*5" of S- 
A . 25-2*472, AC-2*SG3. 

30. O-GO'3% GO-7% SU ; GG'54, a-107"3S', /3-GO" IF, (?-27"2S^ 

31. 14*1 f.s. at !3r)". 32. 5*730, S* 192 miles per hour, 

34. lOGG dynes. 

Exercises XXIX., p, 269. 

~G 2 ir. 2. a a. 33 5. 4. ‘^> 

G, 8, 10, or 10, S, G. 7. 10. 8. 25. 


1 . 

6 . 

11 . 

IG. 

1 . 

4. 

8 . 

11. 

13. 

17, 

20 . 

1 . 

5, 

9. 


9. ^ 


073. 

20 . 

SG.r‘ 

-1S5. 


JO 2l2a-f(/) 2a -^d 

!y<l oil 


13. (i'2. 

17. 5. 18. « = 10, -2. 

Exercises XXX., p. 273. 


5. i), S, 7.... 

10. 18^4. If 

14. I, .3, .7..,. 
10. 77. 






5. 07S0. 

\ 


0 . ■ir)920. 

9. -1G-772S. 


7. SO. 

10. -136-5. 


18, 51, 102 .... or - IS, - 51, - 16-2, etc. 12. -j, S, 10, .l-i, 51. 


1, 4, 10. 

a 

a 


25, 3. 4, G. 

1 I 1 
ii'» .)! i * 
yi ou o'J 
X> "ii 




14. - 
18. 9, 

21. 10, 21, SO.... 


10. iitipossibio »•>!. 
19. 741. 

23. )'=4.2, a~’i. 


Exercises XXXI.. p. 275. 

2. 6, 4. 3-2. 3. 7. 

0. 4, 10. 7. 1. 5, 

10. -Y'J ±3, ; 2, : 


4. 5. 

8. -24. 

O .3C U 

-ra, -rj. 


ANSWERS. 


003 


1. 3S'l. 
S. 100 S 


Exercises 2XXIL, p. 277. 

2 57 ‘6 3, i 


12. -154, -14S, -U2. 


-f. 

13 22l 22?. 


lA -70, no, 200, 470, 650, 830, 1010, 1190. 

15, r=l 5, 76S, 1152, 172S, etc. 18. 4n{n + l), (2« + l) 
17, (a) M 


' x-1* 


-1 






19, y*x~f-^ + tH(» + l), 


Exercises XXXIII., p. 287. 


1 . 


2 . 


6. Soa'-i*, 402a=5«, iG2a^b\ 

7. 6jr*a + 1 SaHa* ± 20j:*a* + 1 5j.^* i G j:o’ + a*. 

8. 625 - 200:c +21001=*- 12800^+2562:*. 

9. 18202:*V. 10. 2-^-^-i-^; 1 913. 

11. a*+Ca2: + 2:^±(4a + 42:)\'arr 


Exercises XXXV., p. 303. 

1. 4x^+92:*-2Lr. 2. nJa:"“‘. 3 acoaor. 

4. .4aco3aar. 5 -.lasiuox 6 


7. i» + al 9. coir, -smx', Eec*a: 

10 ofrcoaba:, -at sin 62:, wax"-’. 


11. -a5sm(5* + e); ^ 

13, -coscc*x. 1^ ~ 15 

16. «ox"**co»ar". 17 -p 18 

19, ?. 20 Sx + 13. 21 lOi-9. 

X 

23. -3x-*. 24. -1 408cv'»«». 25 A 


a*log,a. 

t 

22 5x* + iax*. 
26. /. 


3. -SssinS^. 

3 Scoaa:- « --A.^i* 

1. l^- 


7,A 


1. 6e^’ 


6. — • 11. l2co3^-it+9V 

5. ^ .j^O. 2.-lf + -^^- Ug^+T2co58i. 

12. -63sm-( g,tco3l6t + 'JV 

14. U6‘ sin^W+p.'- ucos^ct-ri)- 


■ pa %-iS^^" o,t.-»^' 



2 . 

1+3= . 
5. — ':::i 
<.1 + 3=') 

„, a^-Ha-^°S3= + ^^* 


e. 


15. 


18 . 


20 . 


x3 - 


21 . 


IT? 

lacoslni.-.V}-. 

2i4. ■'" 



{^iX-rq) 

2(1 " 

IT+?^ __p. 

ll- sT“+? 

2a3 


14. 


ji - ? 


tTb^ 


20. 


^V-rX' 

oxi^-i^J.—— 

23- 


’■ ■' ‘f!'r »• . :v' 

i'J- 31. eHco3'3:-si«'^^- 1 

30. + * __L— • T^^^ll-'3rV 


N 

26. (lla:'V3a)ar. 

29. 


X 

'TS^* 


33 . 




(1 -- 




•Exercises XX^VHIm P 5+.4’2«'. -®- 

i.io.uooo.^ 

3, 150-ior. soi.s., 


AXaWERS. 


6 . (1)52 01, (u)50-20l,(m) 50 D201; 50 ft. per secs. 

7. 3 4 1.8.6.. 5-270 lbs. 8. 14 "28 f.«, , 40 1 j.s. j 124 3 lu 

Exercises XXZIX., p. 370. 

1. £achlG5 2. x±^. 3. a:= -1 max., xs+l tnio 

4. 6-25 SI}, ft. 5 Luo >8 bisected, 6. Max. none, mu. = - Gl. 

7. Max. 6, mm. 1*2. 8. Max. mm. ?. 

‘2’ 1* 

10. (i)8, 4; (u) 9.3. XI. jf=±l, 12. *=>^,2. 

U, W x=3mva.; x^Gtovb. 

14. x=0max.=2\/a. 15. U7’l It.; area=s2U3907 sq. ft. 

16. 2 55 cub. ft. IT. ^(.7 + aj. + L 

jg a(5 + s/l3) ^ mm. 20. 300 8 sq. ft, 

0 to 

22. Each aide=:-^ where e is the length of the hypotenuse. 


, (a)r=A=2 4S4ft.; (6) r= 1 971 ft . As=3 942 ft. 

Exercises XL., p. 376, 

. 12x*+18x-2; 24.e+18. 2. ooosox; -a*einax. 

, ^aoosox, -Aa*naaX. 4 ~Aasinar, -Aa*cosar, or -a 


Exercises SliL, p. 387. 

X* x» 

■•2+T'T‘^T" * 




, *‘+|a:* + g*»+ etc, 1 x*(l + Iog*); x*{(l + Iog*)*+**»}, 

, e**»»(X+xsec*x); e**"*8ec»x(2 + x(gec*x+2tanx)}. 

OT'u+w 
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8* i' 8 //./;• • • i) i) (n - 2 )}* 


u, .c 

0. a;- .j •i-g'-7 +•" • 


/( a; /i’-! 1 /r* 


:r-* Ov^ 

11. ...... 


12. 


Exorclsoa XLII, p. 418. 

21 , i ()[)a7. 


I 2c,.r t ■ 1H0-:!H0. 

f (c I- 7(i’‘ •• .'J(i'» ■ 

L J* 


5, ir^iru/x. 
a 


.- tun {tx\ 

H 

hIu {^4 

If 




a //*: 


a logyij' 


10. itan' *(« \ lu:). 

(t 

12. tiiii ' * (a I- bx). 


..’»n . „,. I ,,.„|.i. Hiii(« f-M , I 

fill ’ ’ ” /, — 


* (an ■ 
a a 

~ HliO * - . 


la :r") 

?‘'N 

17. 

jf -t // 


' IB. 


’.mr'ff:). (inut, put;’'!-,.) 19 . 


/j lo^ tan {Hint, put tani/i.//# and then apHt into two 

/ fmctioim.) 

idn (d. 20. ^ 

m{- tan'~H;ltaax) - x}, (ilint, dividn into two fnujtionH.) 




ANSWERS. 


t, 2J.4J.3 J 
■ b’ 3 '3 '5 

. -cosx + smz. 

. - j^coa6j:+yCos2i:. 

. ^sinCx+ismSr.. 


27. — ^co36x-^coa2£ 
29, ^&iD2a;-^8iDCx. 
31. le”. 

33 a£ii>+^J«<*+c< + ff. 


log{j;+«/t*+a*}. (Hint, put s=a:+\/a:®+af ) 
36, ilog ^ 1 

loga a 

^(l+a:S)^(a:*-2). (Hint, put =’= 1 +x».) 3 

^log? 


2l^x-a V‘, a+bx /„. , , IN 

(Hint, put j 


41. ■T(a:-Efiiia;coar>. 


43. ^ 


,3, x-2 

logUn4^|+r^ 
y=l-2ox*; toL=3J180, 

Exercises. ZLIII., p. 439, 


.2 4*'. 


2 log. 2 4' 

45 logtun| 

47. 1SCS2 cubi, unjU. 


. l-S", 2-9S3. 
. 4i*, 211*5. 


2. 21'. 3. 1778. 

5. 8-9 sq. in ; 1*9*, 7=22 5, 1=1 5a 


Exercises XLIV„ p. 461 

2 ar*8ina:+2(*C053r-sin*). 

{ a leg (x - a) - 5 log(r - (-) }. 

®* 2Un->x-3Un-‘|. 

-Iog(x + 2)-^,log(x* + 4) 7 ^|(logxt>-.'logr+gj-. 


ir8m(o+6)x sin(a-6)x\ 

-‘il-s+t — 
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log (.- c-g) 6Mog ( x-h ) (^log(x-c) 
^'^la-b){a-cylb-c)(b-a) {a-c)(b-c) 

9 ■? lO- sinQ-OcosO. 

'25 °x-r'2 3{z-'S] 

7 1 11 2? "{• 1 

11. ar*sma: + 3x*cosx-6x’siua:-6cosa;. 13. o T x+? 

13. olog(x + l)-21og(x + 3) + 3log(x-4). ' 

Miscellaneous Exercises XLV., p. 496. 

1 . = + 

2. -i-Be-'y 3. 7j = e^^{Ax+JB). 

4. ij~e~^^(^A3m\l^x + BcQS-\l^zy 

5. 2S-41. 6, 0-662, 3oS4 lbs, 7. 0. 8. 0'73a 

9- >/ = + + 8|. 10. x=±0-63’24, 2-929, 2-315. 

U. ;c = Sa; y=±4a\/2, iL^as/Ui. 12. OQ, 10. 

13. i/ = 3.c+^; 13G8. 14. 15. 2-1295,10 22, 


Miscellaneous Exercises, p. 497. 

Skctiox I. Arithmetic. 

2. 3-123, 1704. 

4. 0-3106, 37 -.32. 

6. 0-0062-24. 0-00-2466. 

Log.vritums. 

2. 0-4255. 

4. (i) -29-55, (ii) 9-099. 

6. (i) 1-7-20, (ii) G-179. 

9. 3?t%, 10-55 year.s. 

//= 11410. 11.' 0-4338, 0-6015. 

(iii) -4-S77, (iv) 0-9-206. 


1. £S. Is. 3c/., £-208. 16s. Ocf. 

3. -284-7, 2817. 

5. 0-03106, 373-2. 

Section' II. 

1. 9SS-3, 0-00020C5, 2-899. 

3. 14-18x10’. 

5. (i) 1-612, (ii) 117-4. 

7. 0-742. 8. 4-093. 

10. (1 = 1-937, 5 = 0-01806, 

12. (0 0-01778. (ii) 0-416, 

13. 5 = 0-591, c- = 0-096, P = 670800. 

lA g = 3-0-23x lO-s", 5 = 37-01, p = 39-25. 
15 i/ = 5 - 70 <ci(, Q .3 

17. c= 15-9-2, ii=l-7, (r=-24-15. 


18. 79-2, 



2828 


ANS^VERS. 


COO 


19. 7-440,0 01251, 3 CS, 1:^0, 20. l-72>, O-OIOS. 

21. 4-5710, 15710, 2 5710, 3 339, 1-93, 176i000, 11 -oa 
1-558, 1 004, 0 59. 23, l•74GxlO•■»^ tZ= 8 409 

1-521, 0 59. 25 9>=0 1773, 0 177S, Error 0-28%. 

12. 27, 1C9, 0-2937, 1 337x10-*. 

n==2C0, ^=0 8Sl;6eep 57. 29 >*=3 5. 

30. 7-478, 5 93, 5-0, 4 32. 31, (a) 359G, (t) -0 003, (c) 32 

32. 14'78xlO*. Illinf assume 

33. PxD^, T(kD~'^, C<x.Di 2>=29SS0, v=24, 7*^71710, 

C=7530, 

34. 11 per cent, 3 SS. 35. (i) 30-28 x 10’, (n) 31 49x10*. 

36. 3 per cent 37. 4 5 per cent, 40 cub. in. 

Sectiox III. Titicoxoiirnir. 

1. 79’ 20', 112700 sq ft 2. 7G-J2ft 

4. 20*20', 31’5fi', 118*44', 324SOOO sq ft 

5. 11=30’ 27', Cr=e9’33'. 

6. 1 571. 0 3334, 0-25, 0-9057, 0 8, 0'5333 

7. 3-29 S sq, in,, 0-12%. 8. A*=a*+1.*, tane=^ 

10 0 3907, 0-0-205. 11. 210=4 612, JO=8G?2. 

12. 27*33' 13. 13SS4 miles, 38 57, 0 423 inches 

14. 0-9503, -0 848, 2-7475. 15. (6) 223 3 sq ft 

Sectio.n' IV Squared Paper. 

1. (i) 2 572, (ii) 2-7-2. 3 1203 inches. 4. 2-2S 5 <7=770A*«. 

6. .ff=22 5, ^=23, P=£5 5»., 230, vary the pnee (see p. 120), 

7. 0 86. 8 7’=36-29A'», r=1271A»». 

9. =1900/*®*, 5r=153 8A»* 10. £3075, £2312 5, £2SC0. 

11. c=556+^. 0’=0 180-015 12. P=31 (see p. 126) 

13. x=0 52S2(scep 309) 14. y=l-22r+0 49 (sec p 131) 

15. 33420 cub m., 301. 16. 1-22. 

17. Aver, rates, A, 2 8, B,2 4. A'a ago 11 J years, 4-2, 1 5 

18. Any amount up to £16 19 yx" = 553; 22 39. 20 106 3. 

21. 2 134,0 4793. 22 7’=3C29A>^ ; Z>= 127U'<- 23. 0SC6. 

£4. JralGA' + 4400, 16 . 20 4, 30 7 25 2 134, 0 1791 

26. ir^llOO+ieA, JK-5-r=5163r-» + 7^; 9 7S4, 17-3t 
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SeOVIOS Y. MKKSUK.iTIO>'. 

1. GO ft,, 20 ft, 2. 158'4.5 sq. in,, 145-3 cub. in., 6'o2.5 in. 

3. 748 Iba. 4. f) -2.3 in. 5. uOc.c. 6. 130T galls., 43-33 sq. ft. 
7. 300-8 llw., 3-:ilG in. 8. 92-iO cub. ft, 10. 407-4, GT'OI, 

12. (a) 8;148 in., 4-G44 in., 3‘G4 % ; {h) 44-43 cub. in. 

13. {a) O'Oucub, ft. ; (f>) 1GS7 -sq. in. 14. 3-53 in. 

15. 8-4345, 4-5155. 16. 101-9. 

Section VI, .Solid Geometuy. 

1. A /J =4-25 in., 2-79 in., area = 5-9-2. 

2. 1-318, 3-702, 3-078, tt=74“ 2-2', ^ = 42^ 14'. 

3. j-=3-905, 48', 94 = 30° 52', 0 = 59° 12', /?=67° 24'. 

4. OP=3-09, 0Q = 2-48, PQ-Vlo, angle FOQ~20'‘ 6'. 

6. a.-=2-9, 2/=4-535, = = 3-0G0, 00° 22', 57° IS'. 


Seotion- VII. Series. 

1. 0-2.3882, 0-50001, 0-70715. 2. 0-90594, 0-8CC03, 0-70713. 

3. 0--20794, 0-57728, 0-99C08. 

4. 0 008593, 0-01702, 0 02527, 0-03335, 0-0-110, 0-1403. 
e. 17°-19. 0-2933. 

f 

SKCriON IX. DlFl^iaiKNTIATIOK. 


2. -3Hin3A% 

3. (i) Rato of increase of 7/ per unit increase of rc. 

tii) (iii) iM2. (iv) 0700. 

4 . (i) 11 - 70 . (ii) 11-0. 5. h + ^i:x + iirix’'~^, 

12 1 1 o 

0. — r> q—j, 9 , .x--{2.cco,s2a:+3.sin2a;), 

■2a-' 2a- 

7. vahtes of y 1-5, LOSS, 1-832, 2-0-25, 2-238, 2-473, 
3-021, 3-338. 

^, = 0-3e5--^ = 0-2y=0-3, 0-3310, etc. 


2-733, 


8. 220 '2 cub. in. per nun. 

10. 3i*30 ft. jier see, 
d t* 

14. = //„(« + 261). 

17. 10. 


9. « 

12. .v= -2 

15. l!.4f..s-. 


+ -i, 


18. 0-0-25 f.s. 


13. 50-93 f.s. 


10. 00° or 120°. 


A^’SWERS. 


Oil 


1®- ^ 3 f miles per hour, [i=a»staoco from wall]. 20 3^02. 

21. t>=6 705fs,. a = 3 39Sf.B.s., s»23 3Gft. 22, 21'3. 

23. v=3~t+\iU\ tt=2 4«-l; lS'2f,8., S 7 f.s-s. 

24. t»=7'l<-3 5, 20 1, mi?=81-Q4. 

25. 932 f.8 8, 9* 13', 47 5 radians per see., per sco., 3329 lbs. 

131 '3 ft. lbs. 

[Hint. Find = 925, 150 ; 

.. a=%/l50*-r92^=932f 8 . 1 !., nho 6^0Jli^=i7 5. 

Couple = >« (0-8S)» X 47 5,] 

28, A=dridh = im!i.o\ 

29 h + 2cx + ttgx''~^, 'W?'*! abeosfiar+c). 

30. 9 25 f B.a , 57 5 Ils. (bco p 343). 

31 wax""*, at cos (tx + c), -a6sin(l)Xi-c), 

32 0'4x-l-2(see p. .341). 

33 r=:3Bin(C00f) + 2 4cos(0(XV). <7=10, -10, r=3 84, -3 84 

(seo p. 478). 

34. 0 = 1-24, 6 = 0 0019, n=2 318, 3 596, 

Sectton' X. Maxima axd Mimua. 

1. 2. 4:1*4. 3 7*2,4 8. 

4. (i) 6 0 in,, 9 S in ; (ii) G m 5. 9 amp. 

G. x= 7 6 8 4-033 la , 302 G cub. in 

9. X=l-73 11. 13^ 12 -width 2-71 ft. depth 13C ft. 

13. 32r, 33* 41' 14 5* 4', CS* 40', 30* 52'. 

15. Distance of base of cone from centre of Epbere = g ; 155-2 cab in. 

le. n=220 5 17 174 sq feet 

18. (i) 1 ft., 2 ft high, 2 cub ft; (ii) f ft, 1-723 cob. ft; 

(ui) 1 449 ft , 1 59*2 cab. ft , (ir) 1 -274 ft 2 ft , 2 55 cub. ft, 
19 0 Ca, 0 4a. 

SeCWO'I XL ISTEOBATIOX. 

1. (I) 64 5 (u) 1 , (ill) 1 0980 ! (!v) 0 192, 9 19 
8. 6 = 0-04535; (i)GS5C5; (11)0 853 
8. a=y’/j; (j) 12 46 ; (n) 12 5 S r=5<» -70 


6 . 311 . 
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7. (i) 0-7S-i7 ; (ii) 0-7S5-1; (iii) 1T377. 

8. (i) •i-267 ; (ii) -1-67 ; (iii) 25-S ; (iv) 25-7o. 

9. (i) 1-1-07 ; (ii) U-67 ; (iii) 39S; (iv) 393. 

10. (i) ; (ii) 0-693 ; (iii) 1. 

11. Work dono = J pdu^2BQQ0 ft. lbs. 

13. 25610 ft. Iba. ' 13. 83540 ft. Iba. 14. 231753 -6. 

15, 0, 42-il. 16. 13-5. 17. 70-56. 18. 125-23, 103'4. 

19. 2/=r2+2*3a;^^, slope =5 0*5302. By Simpson's rulo 10*873. 

Integration 17*003. 

20. 5i, 21. 758*2 cub. in. 24. 1:=0*S, M50 ft. lbs. 

25. a=l*35, 5=0*53; (i) 12*10; (ii) 12*18; (ui) 137 ; (iv) 137. 

26. 1*07. 27. 6 cub. ft., sec p. 427. 

28. clogeV, see p. 403. 29. — sco ji. 41o. 

30. = scop. 403. 31. am 0-07155, 5-714. 

y — 1 -r i 

, tnl n! , 

32. -y + , c=pj -rtoi7, + V 

33. A =0-5714. 

Section XII. Centre of Gu.vvn'v .vnd JiloMEXT of Inertia. 

1. (i) 0-04566 ; (ii) 0-0-1566 + 0-00003346. 

3. {i)31"29; (ii)31-23; (iii) 2-916; (iv) 2-919. 

3. (i) 5 = 3-0; (ii) x = 3-l. 4. (i) 5 = 2-86 ; (U) 2-8. 

5. 25-8, 2 = 3-352. 

6. p-xdx~ f i/'dx= 1-577 inebes from centre. 

-4 -4 

7. 0-652, 35-77. 8. 20-0.3, 274-3. 9. 0-5517 ft. units. 

10. 

I, P. 542. 

1. (a) 0-06-224, 40-53 -, (6) 0-5105, 39-3-2, 0-0-2311 ; 

Id) O-GOIS, 0-7936, 0-7536. 



ANSWERS, 


r.i3 


2, (a) 1-2213, 4th; (c) 7 473, 5-007 

(<i) 25*. 5 782, 13 C9. 

4. 36*52', 75* 43', 50* 18'. 5. 5=0 594, c=0 00fl, P=G70S0a 

a c=2 C96 , 1 3S7, r= 11 -18, 1 4 S3, 7=21 73, 3004. 7. 6-243 sq. ia. 

8. x=0, 0-237, 0-783, 1 812; y=0, 1 34, 2i)29, 5 0 
10. 10 in,, 306 0 cub. in. 12. x=2-34. 

13. 1200/«+3<i'’, 12 6 knots. 14. n=2-3, 2 6, 500 ft. per mm, 

U., p. 545. 


1. («) 0 006224, 0-00-2466 ; (5) 3 7S0, 0 2641 ; ' 

{(1) -0 9613, -0 559-2, 0 2309, 13‘, 145*, 101*. 

4. 15 65 knots. 5. a = l-091o, 6=0 5285, 112. 

7. 49 33 i.q. in , 1 89 per cent. 8 75’ 45'. 36* 52*, 56* IS'. 

9. 0 80 (seep 354). 10 r=3C0 66m(GOOH-50 3) ; 56*3. 

11. rf=5(i6-x), r=j^{jC00-g(16-x)>J. 

1 -®* ^ 14- Speeds, 7 847. 14 38, 20 92. 

^ “2j llotse-power, C53 9, 3178, 14270. 

15. 2 5 ft. or C m , 1-5 ft. 16. (i) - x) ; 


(u) 2r. 2a, 

(v) nx, 

' ' iix 


(m) 

(VI) - 



(iv) na’x*»-*, 

' ffv-i* y*-ax 


UL, p. 549 

1. (a) 0 3015 , (6) 0-9483 ; (d) £18 SG2a 

2. (a) u=3G71, (6) o = l 1, 6 = 3 2, y = 13-275; 
(c) 140 9, 137*5, mean 139*2, 1”2 per cent. 

3. «=1(>6; aver speed = 6(8 + 50 , 86. 


4. (a) x=a57-2; (6) 0-000292; (c) .1=30*30', .0=59*30'. 


5. 12 31 miles. 6 3 310, 0 884 

7. ,80 miles per hour, 4=0*2 hour, aver =26 8 miles per hour. 

8. 2 5->2 X 10», 1 789 x 10», 1 493 x 10», 1 169 x 10», 8-989 x 10\ 
6-005x10^ 


9. 6600 cub. fL 
12. Linear law; £4978. 


11. 449 eq. ft, 1430 8 cub. ft. 
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IV., p. 552. 


1. («) 0-3015; (5) 0-5078 ; {</) -0-3907, -0-766, -T'llo, 2o“, 
155’..., -ir, 310’..., 110°, 290°. 

3. 424-53. 

4. a=0-45i4, n=2-374, vol.=1155. 


5. 


i«;=2-lG7 + 


O-ICSO 

/ 



0-25 

0-2 

0-15 

0-1 

0-05 

-oi! 

)i 

2-843 ' 

i 3-012 

! 1 

3"293 

3-856 

5 '545 


6. 12078 milcb,- 33-55 miles, 5-0-2 iiis. 

7. 4076, 17-8 E. of X. 

8. a = 54-53, 5 = 4-67, a = 8 706, p=0-08399. 

9. Speed = a(j cos (fyi + e) ; accel. = - q'h:. 

10. rc = lO + 6.sin(0 +57°) + cos 20 + 0-18 sin 4tf. 

11, 0-5270, 0-5779. 13. 3'813. 

13. 83-5 ft. j)er sec. 14. 50-56 yds., 28-29 yds. 

V., p. 555. 


1. (a) 3-29-0, {!>) 12-54, (d) £17-359. 


2. (<t) 3-80-2 in., [h] 31°, k-) 0 0306%, (d) (x + 2-3)(x- - l-Q) 

3. («) 87-5 11)., (h) y = 3-811, {<-) n=I4"2. 

4. 2i-;} II). pei-sq ft., 8520011). 

5. 23- -0, -13° -S. 6. 4-953. 

8. a=:-0“258, 5= -36-4, <J = 55“2. 

9. 1‘748 X 1(/* cub. ft., 5810 cub. ft. 


II. n (d - a) -f ^(fi' - a-) -f - a^) ; 2/i 4 ^ j. 

12 Cl- II h~-iLZJh .. - ?/i ~ 

13. x=l-3)j, y = 4-u-L 14. ]'= 10-21 + 10-22<- 7/2, 

15. « = ItX), 5 = 1 -25, X hO”*'. 


VI., p. 558. 

1. (a) 3-296, (')) 143-1, (<i) -0-342, -0-5446, 9-51-1-1, 21°, 51°. 

2. a = 90lt, /> = 60,000, m=--403, n = 733-3, T'=3.5S-4. 

3. See Pa]>er V. Xo. 5. 5. c=5-45. 



ANSWERS. 


013 


6. y=gj^rco8tf + ^cos20j=:^<.ostf ^ if 7 = 1. 




43* 

90* 

133“ 

160’ 

X 


0 343 

10 

1-757 

20 

IJ 

1.2 

0 707 

0-2 

- 0 707 i 

[ -08 


8. loglEZ^* 13 a = l 008, J-=l'.r c=0-236. 

14. P=/’b<iS*; ‘ 


TIL, p. 561. 


1. (a) 0 1017, 433 3, (W 8“JO(3, (c) 27-48, 3 020, 0 2743, 0 1-270, 
{d) 110-4. 

2 (a) x= ±9 738 or iOC48; y=i-GG48ori9 738, (0] 4-(M3in., 
0 412 in., (t) 0 745 m., 14 820 m , (tf) (x- 3 00.i3)(x- S-J-iO.",). 

3. (a) as=-3.3 30, 6=39 60, (6) 0 lb., (c) 2-llC, ISOG 1, SOfi-l. 

4. -1, -i. 1, I, -1, 3-0C2+2 0C3i, 0 7071 + 0 7071i, 

0 7071 -0-707 It 

5. 4 0>s,i. cli. G, 1 1843. 

7. -3-2, -10 4, -13-2, -19 6, -2.3-2, -'20 3, -28 0, -29 9 
8 ToIaI (lii,ta)i< c 7 502 mil«s 


9. o(/J-a)+^(^-Q^)+^{^*-a^); + 


11. y=350(3G 14)”' 

12. y=‘237 144*- 18 57 ; error j % iiexHi*. 



Tc.t»l 

paMUiuL 

Hourly 
poj meut 


20 

200 

10 

0 


1 175 

I *' I 


10 ! 

1 130 

^"l3"“ 

30 
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VIII.. p. 564. 

1, {«) 0T917, m - oo , ( Ij ) 49'86, (c) -0-4540, -0-5446, -0’700-2, 

, 1 . 1 

^ ' x+5-097'j:-4-:U7' 


2 . 


3. 


0-97710. 

»'=14-07A’’ + 2-2333 ; !V=: 14-07 + 


22:m 

~K ■ 


4. (0) 0-10.507. 

6, S = w (X M = *3 (x- + 1-) - wlx +]V(x-l)', 


'M 

dx 

y 


-'d'-t il 

"•2«Vl-2" 3 -2 j" c Vo 2 j' 


r—\ 

L V ' -i><i ' 


c 


8. 15-212 knots, LOG % .and Ml % gre.-itcr. 

9. 7/ = l()-4-2+li)-2{l-.)54P = 10-4-2 + 10“2«'’“'«-‘; 72-4. 


11. ^al/cosc. 

1 i 

13. -1, -i, 1, i, .j-Ofl‘2 + 2-0031 ; ^+-y'=; cos 45° - i sin 45° ; 


5-0G2 sin qi + 2-903 cos ql ; cos j .sin ql + sin j cos qt \ 


sm 



14. i- 9{0-001’253 sin qt + 0-0001390 cos qt). 

15. (d) 0-07534 in., 3-077 sq. in., {b) 0-03527 in., 2-105 sq. in. 
18. («) 5-104 ft., 2-582 ft., (5) 3 ft., 1-5 ft. 

18. 125-7 cub. in. 19. 1979 cub. izi., /i=r = 10-03 in. 


IX., p. 567. 

1. (a) 1 --1810, 2080-5; (b) 11-48, 3 "277 x 10-“, 0-05707 ; (c) 1-202-4, 

(d) 0-7.S8, -0-700, 0-8391, 0-9307, -0-342. 

2. (a) 0 0.578 ; 0)0 0303; (c) x = 4-.-184, i/ = 0-8i2-L 

3. (a) .S-] : (5)1 -.-kv?; A) 3-1-25 x 10’ ,- (<2)663. 

5. w = 6-l+0-Ml + 0-03t'-*, 

IVlien / is 3 error is 0-6%. 

When / is 100, jc= 320 lbs. or 

23 stones nearly. 

6. cf=:60C5. 

7. Ktudcnt-liours, 30, 20, 27-3 %, 19-7 %, 


- I 

L 

n 

() nr> ^ 


4,30-0 

OiVi 

110*1 

435-7 

o-iji i 

440 0 

435-0 


ANSWERS. 
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8. Maa-SS, 0=0 50. 0. 0<)I&73. 10. 4fO)T=l25«i 

IX. IT’OS. 12. ISO rati. p«r (see.)*. 

13. *=1200, ii = 240»» + 127a*: aver. *ik.w 1 =240 + 12cj; 2401 


L (o) 

(e) 


(d) 0 5, -0 UCO, - 0 TOO, 0 S-IOI. 

2. x=7 612 miles, la3(jx)=30 7"; x= 10 13 miles, lag (jx) =222*4'' 

3. 0=0 3397; C=24 0. 

4. 0=0*1, 6=014, c=0*03whcn4isll; w=ll'27lba.: ratoOSlU 

5. 4000r = 12500. 9 0 0744 + 0* 7027 i. 

14 8 in 15. I, i. 16- 1-552 it , height 2 327 it. 

XL, p. 573. 

1. (a) 0*0055.3J; (6)4-232; (c) 931-25; (ti) 4 477:. 

2. (a) 3C3Sin.: (6) JSOOOsti. ft, 12000 tons. 

W (') } (») f J ss. 

3. (a) 11=3 534, a = 17100; (6) 1115 ft per see., 1 009. 

(c) 15470 mika, 644 S miles per hour. 

4. Aver. A =519 5; when A is 36, A is 530 ; vol. =536000 cub ft 

5. o=0-0005919. ei=7 761 ft 6. 1-5106 

7. 14 74 ft per eca, 23 ■6S* N. of W. 8. y = 21*3 + 0 964x. 

10. (i) 0042, (ii) 0 42 ft fsec.)*. IL 67 78 cub ft 

12. x=4i, y=10. 13. (1) 253, (ii) ;j=0 when y= -t 

XII., p. 575. 

1. (a) 0*005538 ; (6) 0*2363 ; (c) 0*9563 mile, 0*616 mile. 

2. 0) A=0*10»9, ff=0, x=6-6)2mJlca 

(ii) A=0*0IS17, y=0-6127, x=3S 15 miles. 

3. 1-0002 + 1 X 0*01001. 


X, p, 670. 

0*003214, 462 4; (6) l-2sri 


S jj 20 [ 50 

100 

^ 1 0 0715 1 0 312*7 1 

0 4370 
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4. See Elemenldri/ Praclical Mathematics for Technical Students. 

p. 2513. 

5. Viilucsofzaro 11-075, 12-4-24, 13-044, 15-630, 17*538. 

6.. (i) x=p~{cos 1-0^ -0-6 sin 1-00 ; (ii) a-= jy(sin2-4i--2cos2-40. 


^ ;1 6-43 
oj : f 

rym 

5 ‘32 

4-68 

Am 

?rM 

2‘62 

1-89 ! 

A 

mm 

r4iio ; 

2‘20V2 

3-01681 

1 

3-93,3 

' i 

4‘S5G ■ 

1 

5-8088 

1 

6 -78421 


8. Wliena;=8-3, tt,*:0-65-2. 0. oi,-=0-033-2-2 ; o«=0-03333. 

Error occurs because latter method is only an approximation. 

10. y = 11 -1 + 10 sin (£/ 4- 100 -i- 0*83 sin (20 + 50°). 

11. 4-23, 0-455, -4-GS. 


a 1 

205 

JV55 

-2-, 5 

'llf\ 

_di^ 

1709-7 

-*115‘4 

1158-3 


10. Plot J/ and NCy2+7A 


1 


XIII., p. 579. 


1. (a)0-0.H21S0; {5) O-OS-228, 0 .338 ; (c) 0-1736, -0-9848, -0*1763, 
-0-9511, -0-3090, 3-0777 ; (d) 4046(co33l0° + isin310°); 
i{l-S-2;i~0-84!iS<). 

3. 4-494; 80-1; 0-0847. 4. «=0-17. 5 = .316-4, m=0-95. 5.4-71. 

cos2j:-2a-sin2a-; | log (i>x- 4 - c) + ; 

3 Hin ' C03 2x 4^ 

'"'^2. 8. 2-1293; 0-89684-0-9928/. 

9. 4-5sin2/- l-r)eos2;. 10. 13-3-2iu3 M.. 

36 ' “ ~ ^ = •^■51, c = 4-06 ; 25 sep in. 

13. y„,:=M8; i>=ll-9 
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Miscellaneous Exercises SLVT,, p. 592 a, 

, 15 4 cub. m. 3. 0 6223 in. per sec. 

’ ^“'^■‘■^x^+ar+c ; 4x*-4x+4. 5. x = ±2. 

. ^ + x*+3x-82. 7. x=s05, 18. 8. 2x-Jx»-2. 

, 40 10. 3x*-8x + 5. Cx-8; I, i. 

. 62 84 cub. (t. per sec. 12. r = A = 5 64 ft, 

. 66 ft. 14. 11, 2isec. 

. 0)30,20 , 00 - 210, -378; (m) 17 8,8.' , 16. 1±-^- 

v3 

. 4-243 m , 2-12 m 18. r=A = 10 07ft 19. 40 yd.,; 
. 8 835 m, 21. r = 12. 

. 0)r=A=2-4Sft ; (ii)’r = l 97 ft. ; A=3 94 ft. 

. 0 067 ft. per mm 24. (i) 91 6 ; - 20 4 ; 00 4 0625 see , 8 i; 

, . 4x* 3x* , ... 4r* , 4a*a:* „ 

• ^*^*3 ij- +4x+c; (ii) ^+2x + c; 


(v) --zs-ar+c; 

. 61 ). 2 ! 




INDEX. 


Altcrnalm;; current, 477. 

Amsler’s plammeter, 195 
Analysts, graphical method of, 45C. 
.^glcs, between a lino and plane, 
22fl; bctuecD a Ime and three 
co-ordmato planes, 234 ; general 
valnesof, 17 ; graphical measure- 
ment of, 18; greater than 90*, 
10 ; measurement of, 13 ; nega- 
tive, 24 ; of deprcasion, 177 , sum 
and dilTcrence of, 24 ; small, 3S3. 
Appronmato methods of tntegra- 
tion, 404. 

Approximations, 2S0, 233- 
Area of annulus, 191 ; circle, 101, 
410; clhpse, 191; irregular 
figure, 195 ; regular pol3'gon, 
187 ; rhombus, 180 , sector o! 
a circle, 101 , segment of a 
parabola, 194, 397 , traiicaium, 
1S9; tnangle, ICC, 186 
Arithmetical progression, 9CG, 3S0 , 
mean, 2C7 

Automatic integration, 404. 


Beam, concentrated load, 470 , 
uniform load, 471, 473- 
Binomial theorem, 278, 373 
Bo 3’8, Prof , on water pipes, 3GS 


Calculation, of common loganthms, 
295 ; Xapienan, 293. 

Cartesian coordinates, 231, 239 


Centre of area, 420. 

Centre of gravitj-, 219, 420; by 
mtegratton, 424, 524 , of a cone, 
430 ; of a hemisphere, 429 ; of 
a semjcirch, 220, 428. 

Centre of mass, 420. 

Chord of a circle, 1 93. 

Chords, use of table of. 19. 

Orcle, area of, 191, 410; circum- 
ference of, 191 ; segment of, 192- 
Circutar motion, 134, 344. 
Cocdcienls of equation, 97. 
Common logarithms, 54. 
Complementary’ angles, 16. 
Composition of two simple bar. 
monic motions, 138; graphic 
method. 457 ; of vectors, 245. 
Compound interest law, 47 4 
Cone, centre of grasity of, 430; 
surface and solurne, 207, 413; 
i vertical angle, 203. 

' Couples, 258. 

Cross- sect ion, 204 

I Cube, surface and so'ume of, 203. 
' Cubic equations, 108 
I Cursaturc, radius of. 332. 

I ^Imder, hollow . 204 , oblique^ 
204 ; surface and volume, 203 

pamped oscillatioru, 142. 449. 
^finite intcgia], 392. 448 
, pegree, angle, 13 ; of equation, C8l 
pemoivre’a theorem, 584 
pependent vanable, 114, 
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Differential coefficients, 298 ; 

301 ; sin x, 302 ; cos x, 302, 
Differential equations, 405, 409, 
480, 494, 520, 

Differeutiation, 298, 310, 513, 587, 
5SS ; partial, 375 ; successive, 
372. 

Direction-cosines of a line, 232. 
Division logarithms, 51. 

c, numerical value of, 228 ; ex- 
pansion of powers of, 290. 
Elimination, 39, 77, 4GG. 

Ellipse, area and circumference of, 
191, 3G8. 

Elliptical water pipes, 3GS. 
Equations, 07 ; cubic, 108 ; decree 
of, 08 ; differential, 465 ; elimi- 
nation of, 77 ; fractional, 70 ; 
problems producing, 72 ; graphi- 
cal solution, $9, 109 ; quadratic, 
88, 92, 102 ; simultaneous, 75, 
78, 82, 100 ; trigonometrical, 37 ; 
vector, 24G. 

Equilibrant, 245, 

Euler’s formula for struts, 493* 
Evolution by logarithms, 52. 
Expansion, of e, 289 ; x^owers of c, 
290; a^, 291; Iog^(i -fx), 202; 
sinx, 381^; cos X, 381. 

Explicit functions, 374. 
Exponential values of sin x and 
cos a% 3S2. 

Factors, 4 ; repeating, 9. 

First index i*ule, 43. 

Flow of water over notch, 124. 
Force, 342 ; pol^^gou of, 253, 254 ; 

moment of, 420. 

Forsyth, Dr., 405. 

Fourier’s theorem, 451 ; scries, 448. 
Fractional expressions, 2 ; equu- 
tious, 70. 

Fractions, partial, 0, 4-12. 
Frequency, 135. 

Frustum, of a pyramid, 209 ; of a 
cone, 210. 

FunjJtions, explicit, 374 ; implicit, 
374 ; inverse, 324 ; jiroduet of 


two, 317 ; quotient of two, 322. 

Funic^ar or link polygon, 243, 253. 

Geometrical progression, 270, 301 ; 
mean, 272. 

Graphical method of harmonic 
analysis, 450. 

Graphical solutions equations, 
89, 109. 

Graphs, 114. 

Guldimis’ theorem, 217, 425. 

Gyration, radius of, 435. 

Harmonic motion, 134, 345, 583 ; 
amplitude of, 134, 34G ; anal^’sis 
of, 450 ; composition of two, 
138 ; frequency, 135 ; periodic 
time, 135. 

Harmonica! progression, 274. 

Harrison, Mr, J,, 459. 

Heights and distances, measure- 
ment of, 17G. 

Hemisphere, centre of gravity of, 
420. 

Huygens’ approximation, 192. 

Identification of curves, IIG. 

Identity, G7. 

Imaginary quantities, 112, 584. 

Implicit functions, 374. 

Indclinite integral, 400. 

Independent variable, 114. 

Indicator vibration, 490. 

Indices, 43, 

Inertia, moment of, 431, 524 ; 
cylinder, 434, 438; disc, 434; 
fly wheel, 43G ; parallel axes, 
43G ; polar moment of, 435 ; 
rectangle, 432 ; rod, 431. 

Infinity, 285. 

Intlexion, points of, 35G, 385. 

Integral, definite, 392, 448 ; in- 
definite, 400. 

Integration, 388, 520, 587, 590; 
applications, 400 ; automatic, 
404 ; by parts, 443 ; partial frac- 
tions, 441 ; sum of functions, 398. 

Intercept, 254. 

Inverse ratios, 30 ; functions, 324, 

Involution by logarithms, 52, 



